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Abstract

We prove a continuation criterion for the spherically symmetric Einstein—scalar field equa-
tions. If the complete blueshift integrals are bounded uniformly on the incoming null cones in
the past of a central endpoint, then 2m/r tends to zero uniformly throughout its past triangle.
Christodoulou’s extension theorem then gives a C! continuation. The solution is assumed to
be C! in Christodoulou’s sense before the endpoint, with C! characteristic datum «. The uni-
form bound need not be small. The result does not cover the assumption that the blueshift is
finite only on the past light cone of the endpoint, nor does the proof establish the criterion for
arbitrary absolutely continuous characteristic data.

Formal verification. The formal counterpart of the main theorem has been verified in Lean 4,
with the cited Christodoulou BV inputs retained as explicit hypotheses. The manuscript and for-
malization were developed with OpenAl Codex under the prompts and direction of Serban Fugen
Cicortas. The versioned proof repository and verification details are given in Appendix A. Reposi-
tory access is currently restricted.

1 Introduction and statement

Christodoulou’s extension theorem gives continuation across a central endpoint if the mass ratio
2m/r is sufficiently small in a whole past triangle [1, p. 1172, Theorem 5.1 and (5.1)]. Finiteness of
the blueshift on the single incoming cone ending at that point implies decay of the mass ratio along
that cone [2, p. 190, Lemma 2 and (2.3)]. These are different smallness statements. The purpose
of this note is to obtain the required full-triangle decay under a uniform bound for the blueshift on
all incoming cones in the past region.

A related extension criterion is Singh’s [5, p. 200, Theorem 15], presented there as joint work
with Xinliang An and Haoyang Chen. It assumes a uniform bound for the incoming blueshift
integrals and the additional restriction supu < 3/8 — §. The scalar comparison below adapts
Proposition 31 of that work. The continuation argument here is proved separately and does not
impose that additional restriction.

1.1 Coordinates and regularity

We use Ric = 2d¢ ® d¢ and the notation of [1, pp. 1131, 1135-1137, (1.1c), (1.8), (1.11)—(1.17)]:

2
)\ = 81}7“7 V= a’ur7 K= Tm’ (1)
0 =10y, ¢ =1rdyo, a = 0y(rp) = Ao + 6.

Choose the double-null coordinates once, with matching labels on the regular axis, the endpoint at
(0,0), and initial radius gauge
UV — Uy

r(ug,v) = 5 AMui,v) = 3
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These conditions are compatible: the axis labels can be reparametrized simultaneously using the
initial radius, and then translated to put the endpoint at zero; compare [1, pp. 1135-1136]. The
region is

Q={(u,v) ru; <u<0, u<v <0}, I'={u=v}.

The coordinates (u,v) and the meanings of v, A, (, 6 remain fixed. Section 3 uses one explicitly
named auxiliary chart (s,t) solely to prove a boundary estimate; its conclusion is expressed using
a boundary measure independent of that chart. In particular, u is never rescaled along a selected
ray or when a smaller cylinder is considered. We assume a solution with a regular centre on this
region, with

A>0, v <0, 0<pu<l.

On every compact regular subdomain, including its axis boundary, A, v, ¢, 0, ¢ are C'. This is the
local regularity class in [1, p. 1157, definition of a C! solution]; its bounds inf A > 0 and inf v > —o0
hold on these compact subdomains. They are not assumed uniformly up to (0,0). The characteristic
datum « on v = u; is C' on a neighborhood of u; < v < 0 in this fixed initial gauge. Its endpoint
on v = 0 has positive radius. No regularity at the missing central endpoint is assumed.
At fixed u, write
o, = 2710,. (2)

The radial derivative of o/ used below is

o =0, (‘;) , (3)

exactly as defined in [1, p. 1173, immediately before (5.2)]. In particular,

a 0 o  , 0
——(Z)—I—X, r8r<)\)—7“a—)\.

A partial u-derivative is taken at fixed v unless a fixed-radius derivative is expressly indicated. A
derivative of a boundary value, such as d¢(u, L)/du, is along r = L.

Theorem 1.1. Under these assumptions, suppose that

vop(=v)
su ——(u,v)du < oo. 4
W«Eo[é(l—uﬁx ) )
Then
lim sup p(u,v) =0. (5)
utl 4<w<0

The solution consequently admits a C' continuation across (0,0), by [1, p. 1172, Theorem 5.1].

The integral in (4) runs from the initial outgoing cone to the regular axis along v = constant.
It is unchanged by an increasing reparametrization of u. Its relation to the null expansion is the
exact identity

AMu,v) = AMug,v) ex (— /u M(s v) ds)
’ - (2] p u; (1 - M)r ’ .

Thus the hypothesis gives a uniform bound for the corresponding exponential factors. The cor-
responding characterization of a positive lower bound for A is stated in [1, p. 1147, following the
definition of a BV solution]. The hypothesis also bounds the improper integral on v = 0; the proof
of this assertion is included below. Uniform decay of the integral tails on the other cones is not an
assumption.



1.2 Strategy and relation to the BV argument

The organization from geometric bounds through scalar nonconcentration to continuation parallels
[3, Section 1.3.1 and Sections 3.3-3.5]. The estimates below are for the four-dimensional system;
no circular-symmetry estimate is imported.

The proof has three parts. First, the uniform integral bound gives positive lower bounds for A
and 1 — p. A comparison on a thin strip adjacent to an arbitrary incoming ray then bounds 6/A.
This adapts Singh’s running-maximum strip bootstrap [5, pp. 205-209, Proposition 31, especially
(7.27)—(7.29)]: control the scalar field near a cone where it is large and use the mass equation
to rule out excessive concentration. Singh attributes the underlying bootstrap to Liu-Li [6] in
footnote 1 on p. 205. Related comparison-and-concentration arguments occur in [2, pp. 204-205,
(2.63a)—(2.64) and (2.70b)—(2.72)]. Here the comparison is made inside an arbitrary incoming
cone, without normalizing its outgoing coordinate, and the constants are uniform in that cone.
The differentiated equation for o’ is Christodoulou’s equation [1, p. 1173, (5.2)]. Its integrating
factor, together with the uniform blueshift bound, gives a bound for ro/. Integrating the radial
mass equation on an interval where 6/ is comparable to its value at the right endpoint then gives

This is the same interpolation principle used in [1, p. 1175, (5.7)—(5.8)]. The hypotheses used to
close the estimates differ: in [1, p. 1172, (5.1)] smallness of p on the whole triangle is already
available. Here that smallness is the conclusion still to be proved.

Second, on a cylinder 0 < r < b, we estimate its boundary energy in terms of the scalar data on
r = b during a time interval of length comparable to b. Elapsed time on that boundary is measured
by dm, = (—v)(u,b)du; this does not change u. The estimate is uniform even when m(u,b)/b is
arbitrarily small. It yields decay, on successive intervals, of

g [(i)j — log(1 — ,U«b)]

up to an error controlled by the variation of (a/\)p. The uniform boundary estimate in Section 3
is proved here; it is an additional argument, not an invocation of a result from the BV paper.

Finally, finite blueshift on v = 0 gives m(u,0) = o(—u). If (5) failed, radial mass monotonicity
would confine all points with u > € to radii o(—u). A dyadic selection produces a cylinder whose
duration divided by its radius is arbitrarily large and whose exterior has u < &. The equation for
ra/ makes the variation of («/\), small after a specified waiting time. The boundary energy then
decays below the mass required by a point with p > ¢ inside that cylinder. This contradiction
proves the full-triangle limit needed for Theorem 5.1.

Constants in the proof may depend on the uniform integral bound and on the fixed initial data.
The constants in the local boundary estimates depend only on the two geometric constants specified
there. They are independent of the cylinder radius and of the small mass threshold used in the
final contradiction.

1.3 The boundary identity driving the argument

The principal identity is an exact balance law on a fixed-radius boundary. It is useful to state and
derive it before the estimates. On r = b, define

2
Qulw) = 5 [(i) ~log(1 —m]. ()

b



Here and throughout this subsection, every ordinary derivative is tangential to r = b and uses the
original coordinate u. The identity is

d b2 (dey\? 0\ d [«

st () =" () (3), @
du = 2(—wp) \ du A ydu \ N/,

Its three terms are the change of boundary energy, a nonnegative scalar flux, and a term controlled
by the variation of the trace (a/\),. No smallness assumption is used in this identity.

The cancellation. Since v, = —v;/\p, the field equations give
doy 0
[ hd
G, <9>2
143 b A b ’

d b 1 dmy
— | —=log(1l — = —_.
du [ 2 os( Mb)} 1—pp du

It cancels the factor 1 — up in the mass flux. Next use (0/A)p = (a/A)p — ¢p. The terms left after
differentiating its square combine exactly as

1 d’mb_b(e) (Wb_l[g_,, (9”2
1—pp du Ny du  2u, b b)\b

N ‘2(32%) ((?Dg

This proves (7), including its sign and lapse factor, directly in the fixed chart.

dmp 1T —pp
du 2

The logarithm in (6) is chosen precisely because

Why this is the right energy. It controls both quantities needed at the end of the proof:

b (0\?
>m > — | =
Qb_ by Qb_2<)\>b’
because —log(1 — u) > p. It is also unchanged by adding a constant to ¢. The right side of (7)
involves the derivative of a/\, whose total variation becomes small on the selected cylinder; the
value of this trace itself need not be small. If that trace were constant, (J; would be nonincreasing,
with its loss exactly equal to the integrated nonnegative term on the left.

Why the identity still needs an estimate. Monotonicity alone would allow a positive energy
to remain while the flux is very small. Section 3 excludes this possibility uniformly in the mass
ratio: over a boundary interval with [(—vp)du = Hb, for a fixed sufficiently large H depending only
on the geometric bounds, it controls @), by the scalar flux and the variation of (a/\),. Combined
with (7), this gives

Qular) < a@(ao) + Cb [TV gy ap(a/Mh] . 0<g <1

This is the decay estimate used in the final contradiction. The uniform boundary estimate supplies
the quantitative loss; the exact identity converts that loss into decay of an energy controlling the
enclosed mass. Both ingredients are necessary.



1.4 The wave-map argument and the provenance of the identity

Christodoulou—Tahvildar-Zadeh’s wave-map argument informed the search for an estimate exclud-
ing concentration. Its logarithmic multiplier controls kinetic energy near the axis; a separate
target-space argument controls spatial energy [4, Section 2, Lemma 2 and Corollary 2, pp. 38-40;
Lemma 3, pp. 40-43]. A coupled logarithmic analogue was investigated during this work, but its
remaining bulk terms did not have an established sign. That current is not used in the proof below.

The exact boundary balance (7) does enter the proof. Its derivation above comes directly from
the Einstein-—scalar field equations. The related energy &. = r[(¢ — ¢)? — log(1 — u)]/2, for a fixed
scalar constant ¢, is used in Section 3 to prove the uniform boundary estimate. Thus the boundary
identity and the wave-map logarithmic multiplier have distinct mathematical roles. We neither
quote the boundary identity from that paper nor identify it with an unpublished identity.

1.5 Why (! data suffice, and the limitation for AC data

The differentiated transport equation used below does not require C? regularity of the datum o.
On any compact characteristic rectangle in 7 > 0, 1 — g > 0, the first-order fields and m are C?,

and
@ uy 0

X(u,v) = X(uo,v) — /uo mx(s,v) ds.

The integrand has a continuous v-derivative. Difference quotients therefore converge uniformly on
a smaller compact rectangle, so this identity can be differentiated under the integral in v. The
resulting identity is continuously differentiable in w. This supplies the mixed derivative used to
derive the equation for o', without assuming any pure second derivative of a. The remaining
estimates use first derivatives, characteristic integration, and continuity on compact regular sets.
For example, 1) = r(¢ — ¢) has C* first derivatives, since 1, = a — cA and ¥, = v(¢ — ¢) + (. The
boundary energy identities and the equation for v,, are consequently classical. At the regular axis,
0/\ =r¢,. = O(r), m = O(r®), and ra’ — 0 locally. None of these local assertions assumes uniform
derivative bounds at the missing endpoint.
The initial derivative bound needed in Section 2 is

%av (‘;‘) (i, )

The stated C'* hypotheses give this bound. In Christodoulou’s initial gauge v = 0, r = v/2, writing
the datum as ag(v), the expression inside the absolute value is 2vdag/dv. Absolute continuity
alone does not control it. For instance, a datum ag(v) = x(v)|v — ve|?, where v. > 0, 0 < 8 < 1,
and x is a smooth cutoff equal to one near v, is absolutely continuous with finite total variation
but has an unbounded weighted derivative there. The amplitude can be arbitrarily small. Thus the
present estimates cannot be passed to general AC data merely by approximation: the constants
depending on this initial derivative need not remain bounded. This is a limitation of the proof,
not a counterexample to an AC continuation criterion. The final theorem we invoke is itself a C*
theorem [1, p. 1172, Theorem 5.1]. No optimality of C* regularity is claimed here.

sup < 00.

u; <v<0




2 Uniform geometric and scalar estimates

The field equations [1, p. 1137, (1.14)—(1.16)] take the form

UAV UAV
TUZV7 TU:)\a )\’u: I Uy = 9 8
(- nr a-wr ¥
(1—p)¢® (1 - p)6? 1—p (0
i i e CO ©)
A vl o 71%
b= -2, ,=-Z, oy~ _mw P |
T ¢ r ()\)u (1 —p)r A (10)

The last identity is also [1, p. 1164, (4.10a)]. At the regular axis, r = m = 6 = { = 0, and we set
= 0 by continuity. We shall also use the following consequences of these equations:

(log(1 —p)),, = —Ii + ﬁ (11)
(eny (o), =2(3) - 0

1% v 2
o (5) ~ l(i) ‘2“]' (13)

Expressions involving division by r are used for r > 0 and extended to the regular axis by their
regular-axis limits whenever needed. Fix B, < oo such that

/U M (u,v)du< B (14)
su ————(u,v)du < B,.
ui<vp<0 u; (1 - ,UJ)T'

Lemma 2.1 (Geometric estimates). There are constants £, A,k > 0 such that
<\ <A, k<1l—p<l. (15)
In the gauge uw = v on the axis,
—v>4, U(—u) < r(u,0) < A(—u). (16)

Set K =A/0. Let u; <ap<a; <0 and0<b<r(a1,0). Define vy(u) and 7(u) on [ag,a1] by

r(u,vp(u) = b, 7(u) :/au[—y(s,vb(s))] ds.

0

For ug € [ag, a1] put vo = vp(ug). Then

A
m <K ifup <u<min{as, v}
Moreover,
T(al)—T(uO)ZK() — ’Uogal, T(Uo)—T(Uo)SKb.

In this conclusion, (vg,vg) is the reqular axis endpoint of the incoming ray v = vo. Thus the last
assertion specifies both the available time interval and the time required to reach the axis.



Proof. The initial values of A and 1— p have positive lower bounds. Since —(?/(vr) > 0, integration
of (8) and (11) gives

Mui,v)e™ P < Mu,v) < Muyv), 1= p(u,v) 2 [1— p(ui, 0)le .

These bounds also hold on v = 0 by continuity on compact regular segments. More explicitly, fix
a € (u;,0) and take vy, 1 0 with v, > a. Fatou’s lemma and (14) give

a — v . . a —

Letting a 1 0 and using monotone convergence yields

U
/. m(u, 0)du < B,.

Differentiating r(u,u) = 0 gives —v = X on the axis. The equation for v, implies that —v is
nondecreasing in r, and therefore —v > £. Moreover,

0
r(u,0) :/ Au,v) dv
which proves (16).

The bound for A(ug,vo)/A(u,vg) follows from (15). The function v, exists uniquely because
r(u, ) increases from 0 to r(u,0) > b. Also

)
A G C)) (u) = —v(u, vp(u T = Au,vp(u)) dv
) = A ) = ), dr= A ) do

While v < vg, the ray v = vy has not reached the axis, and

T(u) — 7(ug) < Afvp(u) — vo] < Alvp(u) —u] < —b= Kb.

~| =

The last inequality follows from b = f:b(“) AMu,v) dv > lvy(u) —u]. If 7(a1) —7(up) > Kb, this strict
inequality rules out a; < vg. Letting u 1 v then proves the asserted bound for 7(vg) — 7(up). O

Lemma 2.2 (Scalar-field estimates). There is a constant C' such that

0 Q@

'A‘+‘A‘+I¢|§C. (17)
Proof. The proof adapts the running-maximum bootstrap of [5, pp. 205-209, Proposition 31, es-
pecially (7.27)—(7.29)]; Singh credits Liu-Li in footnote 1 on p. 205. We apply the comparison
to every incoming ray, retain the original null coordinates and their lapse weights, and make the
constants uniform even for rays approaching the initial vertex. We keep the fixed null coordinates
throughout. Choose any v, € (u;, 0], and let a subscript 0 denote restriction to the incoming ray

v = v4. Thus
dro
ro(uw) = r(u, vy), — =1g(u) < 0.
o(u) = r(u, v T~ o
We use this decreasing radius as an integration variable on the selected ray; we do not change
the outgoing coordinate. The initial transverse Lipschitz bounds for A and 6 are uniform on the

compact initial segment by the C! hypotheses.



If d=v,—v>0and Ad < ro(u)/2, then

1
Sro<r<r, 20Xy (18)
2 IZ40)

Indeed, an axis point between v and v, would imply ro < Ad, which is impossible. Therefore the
entire radial segment lies in the domain, and 0 < rg — r < Ad. Also

_ ro(u) _
1Og1/0(u):/0 Mdse{o,l Klog2].
—v(u,v) ruw) (1 —p)s K

This proves the lapse-ratio bound. A strip satisfying the radius restriction at its final time satisfies
it at all preceding times, since rq is decreasing.
On the selected ray, (o = ro¢u,0, so (11) gives the weighted energy identity

U 10| a0 1 — po(u) /“ po(—10)
T0lPuol” 4y _ 1og L= HOW) M=) 4y < B 4 1og(1/k). 1
/ - B T o(w) | (L= pioyrg = B Flogl1/r) (19)

For v, = 0, the last bound uses the limiting-cone integral already established in Lemma 2.1.
Fix u; < uy < vy and set
F =1+ max |[fp(u)|.

u; SuLus

Choose Kg > 4 larger than the uniform initial scalar bound. On

ro(us)
F b

[wi, us] X [V5 — 0, 0], n=2a
we bootstrap || < KoF. Initially take 0 < § < (2A)~!. Since F > 1, this ensures the wedge
condition on the whole rectangle. It also keeps its initial edge within the given data segment,
uniformly in v,: indeed,

n < dro(u;) = (5/ ’ AMui,v) dv < 0A (v — ;) < %(v* — u;).
u;

Thus the rectangle is a compact regular subset of Q.
Under the bootstrap assumption, the radial equations give

7 — ro| < Cd, ”—1‘ <c® (20)
140 To
_ d
Im —mo| < CK2F?d, e = ¢ol CKoF—.
— To

For the lapse comparison, divide v, = pAv/[(1 — p)r] by the fixed value v9(u) on each outgoing
slice and integrate in v; the ratio in (18) is at most one. For the last comparison use |(,| = [v0|/r <
2(—19)KoF'/ro. No time derivative of v/vy or { /vy is used.

It follows, using my < r9/2 and 1 — p > k, that

v/ 1
L—p  1—=po
’ py o ol
(I=p)r (1= po)ro

d
7
7o

|\ — pol +

' < CK{F?

d
< C(—n)KiF* .
o




The constants here are independent of Ky, F, uy, v, and of the size of —14. Integrating the difference
of the equations for log A uses the exact identity

/u —n(t) 1 1 1

o2 T @) ro(w) = molw)’

The initial Lipschitz difference is bounded by Cd and can be absorbed using the uniform upper
bound for ro(u). Since £ < A < A, the mean-value theorem for the exponential function then gives

d
ro(u)

This deduction does not require the right-hand side to be small.
Since ¢, = (/r and 6, = —A¢,, the preceding estimates imply

(—vo)d
5

IA(u,v) — Xo(u)| < CKEF? (21)

d
| — dupo| < CKoF +C%!¢u,o\,

0 — Ouol < CKZFd <—’;0 N ¢u,0|) ‘
o o

The weight in (19) supplies exactly the factor needed to integrate the second term. Cauchy—Schwarz

gives
u u 2 2 1/2
/ |Pu0l dt < (/ ro|du,0l dt) (/ ?dt)
u; 70 C'l’h ] ui 7o (22)
< )
ro(u)
because

Zj;ggdzi(mépméﬁ)'

Integration of the 6, comparison, including its uniform initial Lipschitz difference, therefore yields

22 d
|0(u,v) — bp(u)| < CKGF o)’ (23)
Fix Ko, and reduce 6 until CK3§ < 1/4 for the constant in the last estimate. Throughout the
rectangle,

d 70 (Ux)
ro(u) ro(u)
To close the bootstrap, vary the width from zero to n while keeping the time interval fixed. The
maximum of |#| on the resulting rectangles is continuous in their width: parametrize each rectangle
by (u,v) = (u, v« —wo) with u € [u;,us], o € [0,1], and use uniform continuity on this compact
parameter set. The bootstrap holds strictly at width zero. At any width where it holds, (23)
improves it to

CK{F? < CK3oF

< F/4.

0| < F —1+ F/4 < KoF.

The admissible widths consequently form a nonempty relatively open and closed subset of [0, 7],
and therefore fill that interval. For a related continuity closure of a strip bootstrap, see [1, pp. 1177—
1179, (5.13)—(5.21)].



Suppose now that u, attains the maximum defining F' and that F' > 2. Then [0(uy,v)| > F/4
throughout the final strip. The radial mass equation and the nonnegativity of the mass at the
strip’s left endpoint imply

ve (1 — p)6? KO
L) > > L)
mo(us) > /v*n o dv > 32AFr0(u )

Since mg(us) < ro(us)/2, this bounds F' uniformly. For an arbitrary evaluation time, take a
maximizer on its preceding compact time interval and apply the same argument with that maximizer
as the final time; the value of F' is unchanged. If the maximizer is the initial time, the fixed initial
bound suffices. The case F' < 2 is already bounded. Every v, € (u;, 0] was allowed, and regular-axis
values follow by continuity. Thus €, and hence 6/, are bounded uniformly on Q.

Finally, integrate the last equation in (10) along each incoming ray. Its coefficient has absolute
integral at most B, and 6/ is now bounded. The initial values of a/A are bounded, so a/\ is
uniformly bounded as well. The identity ¢ = a/\ — /X completes the proof of (17). O

Lemma 2.3 (A radial derivative estimate). There is a constant C' such that

3
lra/| < C, ‘/9\ < Cu. (24)
Proof. The commutator identity
1%
81/,7 ar = _78r
N (T

together with (10) and (13) gives [1, p. 1173, (5.2)]

G e O

Along a fixed ingoing characteristic, the homogeneous propagator from ¢ to u is

Z((‘;Z)) exp <2 /t u (;MZ)T(S’”) ds) < 2B :((@tts))

. (25)

The initial value of ro’ is uniformly bounded, including at the initial axis point. Lemmas 2.1 and
2.2 control the remaining factors in the inhomogeneous term. Variation of constants therefore gives

Iral (u, v)] < 2B Mym'(ui, V)| + Ce2Ber(u,v) /u i ;(”t(tv)“; dt (26)
<C,
where we used the exact identity
v _V(ta U) r(“? U)
——Zdt=1- <1 27
) || S o) 27
Choose Cy > 1 such that ) .
b )| < .
3l (3)] =<

On a fixed outgoing cone, let A = |0/\|(r) at a point with > 0, and set d = rA/(8Cp). If A =0,
the second conclusion is immediate. Otherwise d < r/8, and for ¢t € [r —d, 7],

Bo-()o

d
l_ /

r —

gColog% <y

10



Integrating the radial mass equation over this interval gives

A K 3
> — | = > .
m(r) _/Tid 5 ()\) dt > 64C’OTA

Since u = 2m/r, this proves the cubic estimate. This local-interval proof uses the same
mass/derivative interpolation principle as [1, p. 1175, (5.7)—(5.8)]; it does not use that paper’s
weighted estimate or its small-mass hypothesis. O

3 A uniform boundary energy estimate

We shall prove that the mass inside » = L is controlled by the scalar field on » = L over a time
interval proportional to L. The estimate will be uniform as the initial mass divided by L tends
to zero. We first prove it with constants depending on a positive lower bound for this ratio. We
then show that, if the boundary integral is small, most of the mass must remain inside a radius
proportional to the initial mass. Applying the first estimate at that smaller radius removes the
dependence on the initial mass ratio.

For a boundary r = b, let v = v(u). Define its measure and its tangential derivative by

% _ fu_ber

dTb = (—Vb) du, dTb s

(28)

r=b

Here f, is still the null derivative at fixed v, whereas f; denotes the restriction to » = b. The formula

follows from v = —13,/Ap. Both the measure and derivative are unchanged by separate increasing
reparametrizations of the null labels. For ¢ = r(¢ — ¢), the boundary integral is consequently
d 2 _ 2
/ o+ (wb) dr, = / ()7 + W m )| g, (29)
dm — b

A cylinder’s duration below means the integral of this measure on its outer boundary. All boundary
estimates are statements about (29), with these durations.

For their proof only, fix a cylinder 0 < r < L between u = ag and u = a1, and introduce
auxiliary characteristic parameters

u
-1
stw) = [ v o)l dw, o) = s(o7' ()
ao
on incoming rays entering through r = L. Extend ¢ as a C? function with ¢’ > 0 to earlier labels if
needed. Bounds using an entry value below are asserted only on rays that have entered after ag.
Put T' = s(ay). The outer boundary is ¢ = s. On entered rays,

ds dt 1 v AMu,v)
— = —vy, — = Moy (v),v), re = ——, ry= —————.
du L dv ( L ( ) ) s —vr t )\(ULI(U),U)
In particular, rs = —1 and r, = 1 on r = L. We keep this one auxiliary chart throughout the

boundary argument, including the estimates at smaller radii. We write rs, r¢, 7¢ps explicitly; they
are not assigned the symbols v, \, . The ratios /\ = r¢, and a/\ = (r¢), retain their original
meanings. On r = L, d7;, = ds, so the integrals and durations written in s below are exactly those
just defined. For any smaller radius,

dm, = (—7rs)pds = (—vp) du.

11



Thus statements proved below apply at r = b with that measure, without choosing another chart.
A partial s-derivative is at fixed ¢; a boundary value has derivative

d _
T (8:0) = Us(s,0) = rs(s,b)n(s,b),  Or =1y 10y
We assume the conclusions of Lemma 2.1, with K > 1, in the following precise form:

ri(a, tp(a))
ri(s,tp(a)) —

Here 7(s,t5(s)) = b, 0 < b < L, and the second estimate holds along each ray t = t;(a) between its
crossing of » = b at time a and its meeting with the axis. Moreover, whenever

1—p>k>0, (30)

T
/ (—r4)(s,b) ds > Kb,

there exists o € [a,T] such that

r(o,tp(a)) =0, /:(—rs)(s,b) ds < Kb.

These assumptions apply to every smaller regular cylinder contained in the given one. Thus the
same K bounds both the ratio in (30) and the time to the axis measured by dr, = (—rg)pds. All
constants in this section depend only on k, K, unless a mass-ratio threshold is indicated. Indeed,
along a fixed incoming ray the factor d¢/dv cancels:

r¢(s0,t) _ Aug, v)
re(s,t) Au,v)

Together with dr, = (—v3)du, this proves that the hypotheses of Lemma 2.1 pass to this chart with
exactly the same constants. No bound for ds/du is used.
Fix a constant ¢ and set

¥ =r(p—o).
Then 9 "
«
wr:X_Ca szr_?~
The equations (8)—(10) give
1 (02 1 2
my = T ()\> y ms = oy (T¢3) ’ (31)
_Ts 6 . HTs
8’[‘(r¢8) = -\ (rs>r = (1 _ /J)T’
HUTsT HUrsT
Tst (1 — M)T) ¢st V@b; V (1 — M)T‘2 - 0 (32)

In particular, along » = L,

B 2
L) = (64 E omls D)= [(QL) —<r¢s>%].

Define the boundary energy by

(s, L)

Ec(s, L) = 5T

— glog(l —pr) = m(s, L). (33)

12



The preceding identities imply the exact relation

d d 1/d 2
Seds. D) = wnls Db ) — 5 (Svts D)) (34)

Indeed, the derivative of the logarithmic term is $[(6./A1)? — (r¢,)3]; substituting the first bound-
ary identity gives (34). Whenever an interval I is specified, we write

E:/[ [¢T(3,L)2+ (iw(s,L)ﬂ ds

for its boundary integral. There is only one such integral in each argument below, and its interval
will be stated explicitly.

3.1 A positive lower bound for the initial mass ratio

The next argument uses lapse comparison and weighted Cauchy—Schwarz to control an annular
mass difference, as in [3, Section 4, p. 35, (4.1)—(4.4)]. Here the outer boundary has fixed radius;
the four-dimensional coefficients and the resulting Gronwall estimate are derived below.

Lemma 3.1. Let My =m(0,L) > 0 and set

T1_— 0 2 T1_—
Jin = / PL (L> ds, Jout = / AL (rgs)7ds, M, = My + Jin.
0 2 AL 0 2

Choose 2M, < b < L. The incoming ray through (0, L), written as r = z(s), reaches b within time

L—2M,
L—0b)+2M,log——
( )+ +Ogb_2M+7

provided the cylinder exists for that duration. Put

2M+ L .fil — Lil
(x) -, / T

Until that ray reaches b,

m(s, L) — m(s, 2(s)) < D. = ! [Jm 4 (2 - 1) J} ,

d(b) (35)

m(s, z(s)) > Mo — Dy — Jout-

Proof. Boundary mass balance and m, > 0 give 0 < m < M, . Radial integration of the equation
for rs gives d(r) < —rg <1 for r > b. Also

—ry 1 2 2m,
Oy log " :<9) —_am
1—p r

Since z > 2M, and m, > 0,

1—p, L om, z2—2m, _1-—
7(,01; Z(l—uL)eXp</ dr)é(l—m) < B&

13



The first inequality replaces r — 2m by the smaller positive quantity z — 2m. The same radial
identity gives
(=rs)’ <1
L—p = 1—pg
Since 2’ = (rg),, integrating —z’ > d(z) proves the stated time bound.
Write D(s) = m(s, L) — m(s, z(s)). By Cauchy—Schwarz,

L —Is 2 2D 1 1
(ré)s — (ré0).2 <2 | (1(_/3)2@1 < 2 (:-1).

Together with (r¢s)? < 2(r¢s)? + 2((r¢s). — (r¢s)r)?, this implies

(1— Mz)(rﬁbS)g < 1—pr
2(=(rs)z)  — d(2)

Along the ray, dm(s, z(s))/ds = ms(s,t) with its incoming label fixed. Hence

< [0 -

The time integral of the last coefficient is at most H, since —z' > d(z). Gronwall’s inequality,
D(0) = 0, and d(z) > d(b) prove the first bound in (35). The second follows from m(s, L) >
My — Jout- O

2(z71 - L7

i) D.

(T¢S)% +

207t — L7

) D.

Lemma 3.2. Suppose € <2m(0,L)/L <1 — k. There are positive C¢, e(€) such that every regular
cylinder of duration CcL satisfies, for every constant c,

/0 o [%(s, 0?4 Gsw(s,mﬂ ds > e(e)L. (36)

For sufficiently small € > 0 they may be chosen with

3
C.<C(1+loge]),  e(e) > ‘

~ C(1+|logel)? (37)

Proof. Let My = m(0,L) and J = Ji, + Jous, with the integrals taken over the full cylinder. Set
So = k/8 and b = 2My(1 + &p). Suppose J < coe2 My, where ¢y > 0 will be fixed using only &.
Taking ¢y < /2 gives

do

b<L, b—2M,>M,  db)>-—"0 .
+ = 00 (b) 2(1 + o)

The first inequality follows from b/L < (1 — k)(1 + x/8) < 1. The integral in the preceding lemma
obeys

4 4
2<2log — + — + 2.
oMy o T °g5+50+

To see the coefficient of the logarithm explicitly, put a = 2M and use

H <2log

Lro1 a L 4(1 + ¢o)
H<2 dx <21 .
- /b |:.CU—CL + (x —a)? T =208 do My + do

14



Thus e < Ce 2, with C depending only on x. It follows that D, + Jou < Ce2J. Fix ¢ still
smaller so that this is at most dpMp. The ray reaches b by time [1 4 log(2/(edp))]L, and at that
point

1—0dg 260
1— b)) <1-— = .
1(s,b) 1700 110, "
Consequently
9 coe® L
J > cpe“ My > 5 (38)
Choose
C a{LHoQ K+% 2 _ o
= max —

€ g o n 96C.’

2 3
. n Co€ -1
= K .
() = min { 16K’ 16(1 + 6C2)° }
Write E for the integral in (36) and suppose E < e(e)L. If |1(0, L)| < nL, Cauchy-Schwarz gives

CL 0, \2 d 2
/ (> ds < 2/¢T(5,L)2ds+4C€Ln2+4C’€2/ <¢(S,L)) ds.
0 AL ds
Use (r¢s)r = du(s,L)/ds — 0,/ A and 1 — up, < 1 to obtain

2
J < 3/¢T(s, L)%ds + (1 + 603)/ (iw(s, L)) ds + 6C.Ln?

3L
< (14 6C2)E +6C Ln* < =,

Here C. > K + 1 > 2 justifies the second inequality. The result contradicts (38).
Otherwise, reverse the sign of v if necessary and put ¢ = ¢(0, L) > nL. Integrating 1y = -V
first along an incoming ray and then along an outgoing slice gives

W(s,t) = (s, L) — /t " (o, Lydo + /t ) /t " Vie, 2)i(0, 2)dzdo. (39)

Let p = kn?/(64 + rn?), and follow the ray ¢ = 0 until its radius is pL. This takes at most KL.
The first two terms in (39) are at least

q—V2KLE > q/2.

Every integration point satisfies t < z < o < s and (0, z) > r(0,t) > r(s,t) > pL. The operator
defined by the double integral therefore preserves this region and has a nonnegative kernel. On
this compact region its nth iterate has norm at most (T%sup V)" /n!, by the ordered time integra-
tions. Its Neumann series converges and preserves nonnegative functions. It follows that ¢ > ¢/2
throughout the region.

The once-integrated equation now gives

D,
Do (s, 1) < bl 2dr < KE
(1/] )+( ) Tt(s,t) oL
on the final outgoing slice; here dr = r;dt and r;' < K. For real 2 and a > 0, (z — a)? >

a®/2 — (z4)?. Hence the mass equation yields

2
Kq© , 4 K 4> L _ 7
L )-ZE> “> 1y
m(s, L)z ple =D =5 B=5r -5 =250
contradicting 2m < L. This proves (36). The displayed choices give (37), since c¢q is fixed, Cc =<
1+ |loge|, and 7% < €3/(1 + |loge|) as € | 0. O

15



3.2 A bound independent of the initial mass ratio

Theorem 3.3. There are positive constants Cops, 0m, depending only on k, K, such that every
reqular cylinder of duration ConsL satisfies

/CobsL
0

if m(0, L) > 0, for every constant ¢ in » = r(¢ — ¢).

2
(s, L) + ((fs¢(s,L)) ds > 6,ym (0, L) (40)

Proof. Put My = m(0,L) and let E denote the integral on the left of (40). Suppose E < My,
with 0 < § <1 to be fixed below. The constant C,s will also be fixed at the end; it will be at least
K + 4. Constants denoted by C below are independent of My/L and 9.
If 4(0, L)?> > MyL, reverse the sign of v if necessary and put ¢ = (0, L) > 0. The positive-
kernel argument in the preceding proof applies with
Kq?

P~ 642 + kg%

Indeed, its boundary-data error is at most V2K LE < v/2K§ g, so the nonintegral term is at least
q/2 for fixed sufficiently small 6. The resulting mass estimate is m(s,L) > 4L — KE/2 > L/2, a
contradiction. Thus (0, L)? < MgL. The energy identity and —log(1 — ) < /(1 — p) imply

m(s,r) < E(s,L) < M, := AM,, A=2+r"1 (41)
The other direction of the same identity gives
E(s,L) > My — E. (42)

For the latter inequality, the absolute value of the mixed integral is at most the geometric mean of
the two parts of E, and the negative square term contributes at most half of its part of E.

Write the axis in the fixed auxiliary chart as ¢ = ~(s). The time-to-axis assumption gives
~v(s) > 0 for s > K L. Every incoming label on such a slice has therefore crossed r = L within the
cylinder. It follows that

/ - (Ts)axis

K_lthS]., 0<fy: <K (S>KL)
(Tt)axis

Here —(r4)axis < 1 follows by integrating rs, to the outer boundary. In particular,

t—(s)

I <r(s,t) <t —(s).

The boundary-data part of (39) can be written as a term independent of ¢ and an integral
starting at the axis label. We denote just that first term by

a(s) =(s,L) — [;s) (o, L)do, s> KL. (43)

Then
t

(s, L) /t "o, L)do = als) + L (o, L)do.
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The integral on the right is controlled directly by F; the term a(s) will be controlled by the radial
mass equation. Differentiating (43) gives

d
a'(s) = V(8 L) = Ur(s, L) + e (v(s), L)Y (s).
Since v is increasing, 0 < y(s) < s < T, and +' < K, changing variables from s to 7(s) yields
T
/ ' (s)|2ds < 3(1+ K)E. (44)
KL

Also, by Cauchy—Schwarz,
<VKrE. (45)

/t (o, L)do
v(s)

Set bg = 32M, and for now assume L > 2by. On s > KL, r > by, the mass bound implies

1 1 1
igl_ﬂél, §S_r8§17 §Srt§1 (46)

For —rg, integrate its radial equation from r to L. For r¢, each of the rays under consideration has
entry value 1, and along that ray —dr = (—r5)ds. Thus both logarithmic integrals are bounded by

L 2M.,
—  dzx < =1 1 —2M, .
/T oz < o /r)

The bound for r; is asserted only for entered rays; the restriction s > KL ensures that all points
in (46) have this property.
Apply (39) on the explicitly defined region

D={(s,t) : KL<t<s<T, r(s,t) >bp},

and denote its double-integral operator by K. Every integration point (o, z) satisfies t < z < o < s,
and hence
r(o,z) > r(o,t) > r(s,t) > by.
Thus the operator uses only values within D. Writing r = r(s,t), (46) gives
dr
r(o,t) >r+(s—0)/2, V(o,2)dz < 4M.—.
r

For every g < 1, first integrate in radius and then in time:

K < 3 A_L; /Ooov +€/2)77%d¢
_ 8M, (47)
(291 —q)

In the norm ||g||, = supp 7~ 9|g|, the operator norm is at most [4(2 — ¢q)(1 — ¢)]~*. This is at most

1/3 for ¢ = 0,1/2,—1/2. Consequently (I — K)~! has norm at most 2 in each of these spaces,
independently of L/M,. We shall also use

/ts /ta V(o,2)\/s — odzdo < 2M, /OOO (7“—!-\/5/2)2(15

_ 2327 M,
= 7\/; .
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Let W be the solution of
W =1+KW, W=(I-K) 1.

This function accounts for the effect of V' on the term a(s) when that term is held fixed in time.
Positivity and the norm bound give 1 < W < 2. Differentiating the integral limits gives

Wi(s,t) = /t Vs, ) W(s, 2z, Wils,t) = — /t V(o )W (o, £)do

Using (46) and integrating r—3 yields
CM CM,

1<W<2, 0<-W, <5, 0<W,<— (49)
r r
Only integrals of V occur here; its derivatives are not needed.
Define R by the exact decomposition
t
U(s.t) = a(&)W(s.t)+ [ (o, L)do + R(s.0) (50)
v(s)

Substitution into (39) gives
(T = K)R)(s, 1) :/ / V(o,2) V( (& L)AE + (alo) — als))W (5, 2)| dzdo.
t t v(o
The first term is bounded by CM,r~'/2\/E, by (45) and (47) with ¢ = 1/2. For the second, (44)

gives |a(o) —a(s)| < Cy/(s —o)E, since every o >t > KL. Use (48), W < 2, and the inverse in
the ¢ = —1/2 norm to obtain

CM,
|R(s,t)| < —=VE. (51)
NG
For the derivative estimates, differentiate the original integral equation, rather than the bound
on R:

Uulst) = S0, 1) — (s D)+ [ V(5. 2)5,2)d, 62)
by(s,1) = igi tL)> _ Tt(i 5 /t V(o )i (0, t)do. (53)

In the second formula, the contribution of a(s)W is a(s)W,. The difference a(o) — a(s) is estimated
using s — o < 2[r(o,t) — r(s,t)] and

[e%s) 3 _ T
/r vVer—rx dx—W.

The boundary integral in (50) contributes at most CM.E [ £75/2dz; R contributes at most
CM2VE [z~ 7/2dz. Since M, /r < 1/32, these estimates give

br(s,8) — d;tEZtL)) _ a(s)WT(s,t)’ < %\/E (54)

The same substitution in (52), now integrating on an outgoing slice, yields

ds r2 r3/2

bals,t) — Lap(s, L) +wr<s,L>\ <c [M*'“(S)' + M /g (55)

18



The ray entering at time KL reaches by within 2L, since —ry > 1/2 while its radius is at least
bp. Thus every annulus by < r < L on a slice s > (K + 2)L lies in D. On such a slice, (50), (51),
and (54) give

Q —a(s)(W, = W/r) — 1/}7"(:;1’) + % /j (o, L)do

< %JE.
A (s)

r3/2

By (49), W/r — W, > 1/r. On [by, 2by], the squared radial integral of all other terms is at most
CE. For the boundary derivative use dr = rdt and r > 1/2; for its primitive use (45) and
fb%bo r~tdr = log2; for the remainder use M2 szobo r~3dr < C. Therefore the radial mass equation
and (z +y)? > 22/2 — 42 give
rka(s)?
M,> ———— —-CF, la(s)| < CM,. (56)
8bo
The second assertion follows because by = 32M, and E < My < M,.
Choose a constant £ > 64 and put b = LM, < L. Hardy’s inequality gives

Lq
o

Here dr < dt and r > (t —7(s))/K. The primitive vanishes at its left endpoint. Its boundary term
2
there is zero, since ’fj((ss))% U, (o, L)da‘ /€ < fq(f))% (0, L)2do — 0; the right endpoint term in
the integration-by-parts proof of Hardy’s inequality is nonpositive.
Using (56), the leading term in the preceding formula for 8/ contributes at most C' M2 bL r—2dr.

The boundary derivative and its primitive contribute at most C'F, while the remainder contributes
at most CM2b~2E. Hence

¢ 2
o [* [ (o D)do|
e P e T (57)

< 4K’E.

¢ 2
| nlo.Lydo
v(s)

m(s, L) —m(s,b) < C []\?

+ E} . (58)
At r = L, definition (43) and s — v(s) < KL imply
2

M.
< * .
<o[%. ]

(s, L)?
2L

Since E.(s, L) — (s, L)?/(2L) < m(s, L)/k, the lower energy estimate (42) gives
M2
L)

m(s,L) >k [Mg —-CE-C (59)

Choose L large, then a fixed ¢y > 0 small, and restrict to My/L < ey. By reducing ¢, the last two
estimates imply on every slice s > (K + 2)L that

m(s,b) > ZMO- (60)
Indeed, after division by Mj the three error terms are bounded by constant multiples of A/L, 4,

and AZeq, respectively.
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We now compare the same boundary integral at » = b and r = L over a late interval of outer
duration at most Hb. Use the boundary measure at r = b, expressed in the unchanged auxiliary
chart:

dm, = (—(rs)p)ds.

B= [ [Ws b2+ (G2 ) ]drb

o e

The integral at b is

—(7s)b

Both factors of —(rs);, follow from the derivative at fixed radius and the time measure. On r = b,
differentiation of the equation defining that curve gives ds/dt = (r¢)p/(—(7s)p). Thus the boundary-
data term in (54) satisfies

[ (DY a5 = [HEDEy <o

The term di)(s, L)/ds — ¢, (s, L) in (55) also has squared time integral at most CE, including the
factor (—(rs)p)~! < 2. By (56), the remaining terms in these two estimates are bounded pointwise

by
M2 M,
¢ l h2 b3/2 ]

Squaring and integrating over duration at most Hb therefore gives

(s, b)] ds.

M, E
Eb<CE+CH{£3+£2}. (61)
The constants here are independent of H and L.

At the beginning of this interval,

2m(s,b) K
ST s =
b 2AL
The geometric hypotheses hold on the smaller cylinder with the same x, K. Its duration and bound-
ary integral are measured using dm, as just defined. No coordinate is changed here: the identities

defining Ej express that boundary integral entirely in the fixed (s,t) chart. The parametrization-
independent form of Lemma 3.2, with the same constant ¢, therefore gives

Ey > C(Eb)b

over a boundary interval of measure Cg,b. Since —(rs), > 1/2, this interval has s-length at most
Hb with H = 2C,,. For sufficiently large £, (37) gives

M,
H<C(+1 > .
<C+logl),  ela)bz CL2(1 + log £)2

The ratio of CHM, /L3 in (61) to this lower bound is at most C(1+log £)3/L, which tends to zero.
Choose L sufficiently large that this ratio is less than 1/4. Then choose § sufficiently small that
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the two terms containing E < §M, /A sum to less than another quarter of the same lower bound.
This contradicts the lower bound for Ej.

All choices are independent of My/L. The radius by = 32M, and the constants in the integral
estimates are fixed first. Choose £ > 64 large enough both for (60) and the last comparison; this
fixes ¢, and H. Next reduce ¢y until L > 2b, Hb < L, and the M?2/L term in (59) is sufficiently
small. Finally fix § to satisfy the preceding smallness requirements. The late interval starts at
(K 4+ 2)L and ends by (K + 3)L. Every axis label used lies in [0, 7], since v(s) > 0 for s > KL,
and the integral equation on D uses only ¢t > K L.

If My/L > €, apply Lemma 3.2 with threshold 2¢y. Choose Cops > max{K + 4,Ca}. The
boundary integral is then greater than e(2¢y)L > 2e(2¢y) My, since My < L/2. Taking §,, smaller
than both this fixed coefficient and the fixed  above proves the theorem. O

3.3 Decay of the boundary energy

Corollary 3.4. There is dg > 0, depending only on k, K, such that the same interval satisfies

obs 2
/0 Comel [d)r(s,L)Q + <(i¢(s,L)> ds > 0pE.(0, L) (62)

for every constant c.

Proof. Write Eg = £,(0, L) and Dy = 1/2+x~!. The case Ey = 0 is immediate. If (0, L)?/L < My,
then Ey < DgMy, and Theorem 3.3 gives the result. Otherwise Ey < Dy (0, L)2/L. Suppose the
boundary integral E satisfies £ < dpFEy. The energy identity gives m(s,r) < Ey+ E/2 < 2Ej for
small fixed dg. Choose the sign of 1) according to (0, L). In (39), the nonintegral term is at least
|1(0, L)|/2 until the first entered ray reaches any fixed radius pL, because its error is at most

V2KLE < /2K Dy |4(0, L)|.

Choose p € (0,1) so that k(p~! —1)/(16Dg) > 4. The same positive-kernel and mass argument as
before gives

k1 (0, L)

2 K K
m(s,L) > (p~t—1)— EE > 4E, — EéEEO > 2E,

- 16L
after reducing ég. This is a contradiction. O

The choice of the scalar constant ¢ can now be removed from the energy used in the final
argument. Define

2
Q) =5 [(iﬁ) ~log(1 - m] > m(s, L),

Corollary 3.5. There are 0 < ¢ < 1 and C' < oo, depending only on k, K, such that every complete

interval [a,a + ConsL] satisfies

Qula+ Connl) < 4Q1(a) + OL | TVisascry ()] g (63)

On every subinterval,

ar

V@) < aut@) + Iz TV (5E). (64)
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Proof. For the boundary estimate choose ¢ = a(a, L)/A(a, L). Then ¢, (a,L) =0 and ¢(a,L)/L =
—0(a, L)/ a, L),so&.(a, L) = Qr(a). Write V, for the total variation in (63). Since |1, (s, L)| <V,
the preceding corollary gives

d

a+CopsL 2 9
/ <ds1l}(8, L)) ds + CobsLVa > 5EQL(G,).

d 0L d ag, d
S = S (28) - S, L.
ds ()\L> ds </\L> 3" L)
Combining this with the boundary mass identity and Ld¢(s, L)/ds = (r¢s)r + 0r/Ar yields
dQ;, IL?/d 2 0r, d <aL>
L 2 (Cys,n)) =S (YR
ds 2 <d3¢(8’ )> AL ds \ AL (65)

Since |0[/>\[| < \/2@[/L, for € > 0 this implies
dS )\l '

d
Integrate and let £ | 0 to prove (64), including at zeros of Q1. The absolute value of the integrated

—/Qr +e< L/2
right side of (65) is therefore at most
\/2LQ(a)V, + LV2.

ds
Moreover, di(s, L)/ds = Ld¢(s,L)/ds. Combining the lower bound for its squared integral with
(65), and using

Along r = L,

2LQL(a)V, < %QL(a) + —LV?
gives (63) with
q:1—<5E/4, O:1+Cobs/2+2/5E~

We may take 0 < dp < 1. The definition of @, and identity (65) are independent of the constant
c used on this particular boundary interval. O

4 Continuation at the central endpoint

By the preceding estimates, there are constants independent of the radius such that

3
< Cu. (66)

0 0
<\ <A, 1—pu>k>0, ’)\‘—I—]roz’|§6’, ‘/\

Since —v = A on the axis and 9,(—v) > 0, we also have —v > ¢ in the fixed coordinates. Write
R(u) = r(u,0), M (u) = m(u,0).

Then
0

(—u) < R(u) = / Au, v) dv < A(—u). (67)

u

On a regular cylinder 0 < r < b, set, as a function of the original outgoing coordinate u,

> my,. (68)
b

Qo) =, [(i) ~log(1— )
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Use the boundary measure dm, = (—vp)du from (28). Corollary 3.5 gives constants H > 0, 0 < g <
1, and C > 0 such that, for any regular cylinder interval [ag, a;] with

/ 1(—ub) du = Hb,

0

we have )
Qulas) < a@s(a0) +Cb | TV gy (“)J . (69)

On every regular subinterval, with no prescribed duration,

VQular) </ Qulan) + /b2 TViap (§) - (70)

These are boundary identities and estimates in the fixed chart. Total variation is invariant under
increasing parametrizations of the boundary, which justifies the use of the original u-endpoints.
Moreover, (66) implies Qp < Cb. All constants in this section are independent of the parameter &
introduced below.

4.1 Decay of the mass ratio on the limiting cone

The integral in (4) is finite also on v = 0. Indeed, continuity on compact regular segments as v 1 0
gives the same bound on every segment u; < u < ug < 0, and monotone convergence then gives
the bound on the whole cone. Since R decreases to zero, a change of variable from u to r = R(u)

yields
—dr < 0.
0 (1—p)r

Along this cone, m is nondecreasing as a function of the outward radius, because m, < 0 and
ry < 0. If p(r;) > n > 0 for a sequence r; | 0, then

(rj <r < 2ry).

A subsequence can be chosen so that these intervals are disjoint. Each contributes at least (r/2) log 2
to the preceding integral, which is impossible. This is the monotonicity argument of [2, p. 190,
Lemma 2], in the present coordinates. Thus

M (u) = o(R(u)) = o(—u), oM < 0. (71)

4.2 The trace on a cylinder with small exterior mass ratio

Suppose that r = b is contained in the regular region on an interval starting at ug, and that p < e
at every point of this interval with » > b. An incoming characteristic ending at (u,b) remains in
r > b when followed backwards to ug. The differentiated field equation is

Oy (ra’) = _TV (12_'qu - 1) (ra’)

()

. (72)
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By (66),

L1y -]

The homogeneous propagator from t to u is

00 o ) )

r(t,v) 1—p)r

Writing r; = r(ug, v) and using the uniform integral bound, we obtain

r(u,v) v —p(s,v)

2

Ira (u,v)| < C

+ Cer(u, U)/

uy 7(8,)

1

go(w+e>,

ri

where the last step uses r, = v. At the endpoint r = b, 7; > b+ £(u — ug). Differentiation along

the cylinder gives
1 d [/« 1 b 0
—(Z) =2 |po — ) 73
e (), =8 [ 725 (), ()

Consequently, after u — ug > b/(¢e),

vV (i‘)b < Ce (74)

on every subsequent interval [ag, a1] contained in the cylinder with [!(—v)du < Hb.

4.3 Decay of the boundary energy
Starting after this waiting period, apply (69) on consecutive intervals [ay, ax+1] chosen by
Ak41
/ (=) du = Hb.
ay

At their endpoints,
Qu(ar) < Cq"b+ Ce?.

Choose ¢ > 0 sufficiently small and then N = N(e) sufficiently large that the two terms on the
right are each at most £b/64 for k > N. For any point between consecutive endpoints, (70) and
(74) give, after decreasing the permitted upper bound for ¢ if necessary,

Qp < 2(eb/32) + C=?b < eb/8. (75)
The same estimate holds on a final interval whose boundary measure is less than Hb. Thus (75)
holds for the remainder of any such cylinder after the waiting period and N complete intervals.
4.4 Selection of the cylinder

Suppose that (5) fails. Choose ¢ small enough for the preceding estimates and strictly below
the resulting positive full-triangle lim sup u. There are then points with p > ¢ at arbitrarily late
outgoing times. By (71), we may restrict to a fixed late subtriangle on which p(u,0) < e. Define

bi(u) = sup{r(t,v) : (t,v) € Q, t > u, u(t,v) >e}.
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The set is nonempty for every u < 0. Radial mass monotonicity and M (t) < M (u) for t > u imply

0 < b(u) < 2M€ ) _ o(—u). (76)

In particular, b, is nonincreasing and tends to zero.

We record two consequences of regularity needed below. Every point with pu > ¢ lies away
from both the axis and v = 0. It therefore has a neighborhood in (u,r) coordinates contained in
the regular region. To prove right-continuity of b, at u, choose, for any 6 > 0, such a point at a
time ¢ > u with radius greater than b,(u) — ¢. If ¢ > u, this point remains in the defining set for
all sufficiently small increases of u. If ¢ = wu, continuity preserves y > ¢ at the same radius for
sufficiently small increases of t. In either case,

lim b, (s) > by(u) — 4.

slu
Monotonicity and the arbitrariness of ¢ prove right-continuity. Moreover, for every t > wu, all
available radii » > b,(u) satisfy u(t,r) < e. For r > b,(u) this follows from the definition; at
equality, a strict inequality p > € would persist at a slightly larger radius and give a contradiction.

Choose bg > 0 smaller than the value of b, at the initial time of this subtriangle. Set b,, = 27"
and let u,, be the first time at which by (u) < b,. These times are finite, since b.(u) — 0, and the
threshold is attained by right-continuity. They are nondecreasing, with repeated values allowed,
and u, 1 0: for each fixed u < 0, positivity of b.(u) implies b,, < by(u) and hence u,, > u for large
n. Thus
bi(u) < b, (u>up), bi(u) > bp/2  (up < u < Upyr).

For u < u,, we have b,(u) > b,. Letting u T u, in (76), using continuity of M at the regular point
(un, 0), gives

2M (u,
b, < 2M(un) _ o(—1un).
£
It follows that S
lim sup —L— " — o, (77)
n—o0o bn

Indeed, an eventual bound wun4+1 — uyn < Cby, would imply

—up =Y (ujp1 —uj) < C Y by =2Cby,

j>n j>n

contrary to b, = o(—uy).
Choose indices along which the quotient in (77) tends to infinity. For all sufficiently large such
indices, the cylinder 0 < r < b,, exists throughout [u,, un+1], because R is decreasing and

R(un+1) > g(_un—s—l) > by = bn/2

Its exterior satisfies p < € throughout this interval. The waiting period has original coordinate
length b,,/(¢e), and, since —v;, > £, the next N intervals of boundary measure Hb,, require at most
N Hb,, /¢ further units of u. By (77), both fit before u,41, with a nonempty interval remaining,.
Choose uy < up4+1 after these intervals. Since by (u.) > b, /2, its defining supremum supplies a
point (t,r,) such that
t > Uy, bn/2 < 1y < by, w(t,ry) > €.
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In fact ¢t < upy1, because by(up4+1) < b,/2. Radial mass monotonicity then gives

b
m(t,ba) = m(t,r.) > .

On the other hand, (75) applies at ¢, and hence

eby, eb

- t,by) < t) < —,

a contradiction. This proves (5).

4.5 Application of Christodoulou’s extension theorem

Equation (5) implies that the supremum of y over a past subtriangle tends to zero as its initial out-
going slice approaches the endpoint. This is the small-mass hypothesis of [1, p. 1172, Theorem 5.1
and (5.1)].
The initial gauge has already been fixed. To use the labels in [1, p. 1172, Theorem 5.1], make
only the translation
U=u—u;, V=v—u, Ve = —Uy.

The axis remains diagonal, the initial cone becomes U = 0 with (0, V') = V/2, and the endpoint has
labels (v4,vs). The translation introduces no factors in A\, v, 0, (, or a. In particular the translated
initial datum is C'!' on a neighborhood of [0,v,]. Extend it to a C! function on [0, 00) by a cutoff
supported in a slightly larger initial-data interval and equal to one near [0, v.].

For every 0 < vg < vy, the given solution on the corresponding smaller closed triangle is in the
C! class of [1, p. 1157]: regularity and compactness give the required lower bounds for A and v
there. These restrictions provide the smaller-triangle solutions with the extended datum required
by Theorem 5.1. The full-triangle limit already proved gives

lim sup w(U,V)=0.
alvx q< U<V <vsx

Thus Theorem 5.1 supplies a C! solution on a larger triangle. Characteristic uniqueness [1, p. 1148,
Theorem 3.1] identifies it with the original solution on every smaller triangle, and continuity gives
agreement on the regular part of the limiting cone. Translating back gives the desired C' continu-
ation across (0, 0).

5 What this criterion supplies for weak cosmic censorship

The contrapositive of Theorem 1.1 is a statement about a family of cones: a nonextendible cen-
tral endpoint satisfying the other hypotheses cannot have uniformly bounded complete incoming
blueshift integrals. It does not assert that the integral on its limiting cone v = 0 is infinite. The
estimates in Sections 2 and 4 use the uniform bound on the other cones, in particular in the
characteristic propagator for ra’.

To compare the statements precisely, Christodoulou defines the blueshift exponent 7 in [2,
p. 189, (2.1)]. On the distinguished cone s = 0, its radius is r = ae™ and dy = p(1 — p)~1dt; see
[2, p. 187, (1.13), and p. 189, (1.26)]. Since dt = —dr/r, boundedness of v is equivalent to

) 0)du < oo
/u, (1 oy (1:0) du < oo,
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Lemma 2, p. 190, proves decay of p on this cone. The paragraph following it, continued on p. 191,
invokes the extension criterion and proceeds with unbounded +. The extension theorem actually
requires smallness on a whole triangle, as stated in [1, p. 1172, Theorem 5.1]. The present proof
obtains that interior control under the stronger uniform hypothesis. It does not prove the reverse
implication from finite terminal-cone blueshift to that uniform hypothesis.

This distinction matters for the hypotheses of the instability results. Both [2, p. 192, The-
orem 2.1, and pp. 213-214, Theorem 3.1] explicitly assume unbounded . The exceptional set
defined on p. 214 includes that condition, and the positive-codimension conclusion of Theorem 4.1,
p. 216, is stated in BV N L'(R), with the data variable and logarithmic radial coordinate specified
on p. 214, (4.1)—(4.2). It is a statement about disjoint two-parameter affine families through excep-
tional data. It should be distinguished from an open dense genericity statement in a differentiable
topology.

There is a separate regularity issue in applying this criterion to such perturbations. In the
instability paper the symbol o means 9,(r¢); it is a/A in the notation used here, and differs by
a factor of two from our initial datum when r = v/2. Also, the first perturbation direction in
[2, p. 215, (4.5)] vanishes to the left of zero and has right limit one there; the second direction is
chosen absolutely continuous. Thus the full two-parameter family as written is a BV family, not a
family of C' data. Neither those perturbations nor arbitrary AC data are covered just by the C*
continuation argument above.

For comparison, [3, Section 1.4.1, Theorem 1.4 and the following discussion] gives an AC for-
mulation of the four-dimensional instability result and explicitly identifies the missing published
passage to unbounded terminal-cone blueshift. Its own main theorem concerns circular symmetry
in 2 4+ 1 dimensions with negative cosmological constant; the mass-gap argument supplying its
blueshift input is in Section 1.3.3. That argument does not supply the missing four-dimensional
implication here.

To use the present result in the original four-dimensional WCC argument, one would still need
either to derive uniform interior-cone control from bounded terminal-cone blueshift, to derive the
required triangle smallness directly from that single-cone hypothesis, or to adapt the instability
argument to the unbounded family supplied by our contrapositive. A formulation for AC or BV data
would additionally require estimates and a continuation theorem in that class. The perturbation,
genericity, and global causal conclusions remain separate parts of the WCC argument. The criterion
proved here resolves none of these additional steps by itself.
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A Formal verification and provenance

Credit and scope. This work was prompted by Serban Eugen Cicortas. The manuscript and
Lean formalization were developed with OpenAl Codex under his prompts and direction. This shar-
ing edition adds attribution and verification information to the manuscript used for formalization;
its mathematical body is unchanged.

The formalization establishes the uniformly bounded family-of-cones blueshift criterion: uniform
mass-ratio decay at the centre and the stated C' continuation. Lean checks the encoded theorem
from its encoded hypotheses. This does not constitute automatic verification of every sentence of
the manuscript, nor does it extend the result to a single terminal-cone hypothesis, arbitrary AC/BV
data, or the remaining WCC conclusions.

Explicit imported assumptions. As intended, Christodoulou’s BV results are inputs to the for-
mal theorem, not results proved within this project. These comprise the transport identity (4.10a),
the weighted derivative identity (5.2), the extension input from Theorem 5.1, and the uniqueness
input from Theorem 3.1 of [1]. The primitive field equations and the geometric, regularity, gauge,
datum, and blueshift conditions also appear among the formal hypotheses. The exact definitions
and quantifiers can be inspected in StatementInterface.lean.

Proof and verification record. The proof is archived in the extension-principle-lean repository,
at the fixed commit

e78705df465b8bclcdd4a2fdd2f13ccl7abb42bd.

The final theorem is uniformly_bounded_blueshift_and_continuation_proved in namespace
ExtensionPrinciple.Proofs; its proof is in Proofs/Main.lean. The separate decay theorem is
in Proofs/Decay.lean.

The committed verification record reports successful compilation of 513 accepted proof modules
and exact-type checks for the eight frozen keystones and both root propositions. The final axiom
checks list only propext, Classical.choice, and Quot.sound: no sorryAx or additional project
axioms. The BV inputs remain explicit theorem hypotheses. These checks were performed on
the server before the completed proof was committed; this edition cites that archived verification
record.

Reproducibility and access. The repository pins Lean 4.35.0-rc3 and Mathlib revision
c55e6e786£49471c72fbddbec5415808896aecle, together with its transitive dependencies. Its
README.md documents the build, and scripts/verify_campaign.py performs the campaign
checks. All links above refer to the fixed commit rather than a moving branch. The repository is
currently private; readers need access from its owner to inspect or rebuild the proof.

The original mathematical source is bounded-blueshift-extension.tex in that commit. Its
SHA-256 fingerprint is

d72calad418e9cde39301519fcbbff0bc7
cd14fad216275£295734231726e£37.

The fingerprint identifies the original source, not this sharing edition with its added front matter
and appendix.
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