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Abstract

In this dissertation, we establish a definitive quantitative nonlinear scattering theory for asymp-

totically de Sitter solutions of the Einstein vacuum equations in (n + 1) dimensions with n ≥ 4

even, which are determined by small scattering data at the spacelike asymptotic boundaries I−

and I+. The case of even spatial dimension n poses significant challenges compared to its odd

counterpart and was left open by the previous works in the literature. Here, scattering theory is

understood to mean existence and uniqueness of scattering states, asymptotic completeness, and

the existence of an invertible scattering map with quantitative control on its norm. The existence

and uniqueness of scattering states imply that for any small asymptotic data there exists a unique

global solution to the Einstein equations, which remains close to the de Sitter metric. Asymptotic

completeness is the converse statement, showing that any such solution induces asymptotic data

at I− and at I+. For sufficiently small asymptotic data, we construct the scattering map S taking

data at I− to data at I+, and we show that the map S is locally invertible and locally Lipschitz

at the de Sitter data, with respect to a Sobolev-type norm. The scattering map result is sharp

and avoids any ”derivative loss”, in the sense that we measure the smallness of asymptotic data

at I− and I+ using the same Sobolev norm. The proof of the sharp result requires a detailed

analysis of the Einstein equations involving a geometric Littlewood-Paley decomposition of the

solution.
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Chapter 1

Introduction

In this thesis, we aim to complete the understanding of the nonlinear scattering theory for (n+1)-

dimensional asymptotically de Sitter vacuum solutions determined by small scattering data on a

suitably defined asymptotic boundary I±. The case n = 3 was proved by Friedrich in [Fri83, Fri86],

while the case of all n ≥ 3 odd was proved by Anderson in [And05]. In this work, we treat the

case of even spatial dimension n ≥ 4, which contains significant new challenges and was left open

by the previous works in the literature.

Asymptotically de Sitter vacuum solutions. For any n ≥ 3, we consider the (n + 1)-

dimensional Einstein vacuum equations with positive cosmological constant Λ = n(n−1)
2 :

Ricµν −
1

2
Rg̃µν + Λg̃µν = 0. (1.1)

The ground state solution of (1.1) is given by the (n+1)-dimensional de Sitter space
(
R×Sn, g̃dS

)
:

g̃dS = −dT 2 + cosh2(T ) · /gSn , (1.2)

where /gSn denotes the standard round metric on Sn. The solution
(
R × Sn, g̃dS

)
represents the

higher dimensional generalization of the metric introduced in [dS17]. We denote past infinity

{T → −∞} by I−, and future infinity {T → ∞} by I+. Both I− and I+ can be identified with

Sn and can be understood as asymptotic boundaries of the spacetime.

Due to the hyperbolic nature of the Einstein vacuum equations (1.1), we study dynamical so-

lutions of (1.1) obtained by solving an initial value problem. We review briefly the standard setting

of Cauchy initial data prescribed on a spacelike hypersurface. The data consist of a Riemannian
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{T = 0} ∼= Sn

I− = {T → −∞} ∼= Sn

I+ = {T → ∞} ∼= Sn

Figure 1.1: Diagram of the (n+ 1)-dimensional de Sitter space
(
R× Sn, g̃dS

)
.

manifold
(
Sn, g0

)
and a symmetric 2-tensor k0, which satisfy certain constraint equations. In the

spacetime obtained by solving (1.1) locally with the given initial data,
(
Sn, g0

)
embeds as the

initial data hypersurface with second fundamental form given by k0. Moreover, the constraint

equations are given by the Gauss and Codazzi equations for g0 and k0.

In the current work, we will focus instead on solutions of (1.1) arising from scattering data

prescribed at infinity (at I− or I+). In this setting, scattering data consist of a Riemannian man-

ifold
(
Sn, /g0

)
and a symmetric traceless 2-tensor ȟ on Sn, which satisfies an additional constraint

called the straightness condition. We briefly describe the interpretation of scattering data and

the differences to the setting of Cauchy initial data. We consider the case of data prescribed at

I− for the purpose of exposition. Similarly to the case of Cauchy initial data, /g0 represents a

suitable limit at I− of the Riemannian metrics induced by the spacetime metric on the spheres

Sn at early times. However, it turns out that a similar attempt to consider the limit of the second

fundamental form of the spheres Sn at early times yields a tensor that is completely determined

by /g0. Instead, ȟ represents a higher order term present in the expansion of the spacetime metric

at I−, as we shall explain in detail below.

Solutions of (1.1) determined by scattering data at infinity are called asymptotically de

Sitter spaces ([And05]). The local well-posedness theory for scattering data at infinity is proved

in [RSR18] (see also [FG85, Ren04, FG12, Hin24]), with asymptotic data given by /g0 and ȟ as

11



above. We also assume that the data are smooth for simplicity. For any such data, we obtain in

a neighborhood of I− a unique solution of the form:

g̃ = −dT 2 + e−2T
/̃gAB

(T, θ1, . . . , θn)dθAdθB, (1.3)

where we denote by {θA} coordinates associated to an arbitrary chart on Sn. As before, in (1.3)

we present the case of scattering data at past infinity I− and we note that the same definitions

apply for scattering data at I+, upon replacing T by −T.

The expansion at I− in the even n case. The relation between the solution g̃ and the

scattering data is seen in the expansion satisfied by the rescaled metric /̃g induced on {T}×Sn as

T → −∞. For all n ≥ 4 even and for all T < 0 small enough, we have in a Lie-propagated frame:

/̃g = /g0 +
e2T

22
/g1 + . . .+

e(n−2)T

2n−2(n/2− 1)!
/gn/2−1

+
2TenT

2n(n/2)!
O +

enT

2n(n/2)!
ǩ +O

(
Te(n+2)T

)
, (1.4)

where the tensors /g1, . . . , /gn/2−1
,O, trǩ are determined by /g0 via certain compatibility relations,

ȟ is the trace free part of ǩ, and the higher order terms in the expansion are determined by /g0

and ȟ.

The main challenge present in the case of even spatial dimension n ≥ 4 compared to its odd

counterpart can be seen in the expansion (1.4). This represents the Fefferman-Graham expansion

introduced in [FG85], also playing a fundamental role in [Ren04, FG12, RSR18], as we explain in

Section 1.1. We point out that for n ≥ 4 even the expansion is not smooth at I− in terms of the

Fefferman-Graham coordinate τ = eT /2 due to the presence of the term O, called the obstruction

tensor. On the other hand, the obstruction tensor vanishes identically in the odd n case leading

to a smooth expansion of the solution in τ at I−.

From the dynamical point of view, the de Sitter metric (1.2) is the unique solution of (1.1)

with scattering data at I− given by
(
/g0
)
dS

= 1
4/gSn and ȟdS = 0. It is also smooth at I−, since

the obstruction tensor OdS vanishes, as can be seen from its Fefferman-Graham expansion:

/̃gdS =
1

4
/gSn +

e2T

2
/gSn +

e4T

4
/gSn .

The main result: a complete scattering theory for n ≥ 4 even. We study the global

in time behavior of asymptotically de Sitter solutions of (1.1) for n ≥ 4 even, determined by

scattering data close to the data of de Sitter space with respect to some suitable norm. Our

12



main result is establishing a complete scattering theory for such solutions. We notice that the

corresponding small data result in the setting of Cauchy initial data consists of proving global

existence and orbital stability, see [Rin08]. The additional difficulties that we encounter in the

case of the scattering problem are the need to evolve the data from past infinity as opposed to

from a Cauchy hypersurface, and the need to recover the scattering data at future infinity, which

requires sharp control of the solution at higher order despite the lack of smoothness in time caused

by the obstruction tensor O.

In order to state the main result, we briefly introduce the notions of asymptotic initial data

set, asymptotic initial data norm, and asymptotically de Sitter vacuum solutions determined by

small data. We refer the reader to Remark 1.3 and Definition 9.1 for the precise definitions.

Given smooth scattering data
(
/g0, ȟ

)
, we define the corresponding asymptotic initial data

set Σ̃
(
/g0, ȟ

)
to be the collection of tensors on Sn consisting of: the metric /g0; the tensors

/g1, . . . , /gn/2−1
, trǩ defined by /g0 using the compatibility relations, together with certain angu-

lar derivatives of these tensors; the obstruction tensor O defined by /g0 using the compatibility

relations; and the renormalized tensor ȟ = ȟ − 2
(
log∇

)
O, where the operator log∇ is defined

using the geometric Littlewood-Paley decomposition in Section 6. We point out that the surpris-

ing need to renormalize ȟ is related to the lack of smoothness of the expansion (1.4), and again

poses difficulties in our problem.

We also define the asymptotic initial data norm, which measures closeness to the de Sitter

data. For any tensor ϕ ∈ Σ̃
(
/g0, ȟ

)
, we denote by ϕ∗ = ϕ−ϕdS the tensor obtained as the difference

of ϕ and its de Sitter value. For any M > 0, we define the asymptotic initial data norm of order

M by: ∥∥∥Σ̃(/g0, ȟ)∥∥∥2M =
∑

ϕ∈Σ̃(/g0,ȟ)

∥∥ϕ∗∥∥2HM+1(Sn)
, (1.5)

where HM+1(Sn) represents the Sobolev norm on Sn with respect to the metric /g0.

We denote by Σ̃dS = Σ̃
(
1
4/gSn , 0

)
the initial data set corresponding to de Sitter space. For

any ϵ > 0, we define the set of smooth ϵ-small asymptotic data of order M by:

BM
ϵ

(
Σ̃dS

)
=

{
Σ̃
(
/g0, ȟ

)
:
∥∥Σ̃(/g0, ȟ)∥∥M < ϵ

}
. (1.6)

13



We define asymptotically de Sitter vacuum solutions determined by small data to be the solutions

of (1.1) with ϵ-small asymptotic data of order M .

Using these definitions, we state the main result of the thesis:

Theorem 1.1. For any even integer n ≥ 4, we have a complete scattering theory for (n + 1)-

dimensional asymptotically de Sitter vacuum solutions determined by small data. For any M > 0

large enough there exists ϵ0 > 0 small enough, such that for any 0 < ϵ ≤ ϵ0 we have:

1. Existence and uniqueness of scattering states: for any ϵ-small asymptotic data of

order M at I− or I+ given by Σ̃
(
/g0, ȟ

)
∈ BM

ϵ

(
Σ̃dS

)
, there exists a unique smooth global

solution
(
M̃, g̃

)
of the form (1.3) to the Einstein vacuum equations (1.1) which remains

quantitatively close to the de Sitter metric and can be represented by a diagram similar to

Figure 1.1;

2. Asymptotic completeness: any smooth solution of the Einstein vacuum equations (1.1)

of the form (1.3), which is quantitatively close to the de Sitter metric at a finite time T,

exists globally and induces scattering data
(
/g0, ȟ

)
at I− and

(
/g0, ȟ

)
at I+;

3. Existence of a scattering map with quantitative estimates: there exists a constant

CM > 0 independent of ϵ, such that we have a well-defined scattering map taking asymptotic

data at I− to asymptotic data at I+ :
S : BM

ϵ

(
Σ̃dS

)
→ BM

CM ϵ

(
Σ̃dS

)
,

S
(
Σ̃
(
/g0, ȟ

))
= Σ̃

(
/g0, ȟ

)
.

(1.7)

The scattering map is locally invertible and locally Lipschitz at Σ̃dS , in the sense that it

satisfies the quantitative estimate:∥∥∥S(Σ̃(/g0, ȟ))∥∥∥M ≤ CM

∥∥∥Σ̃(/g0, ȟ)∥∥∥M . (1.8)

Remark 1.1. The result for the scattering map S is sharp and avoids any ”derivative loss”, in

the sense that in (1.7) and (1.8) we use the same Sobolev-type asymptotic initial data norm of

order M to measure the smallness of asymptotic data at I− and I+.

Remark 1.2. We state Theorem 1.1 for smooth scattering data /g0, ȟ for simplicity of exposition,

but since we only make quantitative assumptions at the level of the asymptotic initial data norm

14



(1.5), our result can be extended by density to the case of finite regularity scattering data which is

small in the sense of (1.6).

In the remainder of the introduction, we flesh out the previous discussion with more details.

In Section 1.1 we discuss some relevant previous results. In Section 1.2 we introduce the ambient

metric formulation of the problem and restate our main result in an equivalent form. In Section 1.3

we discuss the ideas of the proof in some detail. Finally, in Section 1.4 we outline the structure

of the rest of the thesis.

1.1 Previous Results

We present some previous results relevant for the scattering theory of asymptotically de Sitter

vacuum solutions.

1.1.1 The Stability of de Sitter Space

Friedrich proved in [Fri83, Fri86] that (3 + 1)-dimensional de Sitter space is non-linearly stable

to small perturbations of the asymptotic data at I−. The proof uses the key fact that in (3 + 1)

dimensions de Sitter space has a smooth conformal compactification. By use of the conformal

method, the study of global stability is reduced to a finite in time problem for the conformal

equations, which can be written as a symmetric hyperbolic system. Additionally, this method

also gives a scattering theory between asymptotic data at I− and asymptotic data at I+, which

represent two regular spacelike hypersurfaces in the conformal spacetime. We note that this result

was also generalized to the Einstein-Maxwell-Yang-Mills system in [Fri91] and to the Einstein-

radiative fluid system in [LVK13].

In the case of the Einstein equations coupled to a non-linear scalar field, which is a general-

ization of (1.1), Ringström proved stability in all dimensions in [Rin08] for small Cauchy initial

data on a finite time spacelike hypersurface. This proof is robust in order to treat such general

equations, but it does not give a description of the induced scattering data at infinity.

15



1.1.2 The Fefferman-Graham Expansion

The starting point in the theory of local well-posedness with scattering data at I− for all n ≥ 3

is given by the work of Fefferman-Graham [FG85, FG12].

To construct conformal invariants for an n-dimensional Riemannian manifold
(
S, /g0

)
, Fef-

ferman and Graham first consider the corresponding ambient metric. We briefly introduce the

ambient metric construction here and we discuss it in detail in Section 1.2. For any /g0 and any

symmetric traceless 2-tensor ȟ, the ambient metric is an (n+ 2)-dimensional self-similar vacuum

metric given by a formal power series expansion determined by
(
/g0, ȟ

)
. The conformal invariants

of
(
S, /g0

)
are then obtained using the classification of local pseudo-Riemannian invariants of the

ambient metric. According to [FG12], under the additional assumption of straightness on ȟ, which

determines the divergence of ȟ in terms of /g0, the ambient metric is straight and one can take

the quotient by the action of the scaling vector field to obtain formal asymptotically de Sitter

solutions of (1.1).

We illustrate the Fefferman-Graham expansion of formal asymptotically de Sitter vacuum

solutions. In this setting, the formal power series expansions (1.9)-(1.10) were first constructed

in [Ren04, Theorems 2, 3]. The scattering data are given by a Riemannian metric
(
Sn, /g0

)
and a

symmetric traceless straight 2-tensor ȟ, which determine each term in the expansion. For n ≥ 3

odd, the expansion at I− is smooth in terms of eT :

/̃g = /g0 +
e2T

22
/g1 + . . .+

e(n−1)T

2n−1((n− 1)/2)!
/g(n−1)/2

+
enT

2n
ǩ +O

(
e(n+1)T

)
. (1.9)

In the case of n ≥ 4 even, we have the expansion at I−:

/̃g = /g0 +
e2T

22
/g1 + . . .+

e(n−2)T

2n−2(n/2− 1)!
/gn/2−1

+
2TenT

2n(n/2)!
O +

enT

2n(n/2)!
ǩ +O

(
Te(n+2)T

)
. (1.10)

The compatibility relations are obtained by taking the limit of (1.1) at I− at each order. The

terms of order less than enT are determined by /g0. We also have that trǩ is determined by /g0,

and that the trace-free part of ǩ is ȟ. Finally, all the higher order terms in the expansion are

determined by /g0 and ȟ.
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1.1.3 The Local Well-posedness Theory with Scattering Data

The expansions (1.9) and (1.10) were computed formally in the smooth category in [FG85, Ren04,

FG12], and convergence was only proven in the case of analytic scattering data [Ren04, Theorem

6]. The rigorous proof of the Fefferman-Graham expansion in the smooth case was done in [RSR18]

in a more general context (and revisited in [Hin24]). Restricted to our situation, the results of

[RSR18] imply the following local well-posedness result with scattering data:

Theorem 1.2 ([RSR18]). For any n ≥ 3 and any smooth straight scattering data
(
/g0, ȟ

)
, there

exists a unique solution of (1.1) of the form (1.3) in a neighborhood of I− which satisfies the

expansions (1.9) and (1.10).

The local well-posedness result of [RSR18] is a fundamental ingredient needed to study the

long time behavior of asymptotically de Sitter solutions of (1.1). For simplicity, we only stated

how the results of [RSR18] apply in our situation of straight ambient metrics. However, the results

of [RSR18] hold in the very general context of ”proto-ambient metrics”, which only require the

Fefferman-Graham expansion to hold up to the term containing ǩ.

1.1.4 A Scattering Theory in the Odd Spatial Dimension Case

The results of [Fri83, Fri86] were further generalized in [And05] for all (n+1)-dimensional de Sitter

spaces with n ≥ 3 odd. While the conformal method does not apply in higher dimensions, there

is nevertheless the simplification of having the expansion (1.9) which is smooth in terms of eT .

Moreover, in this case the Einstein equations (1.1) can be replaced by the equation O = 0, which

is conformally invariant and leads to a hyperbolic system in a suitable gauge. We notice that in

(3 + 1) dimensions the obstruction tensor O coincides with the Bach tensor, so the approach of

[And05] is to replace (1.1) by the Bach equations. Using these ingredients, [And05] generalizes

the conformal method proof to obtain stability for all n ≥ 3 odd, which also gives a scattering

theory between asymptotic data at I− and asymptotic data at I+.
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1.1.5 The Wave Equation on de Sitter Space

The simplest model problem needed in order to understand the scattering of asymptotically de

Sitter vacuum solutions is the linear wave equation on a fixed de Sitter background:

□dSϕ̃ = 0. (1.11)

The scattering problem in the more general case of the Klein-Gordon equation was addressed in

[Vas10]. Given a certain relation between the Klein-Gordon mass and the spatial dimension, which

guarantees a smooth expansion at infinity similar to (1.9), [Vas10] provides a detailed description

of the scattering map as a Fourier integral operator. However, in the case of n ≥ 4 even and

vanishing Klein-Gordon mass, the solution satisfies an expansion at infinity similar to (1.10). The

results of [Vas10] prove that the scattering map is an isomorphism on C∞.

In the case of (1.11) with n ≥ 4 even, we used a different approach in [Cic23] to construct the

scattering map as a Banach space isomorphism for asymptotic initial data
(
ϕ0, h

)
∈ HM+n(Sn)×

HM (Sn), for any M ≥ 1. We notice that ϕ0 plays a similar role to /g0, and h is again obtained

by renormalizing a higher order term in the Fefferman-Graham expansion using log∇ of the

analogue of the obstruction tensor. Based on these similarities, [Cic23] will provide the guideline

for studying the scattering of asymptotically de Sitter vacuum solutions for all n ≥ 4 even in the

present work. It turns out that the methods used in [Cic23] are indeed robust and can be adapted

in the current setting.

1.1.6 Results for the Expanding Region of Black Hole Spacetimes

Similarly to the case of asymptotically de Sitter vacuum spacetimes, it is of great interest to

study the question of scattering in the expanding region of black hole spacetimes with Λ > 0,

which remains an open problem even in (3 + 1) dimensions. We first mention [Ber25], which

studies scattering for the linear wave equation on the expanding region of Schwarzschild-de Sitter

spacetimes. In the nonlinear case, the recent works [FS24, HV24] prove the stability of the

expanding region of Kerr-de Sitter, with [HV24] also establishing conformal smoothness at I+.
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1.1.7 Scattering Results in the Asymptotically Flat Setting

In the asymptotically flat setting, [Wan10] constructs a scattering isomorphism between Cauchy

initial data and the radiation field for perturbations of Minkowski space in (n + 1)-dimensions,

with n ≥ 4. In the case of n = 3, [BSB15] proves scattering for certain semilinear wave equations

on Minkowski space.

We note that the study of scattering in the context of asymptotically flat black hole spacetimes

is a current area of research. We refer the reader to [BW14], [DHR24], [DRSR18], [Alf20], [Mas22],

and references therein.

1.2 The Ambient Metric Formulation

The ambient metric construction provides an embedding of solutions of (1.1) of the form (1.3) into

(n+2)-dimensional self-similar vacuum spacetimes. The simplest example for this correspondence

is that of de Sitter space
(
R×Sn, g̃dS

)
. The associated straight ambient metric is the {u < 0, v >

0} × Sn ⊂ Rn+2 region of Minkowski space with the Minkowski metric m, where u and v are the

standard double null coordinates.

The embedding allows us to prove a scattering result at the level of the corresponding ambient

metric instead. In the n ≥ 4 even case the solution is not smooth at infinity, so we can interpret

this construction as a compactification that allows us to reduce a global problem with data at

infinity to a finite problem with singular data. Another advantage of this setting is that the

ambient spacetime has a natural double null foliation and we can use the approach developed

in [RSR18] and [RSR23]. Moreover, the explicit embedding provides additional structure on the

ambient metric, as can be seen in the definition:

Definition 1.1. Let I ⊂ R be an open interval, set M̃ = I × Sn, and let
(
M̃, g̃

)
be a solution of

(1.1) of the form:

g̃ = −dT 2 + e−2T
/̃gAB

(T, θ1, . . . , θn)dθAdθB. (1.12)

We define the corresponding straight ambient metric to be
(
M, g

)
, where M = (−∞, 0)×M̃ and:

g = ds2 + s2
(
− dT 2 + e−2T

/̃gAB
(T, θ1, . . . , θn)dθAdθB

)
. (1.13)
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The spacetime
(
M, g

)
is an (n+2)-dimensional straight self-similar vacuum spacetime, satisfying:

Ric(g) = 0, LSg = 2g, S = s∂s. (1.14)

In general, we say that a metric g is straight if it takes the form (1.13), i.e. it arises as a cone

metric from a metric g̃ of the form (1.12) (see [And01]).

We define the double null coordinates u < 0, v > 0 by:

eT = 2

√
−v
u
, s = −2

√
−uv.

In double null coordinates, the straight ambient metric has the form:

M =

{
u < 0, v > 0, log 2

√
−v
u
∈ I

}
× Sn

g = −2(du⊗ dv + dv ⊗ du) + /gAB
(u, v, θ1, . . . , θn)dθAdθB, (1.15)

where /gAB
(u, v, θ1, . . . , θn) = u2/̃gAB

(
T (u, v), θ1, . . . , θn

)
. Moreover, the scaling vector field is S =

u∂u + v∂v.

{u = 0}

{v = 0}

(
M̃, g̃

)(
M, g

){T (u, v) = T2}

{T (u, v) = T1}

{u = 0}

{v = 0}

(
M̃, g̃

)
(
M, g

)

Figure 1.2: Embedding of
(
M̃, g̃

)
in the ambient spacetime

(
M, g

)
in the cases I = (T1, T2) and

I = R.

In general, we refer to any spacetime
(
M, g

)
satisfying the above properties as a straight self-

similar vacuum spacetime in double null coordinates. Given any such spacetime, we can quotient

by the scaling vector field in order to obtain the corresponding (n + 1)-dimensional spacetime(
M̃, g̃

)
of the form (1.3) which solves (1.1).

The main point of the ambient metric construction is that establishing a complete scattering

theory for solutions of (1.1) with scattering data close to the data of de Sitter space is equivalent

to proving a scattering theory for straight self-similar vacuum spacetimes with scattering data on

{v = 0} or {u = 0} close to the data of Minkowski space. This follows since we can identify the
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I− of
(
M̃, g̃

)
with the quotient of {v = 0} by the action of the scaling vector field, and similarly

we can identify I+ with the quotient of {u = 0} by S. We refer the reader to [And01] and [RSR18]

for a general proof of the correspondence.

Notation convention. We use the tilde superscript notation in the original (n + 1)-

dimensional formulation (for example M̃, g̃, /̃g), and we drop the tilde superscript in the ambient

metric formulation (for example M, g, /g).

The local well-posedness theory. Before stating our main result in the ambient metric for-

mulation, we outline the local well-posedness theory in the current situation. By self-similarity, to

obtain scattering data on {v = 0} it suffices to specify data on the sphere {u = −1, v = 0} × Sn.

Thus, the notion of scattering data in the ambient metric formulation is the same as in the origi-

nal (n + 1)-dimensional formulation. The results of [RSR18] imply that for any smooth straight

scattering data
(
/g0, ȟ

)
at {u = −1, v = 0}×Sn, there exists a unique straight self-similar vacuum

spacetime in double null coordinates defined in a neighborhood of {v = 0}:{
u < 0, v ≥ 0, 0 ≤ −v

u
< v

}
× Sn

for some small v > 0 depending on the size of the initial data. Moreover, the solution satisfies the

expansion:

u−2
/g =/g0 + v/|u|/g1 + . . .+

(v/|u|)
n−2
2

(n/2− 1)!
/gn/2−1

+
(v/|u|)

n
2 log

(
4v/|u|

)
(n/2)!

O

+
(v/|u|)

n
2

(n/2)!
ǩ +O

(
(v/|u|)

n+2
2 log

(
v/|u|

))
for the same 2-tensors /g1, . . . , /gn/2−1

,O, ǩ as in (1.4), determined by /g0 and ȟ. The same result

holds for data at {u = 0}, upon replacing (u, v) by (−v,−u).

The main result in the ambient metric formulation. We briefly explain the corresponding

notion of an asymptotic initial data set in the current setting, and refer the reader to Definition

9.1 for the precise definition.

In what follows, we assume some familiarity with the double null formalism introduced in

detail in Section 2. We denote the Ricci coefficients schematically by ψ and the curvature com-

ponents by Ψ. We consider the case of scattering data at {u = −1, v = 0} × Sn, and note that

the case of scattering data at {u = 0, v = 1} × Sn is defined similarly by replacing (u, v) with
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(−v,−u). Given smooth scattering data
(
/g0, ȟ

)
, we define the asymptotic initial data set Σ

(
/g0, ȟ

)
to be the collection of tensors on {u = −1, v = 0} × Sn consisting of: the metric /g0; the double

null quantities ψ and Ψ, together with certain angular and ∇∂v derivatives of these tensors, which

can be computed by the compatibility relations in terms of /g0 (as in [RSR18], the specification

of these tensors is equivalent to the specification of /g1, . . . , /gn/2−1
, trǩ); the obstruction tensor

O; and the renormalized tensor ȟ = ȟ − 2
(
log∇

)
O. Next, we define the asymptotic initial data

norm, measuring closeness to the Minkowski data. For any tensor ϕ ∈ Σ
(
/g0, ȟ

)
, we denote by

ϕ∗ = ϕ−ϕMinkowski the tensor obtained as the difference of ϕ and its Minkowski value. As before,

we define the asymptotic initial data norm of order M by:∥∥∥Σ(/g0, ȟ)∥∥∥2M =
∑

ϕ∈Σ(/g0,ȟ)

∥∥ϕ∗∥∥2
HM+1(Sn)

.

We denote by ΣMinkowski = Σ
(
1
4/gSn , 0

)
the initial data set corresponding to Minkowksi space. For

any ϵ > 0, we define the set of smooth ϵ-small asymptotic data of order M by:

BM
ϵ

(
ΣMinkowski

)
=

{
Σ
(
/g0, ȟ

)
:
∥∥Σ(/g0, ȟ)∥∥M < ϵ

}
.

Remark 1.3. In order to make the previous definition of Σ̃
(
/g0, ȟ

)
precise, we require that the

norms
∥∥Σ(/g0, ȟ)∥∥M and

∥∥Σ̃(/g0, ȟ)∥∥M are equivalent, where Σ
(
/g0, ȟ

)
is given as in Definition 9.1.

This determines the exact components that are contained in the set Σ̃
(
/g0, ȟ

)
.

Using the ambient metric construction, we can restate Theorem 1.1 in the following equivalent

formulation:

Theorem 1.3. For any even integer n ≥ 4, we have a complete scattering theory for (n + 2)-

dimensional straight self-similar vacuum spacetimes determined by small data. For any M > 0

large enough there exists ϵ0 > 0 small enough, such that for 0 < ϵ ≤ ϵ0 we have:

1. Existence and uniqueness of scattering states: for any smooth ϵ-small asymptotic

data of order M at {v = 0} given by Σ
(
/g0, ȟ

)
∈ BM

ϵ

(
ΣMinkowski

)
, there exists a unique

smooth straight self-similar vacuum solution
(
M, g

)
in double null coordinates defined glob-

ally in {u < 0, v > 0} × Sn, which remains quantitatively close to Minkowski space, in

the sense of Propositions 3.1, 3.2, and 3.8. Moreover, the solution extends to (−∞, 0) ×

[0,∞) × Sn as a regular solution of the Einstein vacuum equations (1.14) in the sense of

Definition 2.3;
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2. Asymptotic completeness: any smooth straight self-similar vacuum spacetime in double

null coordinates which is quantitatively close in the sense of Remark 3.8 to Minkowski space

on a spacelike hypersurface {v = c|u|}, can be extended to the region {u < 0, v > 0} × Sn

and induces smooth scattering data
(
/g0, ȟ

)
at {v = 0} and

(
/g0, ȟ

)
at {u = 0}. Moreover,

the solution extends to
(
(−∞, 0]× [0,∞)\{(0, 0)}

)
×Sn as a regular solution of the Einstein

vacuum equations (1.14) in the sense of Definition 2.3;

3. Existence of a scattering map with quantitative estimates: there exists a constant

CM > 0 independent of ϵ, such that we have a well-defined scattering map taking the asymp-

totic data at {v = 0} to asymptotic data at {u = 0}:
S : BM

ϵ

(
ΣMinkowski

)
→ BM

CM ϵ

(
ΣMinkowski

)
,

S
(
Σ
(
/g0, ȟ

))
= Σ

(
/g0, ȟ

)
.

(1.16)

The scattering map is locally invertible and locally Lipschitz at ΣMinkowski, in the sense that

it satisfies the quantitative estimates:∥∥∥S(Σ(/g0, ȟ))∥∥∥M ≤ CM

∥∥∥Σ(/g0, ȟ)∥∥∥M . (1.17)

Remark 1.4. As in Theorem 1.1, the scattering map result is sharp and avoids any ”derivative

loss”, since in (1.16) and (1.17) we use the same Sobolev-type norm to measure the smallness of

asymptotic data at I− and I+.

Remark 1.5. The ambient metric formulation is convenient in order to establish the existence,

uniqueness of scattering states, and asymptotic completeness. However, one could work directly

at the level of asymptotically de Sitter spaces of the form (1.3). In this case it is convenient to

use the time coordinate τ = eT /2. This approach is present in Section 7, Section 8, and [Cic26].

1.3 Outline of the Proof

We present the main steps in the proof of Theorem 1.3. We assume familiarity with the basics of

the double null formalism, and we refer the reader unfamiliar with these notions to read Section 2

for a detailed introduction.

We recall that in this formalism, the Einstein vacuum equations (1.14) can be written as a

system of equations for the Ricci coefficients denoted by ψ and the curvature components denoted
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by Ψ. The system has the following schematic form (see [RSR18]):
∇3ψ = Ψ+ ψ · ψ, ∇4ψ = Ψ+ ψ · ψ,

∇3Ψ1 = DΨ2 + ψ ·Ψ, ∇4Ψ2 = −D∗Ψ1 + ψ ·Ψ,
(1.18)

where D,D∗ are adjoint differential operators on Sn, and ∇3,∇4 are covariant derivatives in the

e3 = ∂u, e4 = ∂v directions. We denote by ∇ the projection to the tangent space of Sn of the

covariant derivative in any direction tangent to Sn, and we refer to this differential operator as an

angular derivative. The operators ∇3,∇4, and ∇ will be used as commutators to obtain systems

of equations with a similar form to (1.18). We also point out that the system (1.18) has significant

simplifications, due to the special straight structure of the metric g which has constant lapse and

vanishing shift vector.

1.3.1 Existence and Uniqueness of Scattering States

The first statement of Theorem 1.3 consists of global existence and quantitative estimates of the

solution in the (n + 2)-dimensional region {u < 0, v > 0} × Sn, given small scattering data at

{v = 0}. We prove this in Theorems 3.1 and 3.2. In the original (n+1)-dimensional formulation,

this result represents the global stability of de Sitter space with small scattering data at I−. We

point out that the proof of [Rin08] does not apply in the case of scattering data; additionally, we

prefer to prove the needed stability result in the ambient metric setting, in order to obtain the

estimates required for the rest of our proof.

We remark that the stability result that we prove at this stage is not optimal in terms of the

smallness assumed on the initial data. For our purposes, we notice that Σ
(
/g0, ȟ

)
∈ BM

ϵ

(
ΣMinkowski

)
implies: ∥∥/g∗0∥∥H̊M (Sn)

+
∥∥O∥∥

HM (Sn)
+
∥∥ȟ∥∥

HM (Sn)
≤ ϵ, (1.19)

where H̊M (Sn) is the Sobolev space with respect to /gSn and HM (Sn) is the Sobolev space with

respect to /g0. For this part of the argument we use the smallness condition (1.19) instead of

Σ
(
/g0, ȟ

)
∈ BM

ϵ

(
ΣMinkowski

)
. However, we point out that in order to prove the sharp estimate for

the scattering map (1.17), we will need a more detailed analysis which makes use of the exact

structure of Σ
(
/g0, ȟ

)
.
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{u = 0}

{v = 0}

III

II

I

{u = −vv}

{v = −uv}

Figure 1.3: The decomposition into the regions I, II, and III

The strategy of the proof follows similar steps to [RSR23]. In Section 3, we carry out a

bootstrap argument and construct the solution in the following regions one at a time, for v > 0

sufficiently small:

I =

{
0 ≤ v

|u|
≤ v

}
× Sn, II =

{
v ≤ v

|u|
≤ v−1

}
× Sn, III =

{
0 <

|u|
v

≤ v

}
× Sn

The bounds that we prove for the solution need to be consistent with self-similarity, as in

[RSR18]. In region I we have the scaling for the Ricci coefficients |ψ∗| ∼ ϵ|u|−1 and for the

curvature components |Ψ| ∼ ϵ|u|−2. Moreover, each ∇, ∇3, or ∇4 derivative that we apply to the

double null unknowns raises their homogeneity by one, implying schematic self-similar bounds of

the form: ∣∣∇i∇j
4∇

k
3ψ

∗∣∣ ≲i,j,k ϵ|u|−1−i−j−k,
∣∣∇i∇j

4∇
k
3Ψ

∣∣ ≲i,j,k ϵ|u|−2−i−j−k. (1.20)

The expected bounds in regions II and III are similar for most double null quantities, replacing

|u| with v.

An essential aspect of the problem is that we can take at most n−4
2 ∇4 derivatives of the

double null quantities in a neighborhood of {v = 0}, and similarly for ∇3 at {u = 0}. This results

from the presence of the obstruction term O in the Fefferman-Graham expansion of the solution

near {v = 0}. We denote by ΨG any curvature component excluding α, and similarly by ΨG

any curvature component excluding α. We have that all double null quantities ∇i∇j
4∇k

3ψ and

∇i∇j
4∇k

3Ψ
G extend to {v = 0} for j ≤ n−4

2 . However, α is mildly singular at {v = 0}:

|u|
n−4
2 ∇

n−4
2

4 α = log
(
v/|u|

)
O + h+O

(
v/|u| log

(
v/|u|

))
, (1.21)
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where h is obtained from ȟ by subtracting a linear factor of O. In order to address this issue,

when proving self-similar bounds for α in region I we need to subtract off the singular term in

(1.21).

Taking into consideration the necessary renormalization, the argument of [RSR18] applies to

prove existence and self-similar bounds in region I, where we allow up to N angular derivatives

on the double null quantities, and M = N + O(n), M > N. Similarly, the argument of [RSR23]

applies to prove existence and self-similar bounds in region II, again allowing up to N angular

derivatives on the double null quantities.

The main part of the proof of the first statement in Theorem 1.3 involves showing existence

and self-similar bounds in region III in Section 3.2. The difficult aspect is that we expect α to be

singular at {u = 0}, as implied by the local well-posedness theory. Unlike in region I, we do not

determine a priori the singular part of α given by the obstruction tensor, so we cannot subtract

it off. We also notice that unlike the approach in [RSR23], we cannot work with the reduced

Bianchi system, which would remove α, as this does not work in the higher dimensional setting.

Our solution is to propagate estimates for α consistent with it blowing up at {u = 0}, aided

by the fact that in the straight higher dimensional case the singular behavior of α is more mild

than in [RSR23]. For the remaining double null quantities, we expect to prove regular self-similar

bounds, similar to region I.

We briefly explain how to prove energy estimates for the curvature components Ψ, as part of

the bootstrap argument in Section 3.2. We recall that the curvature components can be grouped

into the Bianchi pairs (α, ν), (ν,R), (R, ν), (ν, α). The Bianchi pair (ν, α) satisfies the schematic

equations:

∇3νABC = −2∇[AαB]C + . . .

∇4αAB +
n

2v
αAB = −∇CνC(AB) + . . .

As in [RSR23], for 0 < q ≪ p≪ 1 we conjugate the equations with w = v
3
2
−p|u|p−q :

∇3wνABC +
p− q

|u|
wνABC = −2∇[AwαB]C + . . .

∇4wαAB +

(
n− 3

2
+ p

)
w

v
αAB = −∇CwνC(AB) + . . .
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The energy estimates are obtained by contracting these equations with wν and wα, integrating

by parts, and multiplying by |u|2q. The lower order terms imply the presence of bulk terms with

favorable sign in the estimates. These bulk terms are even better in the case of ν, since |u|/v is

small in region III. We notice that the same argument also applies when commuting with angular

derivatives and up to n−4
2 ∇3 derivatives, which ensures that the lower order terms imply good

bulk terms. Commuting with a high number of angular derivatives ∇i simplifies our treatment of

the error terms on the right hand side. The weight w implies that the best estimate that we can

prove for α is: ∥∥∇i∇j
3α

∥∥
L2(Sn)

≲ ϵ1−2δ|u|−p · |v|−2−i−j+p,

where j ≤ n−4
2 , i < N, δ > 0 is a small constant, and the implicit constant in the inequality is

independent of ϵ and v. This bound is consistent with the singular behavior of α at {u = 0}. The

good bulk term obtained for ν allows us to control the bulk term in the energy estimates for the

Bianchi pair
(
R, ν

)
, and we similarly obtain energy estimates for all the curvature components.

Moreover, the stronger control that we obtain for the bulk terms in the case of the quantities ΨG

allows us to prove regular self-similar bounds. The simple transport structure of the equations

for the Ricci coefficients also implies their respective self-similar bounds. We point out that we

close the bootstrap assumptions using the smallness of v.

Finally, we prove a standard propagation of regularity result in Theorem 3.2 showing that if

the scattering data is also smooth, the global solution obtained is smooth.

1.3.2 Asymptotic Completeness

We consider a smooth straight self-similar vacuum spacetime in double null coordinates, which

is quantitatively close to Minkowski space on a spacelike hypersurface {v = c|u|} × Sn with

v ≤ c ≤ v−1, in the sense that it satisfies the self-similar bounds (1.20) with j, k ≤ n−4
2 and

i ≤ N, where M = N + O(n), M > N for some large enough N. In Theorem 4.1 we prove

the second statement of Theorem 1.3, showing that the spacetime can be extended globally to

{u < 0, v > 0} × Sn, and that it induces scattering data at {v = 0} and {u = 0}. The first

part follows from Section 1.3.1, as we remark that the analysis of [RSR23] in region II applies in

this setting as well, and we can repeat our analysis in region III. We notice that in region I the
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spacetime will satisfy similar bounds to the ones in region III, as we have no information about

the scattering data at this point.

In Section 4 we prove the existence of induced smooth scattering data
(
/g0, ȟ

)
at {u = 0}, as

the case of {v = 0} is analogous. The strategy is to compute the terms in the expansion of /g at

{u = 0} up to order n/2.

We first prove that certain regular quantities can be extended to {u = 0} and satisfy com-

patibility relations. These consist of up to n−6
2 ∇3 derivatives of α, up to n−4

2 ∇3 derivatives of

ΨG, up to n−4
2 ∇3 derivatives of ψ, and up to n−2

2 L3 derivatives of /g, together with at most N

angular derivatives of these tensors. All these quantities satisfy a ∇3 equation, where we control

the right hand side using the bounds proved in region III. We prove that these tensors are in

W 1,1
u

(
[−1, 0]

)
L2(Sn), so they can be extended to {u = 0}. In particular, we compute /g0 the

induced metric on {u = 0, v = 1} × Sn. Evaluating these ∇3 equations at {u = 0} implies that

the regular quantities are determined in terms of /g0 by the compatibility relations of [RSR18].

Equivalently, we obtain that the first n−2
2 terms in the expansion of /g are determined by /g0 via

the compatibility relations.

The next step is to compute the singular component of ∇
n−4
2

3 α and to prove that it is given

by the obstruction tensor of /g0. Using self-similarity, we can write the ∇4 Bianchi equation for

∇
n−4
2

3 α schematically as:

∂u
(
v

n−4
2 ∇

n−4
2

3 α
)
= −1

u
E1 + E2 =

1

u
O +

1

|u|

(
E1 − E1|u=0

)
+ E2, (1.22)

where we defined O = −E1|u=0 which is independent of v and can be computed in terms of the

regular quantities at {u = 0}. We obtain that O can be computed in terms of /g0, and we prove

it satisfies the compatibility relation of [RSR18] which implies that it represents the obstruction

tensor of /g0.

The final step is to compute the induced tensor ȟ on {u = 0}. We notice that the error term

in (1.22) is in L1
u

(
[−vv, 0]

)
L2(Sn), so we can integrate the equation to get:

v
n−4
2 ∇

n−4
2

3 α−O log
(
|u|/v

)
∈W 1,1

u

(
[−vv, 0]

)
L2(Sn). (1.23)
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We define the symmetric traceless 2-tensor h which is independent of u and v to be the limit at

{u = 0} of (1.23). We obtain the expansion for ∇
n−4
2

3 α :

v
n−4
2 ∇

n−4
2

3 α = log
(
|u|/v

)
O + h+O

(
|u|1−p/v1−p

)
.

As before, ȟ is obtained from h by adding a certain linear factor of O.

The proof of asymptotic completeness is concluded by applying Theorem 1.2 of [RSR18], in

order to show that
(
/g0, ȟ

)
represents the induced scattering data at {u = 0}. This result also

implies that h satisfies the straightness condition, since the spacetime
(
M, g

)
is straight. Finally,

we remark that the spacetime
(
M, g

)
is smooth, but due to the mild singular behavior at {u = 0}

and {v = 0} it extends to
(
(−∞, 0] × [0,∞)\{(0, 0)}

)
× Sn as a regular solution of the Einstein

vacuum equations (1.14) in the sense of Definition 2.3, similarly to the solutions of [RSR18].

1.3.3 The Scattering Map

The third statement of Theorem 1.3 consists of constructing the scattering map S according to

(1.16), which satisfies the sharp estimate (1.17). Establishing the sharp result for the scattering

map represents the most challenging part of our work. The reader might wish to return to this

section for assistance while reading the proof in Sections 5-11.

We first explain the preliminary scattering result obtained from the proofs of existence,

uniqueness of scattering states, and asymptotic completeness in Theorems 3.1 and 4.1. For smooth

scattering data at {v = 0} which satisfies the smallness condition:∥∥/g∗0∥∥H̊M (Sn)
+
∥∥O∥∥

HM (Sn)
+
∥∥ȟ∥∥

HM (Sn)
≤ ϵ,

we obtain a smooth straight self-similar vacuum spacetime
(
M, g

)
in double null coordinates

defined in the region {u < 0, v > 0} × Sn. This induces smooth scattering data at {u = 0}

satisfying the smallness condition:∥∥/g0∗∥∥H̊N (Sn)
+
∥∥O∥∥

HN (Sn)
+
∥∥ȟ∥∥

HN (Sn)
≤ Cϵ1−2δ,

where M = N + O(n), M > N for large enough N, δ > 0 is a small constant, and C > 0 is a

constant independent of ϵ. This confirms our previous claim in Section 1.3.1 that the stability

result proved initially is not optimal in terms of the smallness assumptions on the initial data

(1.19). In particular, the above result cannot give sharp estimates for the scattering map at this
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stage, since we only get control of the HN norm of the solution at {u = 0}, despite starting with

bounds on the HM norm of the solution at {v = 0}, with M > N. This issue is a fundamental

feature of the problem, already present at the level of the wave equation (1.11) which was analyzed

in [Cic23].

In order to prove a sharp scattering result, we must construct a notion of an asymptotic

initial data set Σ
(
/g0, ȟ

)
and asymptotic initial data norm ∥ · ∥M , which in the small data case

allow us to prove the estimate: ∥∥∥Σ(/g0, ȟ)∥∥∥M ≤ CM

∥∥∥Σ(/g0, ȟ)∥∥∥M . (1.24)

This requires a detailed analysis of the problem which exploits the structure of the solution, and

ultimately relies on replacing h with the renormalized tensor h = h− 2
(
log∇

)
O.

Once we prove that for any Σ
(
/g0, ȟ

)
∈ BM

ϵ

(
ΣMinkowski

)
the estimate (1.24) holds, it is straight-

forward in Section 11 to construct the scattering map S satisfying (1.16) and (1.17), by also using

the existence, uniqueness of scattering states, and asymptotic completeness. We outline the proof

of (1.24) for the rest of the section.

We introduce the norm ΞM in Section 9, representing the energy of the solution on {u =

−1, v = 1} × Sn. One remarkable aspect is that the norm ΞM has improved angular control on

the solution compared to the asymptotic data norm, by gaining half of a derivative. We have

schematically that:∥∥∥Σ(/g0, ȟ)∥∥∥2M =
∥∥O∥∥2

HM+1(S−1,0)
+
∥∥h∥∥2

HM+1(S−1,0)
+
∥∥∇n−4

2
4 ΨG

∥∥2
HM+1(S−1,0)

+ . . .

Ξ2
M =

n−4
2∑

i+j=0

∥∥∇M∇i
3∇

j
4Ψ

∥∥2
H3/2(S−1,1)

+

n−2
2∑

i+j=0

∥∥∇M∇i
3∇

j
4Ψ

∥∥2
H1/2(S−1,1)

+ . . .

In order to prove (1.24), it suffices to show that:∥∥∥Σ(/g0, ȟ)∥∥∥M ≲ ΞM ≲
∥∥∥Σ(/g0, ȟ)∥∥∥M , (1.25)

where the implicit constant depends on M but is independent on ϵ. Once we establish (1.25), we

complete the proof of (1.24) in Section 11, since by changing (u, v) to (−v,−u) we also obtain:∥∥∥Σ(/g0, ȟ)∥∥∥M ≲ ΞM ≲
∥∥∥Σ(/g0, ȟ)∥∥∥M .

Remark 1.6. The strategy used in the proof of the sharp scattering result is similar to our

approach in [Cic23] for the wave equation (1.11). Based on the analogy between the scalar field
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ϕ and /g, one could expect that a notion of asymptotic initial data could consist only of /g0 and h

which satisfy the smallness assumption:∥∥/g∗0∥∥H̊M+n+1(Sn)
+

∥∥h∥∥
HM+1(Sn)

≤ ϵ. (1.26)

Using the compatibility relations, this condition implies that Σ
(
/g0, ȟ

)
∈ BM

CM ϵ

(
ΣMinkowski

)
. In

the case of (1.11) we also have that O ∼ ∆n/2ϕ0 + . . . , which recovers the estimate for ϕ0 at

top order. However, in the current situation the obstruction tensor does not satisfy the needed

ellipticity property, so the smallness of Σ
(
/g0, ȟ

)
does not imply (1.26). According to [FG85], we

have at top order that O ∼ ∆n/2−2B, where B is the Bach tensor of /g0. This operator is elliptic

under a conformal change of the metric, see [TV05, LS16], but in our case we cannot control the

conformal factor. Consequently, the smallness condition (1.26) cannot be used to prove a sharp

scattering result.

Estimates from {v = 0} to {v = −u}. We prove that ΞM ≲
∥∥Σ(/g0, ȟ)∥∥M in Theorem 9.1,

establishing the first inequality in (1.25). According to Section 5, we can rewrite the system of

Bianchi equations restricted to {u = −1} as a system of wave equations for any 0 ≤ m ≤ M,

0 ≤ l ≤ n
2 − 2 :

v∇2
4∇m∇l

4α+
(
3 + l − n

2

)
∇4∇m∇l

4α−∆∇m∇l
4α = ψ∇m+1∇l

4Ψ+ ErrΨml

v∇2
4∇m∇l

4Ψ
G +

(
3 + l − n

2

)
∇4∇m∇l

4Ψ
G −∆∇m∇l

4Ψ
G = ψ∇m+1∇l

4Ψ+ ErrΨml,

(1.27)

where the error terms ErrΨml are defined in detail in Proposition 5.1. Moreover, the solutions

satisfy the expansions at {v = 0}:
∇l

4Ψ
G =

(
∇l

4Ψ
G
)∣∣

(−1,0)
+O(v), ∇l

4α =
(
∇l

4α
)∣∣

(−1,0)
+O

(
v| log v|2

)
for l ≤ n−6

2 ,

∇
n−4
2

4 ΨG =
(
∇

n−4
2

4 ΨG
)∣∣

(−1,0)
+O

(
v| log v|2

)
, ∇

n−4
2

4 α = O log v + h+O
(
v| log v|2

)
.

(1.28)

We prove the main estimates for the system (1.27) in Theorem 9.1. The desired inequality will

follow, since the initial data energy is controlled by
∥∥Σ(/g0, ȟ)∥∥M , whereas the energy at (−1, 1)

controls ΞM . The top order estimates require control of the quantity:

T = v2
∥∥∇4∇M∇

n−4
2

4 Ψ
∥∥2
H1/2(S−1,v)

+ v
∥∥∇M∇

n−4
2

4 Ψ
∥∥2
H3/2(S−1,v)

+
∥∥∇n−4

2
4 ΨG

∥∥2
HM+1(S−1,v)

.

Bounding this energy represents the fundamental part of the proof, as this captures the need to

renormalize h and it implies the improvement in the number of angular derivatives controlled.
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To prove this in Section 9, we treat the system (1.27) as a linear system on the background

obtained by restricting the metric g to the null cone {u = −1}, with a general inhomogeneous

term in place of ErrΨml. We refer to the system (1.33) as the first model system, introduced in

Section 5, and we explain below how we prove estimates for it in Section 7. Once we bound the

top order quantity T in terms of the initial data energy and the error terms, the remaining bounds

follow using more standard energy estimates for the system (1.27). As before, the presence of

the nonlinear error terms ErrΨml does not create significant difficulties since we commuted with a

high number of angular derivatives, so these terms are essentially linear.

Estimates from {v = −u} to {v = 0}. We prove that
∥∥Σ(/g0, ȟ)∥∥M ≲ ΞM in Theorem 10.1,

establishing the second inequality in (1.25). According to Section 5, we can also rewrite the

system of Bianchi equations restricted to {u = −1} for any 0 ≤ m ≤M, 0 ≤ l ≤ n
2 − 2 as:

v∇2
4∇m∇l

4α+
(
3 + l − n

2

)
∇4∇m∇l

4α−∆∇m∇l
4α = ψ∇m+1∇l

4Ψ+ ErrΨml

v∇2
4∇m∇l

4Ψ
G +

(
2 + l − n

2

)
∇4∇m∇l

4Ψ
G −∆∇m∇l

4Ψ
G =

∑
ΨG

0
ψ∇m+1∇l

4Ψ
G
0 + ErrΨml,

(1.29)

where the error terms ErrΨml are defined in detail in Proposition 5.1. Once again, the solutions

satisfy the expansions (1.28) at {v = 0}. In Section 10, we prove estimates with initial data at

(−1, 1) controlled by ΞM , and the energy at (−1, 0) controlling
∥∥Σ(/g0, ȟ)∥∥M . At top order, we

bound:

v2
∥∥∇4∇M∇

n−4
2

4 α
∥∥2
H1/2(S−1,v)

+ v
∥∥∇M∇

n−4
2

4 α
∥∥2
H3/2(S−1,v)

+

+
∥∥∇M∇

n−4
2

4 ΨG
∥∥2
H3/2(S−1,v)

+ v
∥∥∇4∇M∇

n−4
2

4 ΨG
∥∥2
H1/2(S−1,v)

+ . . .

and the asymptotic quantities: ∥∥O∥∥2
HM+1(S−1,0)

+
∥∥h∥∥2

HM+1(S−1,0)
.

This step represents the essential part of the proof, since as in the previous section once we

control the top order terms we can also obtain bounds for the remaining terms in
∥∥Σ(/g0, ȟ)∥∥M

and estimate the nonlinear error terms. The strategy is again to treat the system (1.29) as a linear

system on the background obtained by restricting g to {u = −1}, with a general inhomogeneous
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term. We refer to the system (1.43) as the second model system, introduced in Section 5, and

we explain below how we prove estimates for it in Section 8.

Geometric Littlewood-Paley projections. The analysis of the model systems needed for

the top order estimates requires the use of Littlewood-Paley projections. These provide a robust

way of constructing frequency dependent multipliers and defining fractional derivatives, including

the log∇ operator present in the definition of h. In dealing with the model systems we intend

to use the same approach as in [Cic23]. The new difficulty is that the metric /gv induced by the

background on the spheres Sv = {u = −1}×{v}×Sn has a nontrivial time dependence, compared

to the case of de Sitter space. This motivates us to use the geometric Littlewood-Paley theory

of [KR06], defined using the heat equation in Section 6. The LP projections used have standard

properties, with additional difficulties arising from the fact that they are time dependent and do

not satisfy exact orthogonality. We also use the methods of [KR06, KR05] to prove additional

new results.

In particular, the LP projections allow us to define fractional derivatives. For example, the

operator log∇ is defined as:

(log∇)F =
∑
k≥0

P 2
kF · log 2k,

where in Section 6 we choose the projection operators Pk such that
∑

k P
2
k = I.

Unlike the case of the linear wave equation on exact de Sitter space in [Cic23], we encounter

additional difficulties since the LP projections only satisfy L2-almost orthogonality. For any two

families of LP projections Pk and P ′
l we have according to [KR06]:∥∥PkP

′
lF

∥∥
L2 ≲ 2−4|k−l| ·

∥∥F∥∥
L2 . (1.30)

The LP projections satisfy the finite band property ∥PkF∥L2 ≲ 2−k∥∇P̃kF∥L2 , where P̃ 2
k =

Pk. For certain top order quantities, having a different projection operator on the RHS (i.e. the

term ∇P̃kF instead of ∇PkF ) is problematic for the following reason: naively using the fact that∑
l P

2
l = I and (1.30) to bound ∇P̃kF creates dangerous terms with frequency higher than k.

Therefore, instead of using the finite band property, for certain top order quantities we use the
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following novel refined Poincaré inequality for any k ≥ 0 and δ > 0 :∥∥PkF
∥∥2
L2 ≲

1

δ
2−2k

∥∥∇PkF
∥∥2
L2 + δ

∑
0≤l<k

2−9k+7l
∥∥∇PlF

∥∥2
L2 + δ−12−4k

∥∥F∥∥2
L2 . (1.31)

The important feature of this inequality is that all the LP projection operators have the same

symbol. Moreover, only the last term contains frequencies higher than k, but this is lower order

due to the good 2−4k weight.

Finally, we also prove bounds for the commutation error terms obtained due to the time

dependence of the metric /g. For example, for a certain projection operator P̃ k defined in Section

6 in terms of Pk, we have: ∥∥[∇4, Pk]F
∥∥
L2 ≲

∥∥P̃ kF
∥∥
L2 + 2−k

∥∥F∥∥
L2 . (1.32)

While the presence of projection operators with different symbols in this inequality cannot be

avoided, we point out that both sides of the inequality can be summed for k ≥ 0, which will prove

to be essential later.

The first model system. In Section 5, we write the system (1.27) as a linear system on

the background obtained by restricting the metric g to the null cone {u = −1}, with a general

inhomogeneous term. We use the notation Φ0 = ∇
n−4
2

4 α and Φi = ∇
n−4
2

4 ΨG, and we obtain with

respect to the new time variable τ =
√
v the system:

∇τ

(
∇τ∇mΦ0

)
+ 1

τ∇τ∇mΦ0 − 4∆∇mΦ0 = ψ∇m+1Φ+ F 0
m

∇τ

(
∇τ∇mΦi

)
+ 1

τ∇τ∇mΦi − 4∆∇mΦi = ψ∇m+1Φ+ F i
m

Φ0 = 2O log τ + h+O
(
τ2| log τ |2

)
, Φi = Φ0

i +O
(
τ2| log τ |2

)
.

(1.33)

where the covariant angular derivatives are with respect to the metric /gτ := /gu=−1,v=τ2
induced

on Sτ .

Remark 1.7. We notice that in terms of the metric /̃g from (1.3) we have /gτ = /̃g(log(2τ)).

For any asymptotically de Sitter space of the form (1.3) we consider the new time coordinate

τ = eT /2. We point out that one can also recover the first model system by commuting the

Einstein equations (1.1) n/2 times with the vectorfield 1
2τ ∂τ . A similar approach also holds for

the second model system (1.43).
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The estimates needed at top order for the system (1.27) are proved at the level of the first

model system in Section 7. We provide a detailed outline, and note the reader should use this

section for assistance when reading the proof of Theorem 7.1. Our strategy is to adapt the

approach in [Cic23] to the current setting by using the geometric LP theory instead. We first

decompose the solution into its singular and regular parts, which we treat separately in all the

estimates. We then explain how to prove lower order estimates and top order estimates, which

complete the proof of Theorem 7.1.

Step 1. Decomposition of Φ0. The first model system (1.33) has a favorable structure for

proving estimates forward in time for the quantities Φ1, . . . ,ΦI in terms of the asymptotic data at

I−, since these quantities are regular at τ = 0, according to their asymptotic expansions. While

the equation for Φ0 has the same favorable structure, we encounter difficulties since Φ0 blows-up

at I− as log τ. We isolate this singular behavior by defining the singular component of Φ0, which

decouples from the rest of the system and can be treated separately. The remaining component

of Φ0 is regular at I− and can be treated similarly to the other regular quantities.

For each m ≤ M, we define the singular component
(
∇mΦ0

)
Y

to be the horizontal tensor

solving:

∇τ

(
∇τ

(
∇mΦ0

)
Y

)
+

1

τ
∇τ

(
∇mΦ0

)
Y
− 4∆

(
∇mΦ0

)
Y
= ψ∇

(
∇mΦ0

)
Y
, (1.34)

with asymptotic data given by:(
∇mΦ0

)
Y
(τ) = 2∇mO log(τ) + 2(log∇)∇mO +O

(
τ2| log(τ)|2

)
, (1.35)

∇τ

(
∇mΦ0

)
Y
(τ) =

2∇mO
τ

+O
(
τ | log(τ)|2

)
. (1.36)

We prove the existence and uniqueness of the singular component in Section 7.1. We define the

regular component:

(
∇mΦ0

)
J
= ∇mΦ0 −

(
∇mΦ0

)
Y
.

Making the renormalization hm = ∇mh − 2(log∇)∇mO, we get that the regular component

satisfies the equation:

∇τ

(
∇τ

(
∇mΦ0

)
J

)
+

1

τ
∇τ

(
∇mΦ0

)
J
− 4∆

(
∇mΦ0

)
J
= ψ∇

(
∇mΦ0

)
J
+

I∑
j=1

ψ∇m+1Φj +F 0
m, (1.37)
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with asymptotic data given by:(
∇mΦ0

)
J
(τ) = hm +O

(
τ2| log(τ)|2

)
, ∇τ

(
∇mΦ0

)
J
(τ) = O

(
τ | log(τ)|2

)
in C∞(Sn). (1.38)

Step 2. Lower order estimates. In order to prove the needed refined estimates for the solution

at top order, it is essential to first prove in Section 7.2 energy estimates that are lower order in

terms of angular derivatives. We treat separately the singular and regular quantities. For the

regular quantities we note that the structure of (1.33) and the regularity at I− allow us to use

∇τ as a multiplier to prove in Proposition 7.3:

M−1∑
m=0

∥∥(∇mΦ0

)
J

∥∥2
H1 +

I∑
i=1

∥∥Φi

∥∥2
HM ≤ CIDI + CIFI(τ). (1.39)

For the singular component, the lower order version of (7.2) consists of proving in Proposition 7.2:

M−1∑
m=0

∥∥(∇mΦ0

)
Y

∥∥2
H1 ≤ CIDI + CI | log τ |2

∥∥O∥∥2
HM+1 . (1.40)

To prove this, we further decompose for every m < M :
(
∇mΦ0

)
Y

=
(
∇mΦ0

)1
Y
+

(
∇mΦ0

)2
Y
,

where
(
∇mΦ0

)1
Y
and

(
∇mΦ0

)2
Y
are the solutions of (7.4) that satisfy the asymptotic expansions:(

∇mΦ0

)1
Y
(τ) =2∇mO log(τ) +O

(
τ2| log(τ)|2

)
,(

∇mΦ0

)2
Y
(τ) =2(log∇)∇mO +O

(
τ2| log(τ)|2

)
.

The desired lower order estimate for the singular component follows using the ∇τ multiplier in

the equations for
(
∇mΦ0

)1
Y
/ log τ and

(
∇mΦ0

)2
Y
, similarly to the approach in [Cic23].

Step 3. Top order estimates for the singular component. The singular component decouples

from the rest of the system, so it can be treated independently of the regular quantities in

Section 7.3. In Theorem 7.2, we prove the following estimate for τ ∈ (0, 1], with an implicit

constant depending only on M :

τ2
∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
H1/2(Sτ )

+ τ2
∥∥∇(

∇MΦ0

)
Y

∥∥2
H1/2(Sτ )

≲
∥∥O∥∥2

HM+1 , (1.41)

M∑
m=0

∥∥(∇mΦ0

)
Y

∥∥2
H1(Sτ )

≲
(
1 + | log τ |2

)∥∥O∥∥2
HM+1 . (1.42)

In order to obtain sharp estimates at top order, we must use the structure in the expansion of(
∇MΦ0

)
Y
, which can only be seen at the level of each LP projection. We have schematically for
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every k ≥ 0 :

Pk

(
∇MΦ0

)
Y
(τ) = 2Pk∇MO log(2kτ) + l.o.t.+O

(
τ2| log(τ)|2

)
.

As in the case of the linear wave equation on de Sitter space studied in [Cic23], we prove that

Pk

(
∇MΦ0

)
Y
satisfies similar asymptotics to the second Bessel function Y0 in terms of the new time

variable t = 2kτ . A quantitative version of this statement is proved in Section 7.3 using suitable

energy estimates in the low frequency regime τ ≤ 2−k−1, with data given by the asymptotic

initial data, and the high frequency regime τ ∈ [2−k−1, 1], with data at τ = 2−k−1 given by the

solution in the low frequency regime. We remark that the asymptotic behavior and the frequency

dependent time of transition between the two regimes are responsible for the improvement in

regularity: at τ = 1 we control M + 3/2 derivatives of the solution in terms of M + 1 derivatives

of the asymptotic data.

The main new difficulties compared to [Cic23] arise from the fact that the geometric LP

projections are time dependent and do not satisfy exact orthogonality, as explained above. Using

bounds such as (1.32) implies the presence of different projection operators in the estimates. In

the low frequency regime in Section 7.3.1, we can mostly avoid this issue using the structure of

the error terms and the lower order estimates from Section 7.2. However, in the high frequency

regime in Section 7.3.2, this issue creates commutation terms that cannot be bounded at the level

of each LP projection. As a result, we must carefully use the structure of the error terms and sum

the estimates obtained for each LP projection before being able to close our estimates in Section

7.3.3.

Step 4. Top order estimates for the regular components. In order to capture the specific

behavior of the regular components at top order, we consider the equations satisfied by the

projections Pk

(
∇MΦ0

)
J
and Pk∇MΦi, for all 1 ≤ i ≤ I and k ≥ 0.

For each Pk projection we consider the low frequency regime τ ∈ (0, 2−k−1] in Section 7.4.1.

We propagate the L2 bounds satisfied by the asymptotic data at I− using ∇τ as a multiplier to

obtain schematically for τ ∈ (0, 2−k−1]:

∥∥Pk

(
∇MΦ0

)
J

∥∥2
H1 +

I∑
i=1

∥∥Pk∇MΦi

∥∥2
H1 + . . .
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≲
∥∥PkhM

∥∥2
H1 +

I∑
i=1

∥∥Pk∇MΦ0
i

∥∥2
H1 +

I∑
i=0

∫ τ

0

1

2k
∥∥PkF

i
M

∥∥2
L2dτ

′ + . . . ,

where we refer the reader to Proposition 7.11 for the exact estimate proved, which includes

additional good terms on the LHS and certain error terms on the RHS. Using the commutation

estimates for LP projections, the error terms on the RHS that contain Φ have good 2−k weights.

For each Pk projection we also consider the high frequency regime τ ∈ [2−k−1, 1] in Sec-

tion 7.4.2. We prove boundedness for the energy obtained by using the multiplier 2kτ∇τ to get

schematically for τ ∈ [2−k−1, 1] :

2kτ
∥∥Pk

(
∇MΦ0

)
J

∥∥2
H1 +

I∑
i=1

2kτ
∥∥Pk∇MΦi

∥∥2
H1 + . . . ≲

≲
∥∥Pk

(
∇MΦ0

)
J

∥∥2
H1

∣∣
τ=2−k−1 +

I∑
i=1

∥∥Pk∇MΦi

∥∥2
H1

∣∣
τ=2−k−1+

+
I∑

i=0

∫ τ

2−k−1

2kτ ′
∥∥PkF

i
M

∥∥2
L2dτ

′ +

∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇

(
∇MΦ0

)
J

∥∥2
L2dτ

′ + . . . ,

where we refer the reader to Proposition 7.12 for the exact estimate proved. It is essential that

in this estimate we obtain a top order bulk term with favorable sign, which can be dropped from

the estimate1. We also notice that to deal with the error terms we use refined LP commutation

estimates such as (1.32). In particular, this creates error terms with different projection operators,

such as the last term written above, which cannot be controlled directly at the level of the high

frequency regime estimates.

To conclude the proof of the top order estimates for the regular components, we combine the

high frequency regime and low frequency regime estimates in Section 7.4.3. We point out that this

argument uses the top order estimates for the singular component, which are proved separately

as we explain below. To bound the error terms containing different LP projection operators, we

first need to sum the estimates obtained for all k ≥ 0, and then use Grönwall. For the negative

frequencies we use the lower order estimates from Section 7.2. As a result, we obtain:

τ
∥∥(∇MΦ0

)
J

∥∥2
H3/2 +

I∑
i=1

τ
∥∥∇M+1Φi

∥∥2
H1/2 + . . . ≤ CIDI + CIFI(τ).

1On the other hand, we point out that in the context of the second model system, the bulk term obtained in
the high frequency regime estimate for the singular component has an unfavorable sign, creating major difficulties.
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The second model system. Similarly to the case of the first model system, in Section 5 we

write the system (1.29) with respect to the new time variable τ =
√
v to obtain the second model

system: 
∇τ

(
∇τ∇mΦ0

)
+ 1

τ∇τ∇mΦ0 − 4∆∇mΦ0 = ψ∇m+1Φ+ F 0
m

∇τ

(
∇τ∇mΦi

)
− 1

τ∇τ∇mΦi − 4∆∇mΦi =
∑

j ̸=0 ψ∇m+1Φj + F i
m

Φ0 = 2O log τ + h+O
(
τ2| log τ |2

)
, Φi = Φ0

i +O
(
τ2| log τ |2

)
.

(1.43)

In Section 8, we obtain estimates for solutions of the second model system at τ ∈ (0, 1) in

terms of the solution at τ = 1. Additionally, we also prove estimates for the asymptotic data at

I−. We provide a detailed outline of the proof of Theorem 8.1, and refer the reader to this section

for assistance when reading the proof in Section 8. Our strategy is once again to use the geometric

LP theory and adapt the approach in [Cic23] to the current setting. We first explain how to prove

estimates for the regular quantities. We then outline the lower order estimates and top order

estimates for the singular quantities, and we also explain the estimates for the asymptotic data

at I−, completing the proof of Theorem 8.1.

Step 1. Estimates for the regular quantities. The second model system (1.43) has a favorable

structure for proving estimates backwards in time for the regular quantities Φ1, . . . ,ΦI in terms

of the initial data at τ = 1, which allows us to obtain top order estimates directly using the ∇τ

multiplier. Another key feature of the second model system is that the singular terms ψ∇m+1Φ0

are absent from the RHS of the equations for the regular quantities. Thus, the equations for the

regular quantities decouple from the singular quantities, and we can estimate them separately.

We obtain in Section 8.1:

I∑
i=1

∥∥Φi

∥∥2
HM+3/2 +

I∑
i=1

∥∥∇τ∇MΦi

∥∥2
H1/2 + . . . ≤ CIIDII + CIIFII(τ), (1.44)

where we refer the reader to Proposition 8.1 for the exact estimate proved. Using the expansions

satisfied by the regular quantities at τ = 0, we obtain for the asymptotic data at I−:

I∑
i=1

∥∥Φ0
i

∥∥2
HM+1 ≤ CIIDII + CIIFII(0). (1.45)

Step 2. Estimates for the singular quantities. The structure of the equation satisfied by

the singular quantity Φ0 creates significant new challenges compared to the case of the regular
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quantities. Additionally, we must prove estimates consistent with the expansion of Φ0 at τ = 0,

and obtain suitable bounds for O and h.

We start with a lower order estimate proved in Section 8.2, which provides a preliminary

bound for Φ0:

M∑
m=0

τ2
∥∥∇τ∇mΦ0

∥∥2
L2 + τ2

∥∥Φ0

∥∥2
HM+1 + τ

∥∥Φ0

∥∥2
HM +

∫ 1

τ
τ ′
∥∥Φ0

∥∥2
HM+1dτ

′ ≤ CIIDII + CIIFII(τ).

(1.46)

The main part of the argument consists of proving sharp estimates for the top order quantity

ξ = ∇MΦ0. We prove estimates for each projection Pk∇MΦ0, with k ≥ 0. For this purpose, we fix

a suitably large constant x > 0 and we consider separately the low frequency regime k ≥ x with

τ ∈ [0, X2−k−1], and the high frequency regime k ≥ x with τ ∈ [X2−k−1, 1], where we denoted

X = 2x+1. We note already here that we can deal with the terms with k < x using the preliminary

estimate (1.46).

In Section 8.3, we consider the low frequency regime k ≥ x, τ ∈ [0, X2−k−1], and we prove a

similar estimate to (1.46) for Pk∇MΦ0 :

τ2
∥∥Pk∇τ∇MΦ0

∥∥2
L2 + τ2

∥∥∇Pk∇MΦ0

∥∥2
L2

≲ X22−2k
(∥∥Pk∇τ∇MΦ0

∥∥2
L2 +

∥∥∇Pk∇MΦ0

∥∥2
L2

)∣∣∣
τ=X2−k−1

+ CX2−3kFII(τ) + . . . ,

where we refer the reader to Proposition 8.4 for the exact estimate proved. We note that the data

terms at τ = X2−k−1 will be bounded later using the high frequency regime estimates.

In Section 8.4, we consider the high frequency regime τ ∈ [X2−k−1, 1], and we prove a similar

estimate to the one for the first model system. Using the multiplier 2kτ∇τ , we get:

2kτ
∥∥Pk∇MΦ0

∥∥2
H1 + . . . ≲ 2k

∥∥Pk∇MΦ0

∥∥2
H1

∣∣
τ=1

+

∫ 1

τ

2k

(τ ′)2
∥∥Pk∇MΦ0

∥∥2
L2dτ

′

+

∫ 1

τ
2kτ ′

∥∥PkF
′
M

∥∥2
L2dτ

′ + . . . ,

where we refer the reader to Proposition 8.5 for the exact estimate proved.

The main difference compared to the first model system is the presence of the second term

on the RHS above, which is a top order bulk term with an unfavorable sign, creating significant

difficulties. We improve the above high frequency regime estimate and deal with this bad term in

Section 8.5, which represents the main technical part of the paper. We use the refined Poincaré

40



inequality (1.31) to bound the error term:∫ 1

τ

2k

(τ ′)2
∥∥Pk∇MΦ0

∥∥2
L2dτ

′. (1.47)

As a result, we obtain a sum of error terms on the RHS in the low frequency regime and high

frequency regime. We bound the high frequency regime error terms using the novel Grönwall-

like inequality in Lemma 8.1. For the low frequency regime error terms we use the estimates of

Section 8.3, which in turn create a sum of error terms that we bound using the discrete Grönwall

inequality.

Moreover, in the above estimates we also have error terms with different projection operators,

obtained by using LP commutation estimates such as (1.32). As before, we deal with these terms

towards the end of our argument, when summing the estimates obtained for all k ≥ x.

Finally, in Section 8.6 we combine the improved high frequency regime estimates of Section 8.5

with the low frequency regime estimates of Section 8.3 and the preliminary estimate (1.46), to

obtain the main estimate for Φ0 :

τ2
∥∥Φ0

∥∥2
HM+3/2 + τ2

∥∥∇τ∇MΦ0

∥∥2
H1/2 + . . . ≤ CIIDII + CIIFII(τ),

where the remaining terms on the LHS are precisely the terms containing Φ0 in the definition of

EII in (8.1) and we refer the reader to (8.20) for the exact estimate proved. Using the estimate

for the regular quantities (1.44) as well, we conclude the proof of the main estimate (8.2) in

Theorem 8.1.

Step 3. Estimates for the asymptotic quantities. The final step in the proof of Theorem 8.1

is showing the estimates (8.3) and (8.4) for the asymptotic data at I− in Section 8.7. In view of

(1.45), to establish (8.3) we prove:

∥O∥2HM+1 ≤ CIIDII + CIIFII(0). (1.48)

This estimate for the obstruction tensor follows by taking the limit τ → 0 in the low frequency

regime estimate above for each k ≥ x, and using the expansion of Φ0 at I−.

The estimate (8.4) for h is more involved. We first notice that it suffices to show:∑
k≥x

22k
∥∥PkhM

∥∥2
L2 ≤ CIIDII + CIIFII(0), (1.49)
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where hM = ∇Mh−2(log∇)∇MO. According to the expansion of ∇MΦ0 at I−, we can prove the

above bound using energy estimates for the equations satisfied by the quantities ξk = Pk∇MΦ0−

τ log(2kτ)Pk∇τ∇MΦ0. To deal with the error terms obtained in this case, we use the previously

established bounds for the low frequency regime and the high frequency regime.

1.4 Outline of the Thesis

We outline the structure of the thesis. Chapter 2 consists of Sections 2-4. In Section 2 we

introduce the double null formalism adapted to the setting of straight self-similar spacetimes.

In Section 3 we prove the existence and uniqueness of scattering states, establishing the first

statement of Theorem 1.3. In Section 4 we prove asymptotic completeness, obtaining the second

statement of Theorem 1.3. Chapter 3 consists of Sections 5-8. In Section 5 we introduce the model

systems necessary for the top order estimates of the scattering map. In Section 6 we introduce the

geometric Littlewood-Paley projections used in the analysis of the model systems. In Section 7

we prove the top order estimates for the first model system. In Section 8 we prove the top order

estimates for the second model system. Chapter 4 consists of Sections 9-11. In Section 9 we

prove sharp estimates from {v = 0} to {v = −u}. In Section 10 to prove sharp estimates from to

{v = −u} to {v = 0}. Finally, in Section 11 we combine our results to conclude the proof of the

third statement of Theorem 1.3.
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Chapter 2

Existence, Uniqueness of Scattering

States, and Asymptotic Completeness

2 Set Up

We introduce the double null formalism in an arbitrary dimension due to [RSR18] in Section 2.1.

We explain the fundamental simplifications obtained in the setting of straight self-similar vacuum

spacetimes in Section 2.2, which will play a crucial role in our analysis. We also introduce in

Section 2.3 the commutation formulas and the error term notation for future reference. This

section is based on [Cic24, Section 2].

2.1 Double Null Gauge

We introduce a double null gauge on the (n+2)-dimensional manifold
(
M, g

)
following the work

of [RSR18, Section 3]. In this section, we consider such a foliation in the general setting, in

order to define the relevant quantities and write down the system of Einstein vacuum equations

(1.14) in double null gauge. In the next section, we will use the additional assumptions of self-

similarity and straightness of the spacetime
(
M, g

)
, which simplify our equations significantly.

We assume for the purpose of this section that g is smooth, and we later define the notion of

regular vacuum solutions in Definition 2.3. Our introduction of the double null gauge will be brief,

and we encourage the reader to consult [RSR18, Section 3] for complete statements and proofs.
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We assume the background differentiable manifold to be
(
(−∞, 0] × [0,∞)\{(0, 0)}

)
× Sn,

where the coordinates (u, v) parameterize (−∞, 0]× [0,∞)\{(0, 0)}. We consider the metric g in

double null gauge:

g = −2Ω2(du⊗ dv + dv ⊗ du) + /gAB
(dθA − bAdu)⊗ (dθB − bBdu), (2.1)

where {θA} represent local coordinates on Sn. We denote Su,v = {u} × {v} × Sn. We define the

normalized frame:

e3 = Ω−1(∂u + bA∂A), e4 = Ω−1∂v, g(e3, e4) = −2. (2.2)

We denote by D the Levi-Civita connection of
(
M, g

)
. Following [RSR18, Section 3] and the

references therein, we introduce the notion of horizontal tensors on Su,v, with entries in the

tangent space of Su,v, and we denote by ∇A, ∇3, ∇4 the projections of DA, D3, D4 to the

tangent space of Su,v, for any vector eA tangent to Su,v.

We define the Ricci coefficients denoted schematically by ψ ∈ {χ, χ, η, η, ω, ω, ζ} as:

χAB = g(DAe4, eB), χAB
= g(DAe3, eB), ηA = −1

2
g(D3eA, e4), ηA = −1

2
g(D4eA, e3)

ω = −1

4
g(D4e3, e4), ω = −1

4
g(D3e4, e3), ζA =

1

2
g(DAe4, e3).

We decompose the null second fundamental forms χ and χ into their trace-free and trace parts:

χAB = χ̂AB +
1

n
trχ/gAB

, χ
AB

= χ̂
AB

+
1

n
trχ/gAB

. (2.3)

According to [RSR18, Lemma 3.2], we have the Ricci formulas:

D4e4 = −2ωe4, D4e3 = 2ωe3 + 2ηAeA, D4eA = η
A
e4 +∇4eA (2.4)

D3e3 = −2ωe3, D3e4 = 2ωe4 + 2ηAeA, D3eA = ηAe3 +∇3eA (2.5)

DAe4 = −ζAe4 + χB
AeB, DAe3 = ζAe3 + χB

A
eB, DAeB =

1

2
χ
AB
e4 +

1

2
χABe3 +∇AeB. (2.6)

According to [RSR18, Proposition 3.1], we also have the metric equations:

L4/gAB
= 2χAB, L3/gAB

= 2χ
AB
, ω = −1

2
∇4 log Ω, ω = −1

2
∇3 log Ω (2.7)

ζA = −1

4
Ω−1

/gAB
e4(b

B), ηA = ζA +∇A log Ω, η
A
= −ζA +∇A log Ω. (2.8)
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We define the curvature components1 denoted schematically by Ψ ∈ {α, α, β, β, ν, ν, σ, ρ, τ} :

αAB = RA4B4, αAB = RA3B3, βA =
1

2
RA434, βA =

1

2
RA334, νABC = RABC4, νABC = RABC3

σAB =
1

2
R3A4B − 1

2
R3B4A, τAB =

1

2
R3A4B +

1

2
R3B4A, ρ =

1

4
R4343.

According to [RSR18, Lemma 3.1], we have the formulas:

trα = Ric44, trα = Ric33, trτ = Ric34 − 2ρ

τAB = /g
CDRCADB −RicAB, βA = νAB

B +RicA4, βA = −νAB
B −RicA3.

The Einstein vacuum equations for
(
M, g

)
are equivalent to a set of null structure equations

and constraint equations involving the Ricci coefficients and the curvature components. We state

the null structure equations according to [RSR18], and we refer the reader to [RSR18, Section 3.5]

for the derivation of the equations.

Proposition 2.1. [RSR18, Proposition 3.2] We have the null structure equations for the vacuum

spacetime
(
M, g

)
:

∇4trχ+
1

n

(
trχ

)2
= −|χ̂|2 − 2ωtrχ

∇4χ̂AB +
2

n
trχχ̂AB = −αAB − 2ωχ̂AB + χ̂ · χ̂

∇3trχ+
1

n

(
trχ

)2
= −|χ̂|2 − 2ωtrχ

∇3χ̂AB
+

2

n
trχχ̂

AB
= −αAB − 2ωχ̂

AB
+ χ̂ · χ̂

∇3χ̂AB +
1

n
trχχ̂AB = −τ̂AB + 2ωχ̂AB +

(
∇⊗̂η

)
AB

− 1

n
trχχ̂

AB
+ η · η + χ̂ · χ̂

∇3trχ+
1

n
trχtrχ = 2ρ+ 2ωtrχ+ 2div(η) + 2|η|2 + χ̂ · χ̂

∇4χ̂AB
+

1

n
trχχ̂

AB
= −τ̂AB + 2ωχ̂

AB
+
(
∇⊗̂η

)
AB

− 1

n
trχχ̂AB + η · η + χ̂ · χ̂

∇4trχ+
1

n
trχtrχ = 2ρ+ 2ωtrχ+ 2div(η) + 2|η|2 + χ̂ · χ̂

∇4η = −β + χ · (η − η) (2.9)

∇3η = β + χ · (η − η) (2.10)

∇4ω =
1

2
ρ+

1

4
|η|2 − 1

4
|η|2 + 2ωω + 3|ζ|2 − |∇ log Ω|2 (2.11)

1We point out that in Sections 5.2,7, and 8 we will use τ to denote a time coordinate, but it will be clear from
the context throughout the thesis when τ is used as a curvature component.
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∇3ω =
1

2
ρ− 1

4
|η|2 + 1

4
|η|2 + 2ωω + 3|ζ|2 − |∇ log Ω|2. (2.12)

where ψ · ψ is a schematic notation for certain contractions of Ricci coefficient terms.

Next, we state the constraint equations according to [RSR18], and we refer the reader to

[RSR18, Section 3.6] for the derivation of the equations.

Proposition 2.2. [RSR18, Propositions 3.3,3.5] We have the constraint equations for the vacuum

spacetime
(
M, g

)
:

/RiemABCD = RABCD +
1

2

(
χ
BC
χAD + χ

AD
χBC − χ

AC
χBD − χ

BD
χAC

)
/RicAB = τAB − 1

2
trχχ

AB
− 1

2
trχχAB + χC

(AχB)
C

/R = −2ρ+
1− n

n
trχtrχ+ χ̂ · χ̂

∇AχBC −∇BχAC = νABC + χACζB − χBCζA

∇AχBC
−∇BχAC

= νABC − χ
AC
ζB + χ

BC
ζA

∇AχAB −∇Btrχ = −βB + trχζB − ζAχAB

∇Aχ
AB

−∇Btrχ = β
B
− trχζB + ζAχ

AB

∇AηB −∇BηA = −∇AηB +∇BηA = σAB +
1

2

(
χ̂C
A
χ̂CB − χ̂C

B
χ̂CA

)
(2.13)

∇ARABCD = 2∇[CτD]B + χ · ν + χ · ν + ζ · χ · χ.

2.2 Self-Similar Straight Vacuum Spacetimes

The (n + 2)-dimensional vacuum spacetimes
(
M, g

)
are straight and self-similar, according to

Definition 1.1. In this section we derive the consequences of these properties, which simplify the

previous null structure equations and constraint equations. These simplifications are essential for

our analysis and play a fundamental role for the rest of the work. We also write down the system

of Bianchi equations in the case of self-similar straight vacuum spacetimes. Finally, we introduce

the notion of regular solutions, following [RSR18, Section 3].

We assume that
(
M, g

)
is self-similar, so for S = u∂u + v∂v we have:

LSg = 2g. (2.14)
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We also assume that
(
M, g

)
is a straight spacetime, so according to Definition 1.1 it satisfies:

Ω2 = 1, b = 0. (2.15)

Thus, the metric (2.1) in double null gauge takes the special form:

g = −2(du⊗ dv + dv ⊗ du) + /gAB
dθA ⊗ dθB. (2.16)

Moreover, the frame {eA, e3, e4} is integrable, and (2.2) becomes:

e3 = ∂u, e4 = ∂v, eA = ∂θA . (2.17)

As a consequence, we obtain that for self-similar straight vacuum spacetimes some of the

Ricci coefficients and curvature components vanish identically:

Proposition 2.3. Let
(
M, g

)
be a self-similar straight vacuum spacetime in double null gauge

(2.16). The nontrivial Ricci coefficients are ψ ∈ {trχ, χ̂, trχ, χ̂}, and the nontrivial curvature

components are Ψ ∈ {α, ν, τ, R, ν, α}. More specifically, we have the following equations:

uχ
AB

+ vχAB = /gAB
(2.18)

η = η = ζ = 0, ω = ω = 0

σ = 0, ρ = 0, β = β = 0.

Proof. Equation (2.18) is proved in [RSR18, Appendix B] as a consequence of (2.14) and (2.15).

The metric equations (2.7)-(2.8), together with Ω = 1, b = 0, imply the vanishing of the Ricci

coefficients η, η, ζ, ω, ω. The null structure equations for (2.9)-(2.12) imply β = β = 0, and ρ = 0.

Finally, the constraint equation (2.13) implies that:

σAB =
1

2

(
− χ̂C

A
χ̂CB + χ̂C

B
χ̂CA

)
.

However, we also have from (2.18) that −uχ̂
AB

= vχ̂AB, which then gives σ = 0.

We simplify the null structure equations in Proposition 2.1 and the constraint equations in

Proposition 2.2 using the vanishing properties proved in Proposition 2.3. In particular, the null

structure equations (2.9)-(2.12) are trivial. Moreover, we notice that all the terms containing

angular derivatives in the null structure equations vanish. As a result, when treating these

equations as a system of transport equations we avoid the complications regarding the loss of

angular derivatives which one usually faces for a general metric in double null gauge.
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We record here the simplified null structure equations:

Proposition 2.4. We have the null structure equations for the self-similar straight vacuum space-

time
(
M, g

)
:

∇4trχ+
1

n

(
trχ

)2
= −|χ̂|2, ∇3trχ+

1

n
trχtrχ = χ̂ · χ̂

∇4χ̂AB +
2

n
trχχ̂AB = −αAB + χ̂ · χ̂, ∇3χ̂AB +

1

n
trχχ̂AB = −τ̂AB − 1

n
trχχ̂

AB
+ χ̂ · χ̂

∇3trχ+
1

n

(
trχ

)2
= −|χ̂|2, ∇4trχ+

1

n
trχtrχ = χ̂ · χ̂

∇3χ̂AB
+

2

n
trχχ̂

AB
= −αAB + χ̂ · χ̂, ∇4χ̂AB

+
1

n
trχχ̂

AB
= −τ̂AB − 1

n
trχχ̂AB + χ̂ · χ̂,

where ψ · ψ is a schematic notation for certain contractions of Ricci coefficient terms.

We also record here the simplified constraint equations:

Proposition 2.5. We have the constraint equations for the self-similar straight vacuum spacetime(
M, g

)
:

/RiemABCD = RABCD +
1

2

(
χ
BC
χAD + χ

AD
χBC − χ

AC
χBD − χ

BD
χAC

)
(2.19)

/RicAB = τAB − 1

2
trχχ

AB
− 1

2
trχχAB + χC

(AχB)
C, /R =

1− n

n
trχtrχ+ χ̂ · χ̂

∇AχBC −∇BχAC = νABC , ∇AχBC
−∇BχAC

= νABC

∇AχAB = ∇Btrχ, ∇Aχ
AB

= ∇Btrχ

∇ARABCD = 2∇[CτD]B + χ · ν + χ · ν + ζ · χ · χ. (2.20)

We note some further consequences of the self-similarity and straightness properties:

Lemma 2.1. The frame {eA, e3, e4} defined in (2.17) satisfies:

∇4eA =
1

v
eA − u

v
χB
A
eB, ∇3eA = χB

A
eB. (2.21)

Proof. Using Proposition 2.3 in the Ricci formulas (2.4)-(2.6), we have:

∇4eA = D4eA = DAe4 = χB
AeB =

1

v
eA − u

v
χB
A
eB, ∇3eA = DAe3 = χB

A
eB.

Lemma 2.2. For any curvature component Ψ we have that ∇SΨ = −2Ψ.
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Proof. For Ψ ∈ {α, τ, α}, we have that LSΨAB = 0 implies that u∂u(ΨAB) + v∂v(ΨAB) = 0 in

the canonical coordinate frame. Equation (2.21) then implies that ∇SΨAB = −2ΨAB. The proof

is similar in the case when Ψ ∈ {ν, ν}, for which we have u∂u(ΨABC) + v∂v(ΨABC) = ΨABC and

for Ψ = R, for which we have u∂u(RABCD) + v∂v(RABCD) = 2RABCD.

In our analysis, it is convenient to simplify notation by representing error terms schematically.

An essential tool for keeping track of error terms is the notion of signature of [RSR18, Section 3.3]:

Definition 2.1. For any ϕ ∈ {ψ,Ψ} we define the signature:

s(ϕ) = N3(ϕ) +
1

2
NA(ϕ)− 1,

where N3 represents the number of e3 vectors used in the definition of ϕ, and NA represents the

number of eA vectors used in the definition of ϕ.

We state the results for signature in [RSR18, Section 3.3] in the case of self-similar straight

spacetimes:

Lemma 2.3. [RSR18, Section 3.3] The signatures of the nontrivial Ricci coefficients and curva-

ture components for a self-similar straight vacuum spacetime are:

s(χ) = 0, s(χ) = 1, s(α) = 0, s(ν) =
1

2
, s(τ) = s(R) = 1 s(ν) =

3

2
, s(α) = 2.

Moreover, we have that for any horizontal tensors ϕ, ϕ1, ϕ2 :

s(∇3ϕ) = s(ϕ) + 1, s(∇Aϕ) = s(ϕ) +
1

2
, s(∇4ϕ) = s(ϕ), s(ϕ1ϕ2) = s(ϕ1) + s(ϕ2).

Thus, the signature is preserved by covariant differentiation.

We use this notion of signature to introduce the schematic notation of [RSR18, Section 3.8]

for the error terms that we expect on the right hand side of the Bianchi equations:

Definition 2.2. [RSR18, Definition 3.2] For any s ∈ {0, 12 , . . . ,
5
2} we define the schematic error

terms:

E(3)
s =

∑
s1+s2=s, s1 ̸=1

ψs1Ψs2 , E(4)
s =

∑
s1+s2=s

ψs1Ψs2 ,

where ψs1 denotes a Ricci coefficient with signature s1 and Ψs2 denotes a curvature component

with signature s2.
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Remark 2.1. We point out that in [RSR18, Definition 3.2], the schematic error terms also

contain cubic terms of the form ζ
∑

s1+s2=s−1/2 ψs1ψs2 . However, since ζ = 0 according to Propo-

sition 2.3, these terms are absent in the case of self-similar straight spacetimes, which further

simplifies the structure of the error terms that we encounter.

We can now state the Bianchi equations for self-similar straight spacetimes. We point out that

the reader should consult [RSR18, Proposition 3.6] for the general system of Bianchi equations

for vacuum metrics in double null gauge (2.1), which for the sake of exposition we do not repeat

here. In our setting, due to the vanishing of certain Ricci coefficients and curvature components,

the Bianchi equations in [RSR18, Proposition 3.6] imply two sets of equations:

• Simplified Bianchi equations satisfied by the nontrivial curvature components α, ν, τ, R, ν,

and α.

• Constrain equations, obtained from the Bianchi equations for the vanishing curvature com-

ponents β, β, σ.

As a consequence of [RSR18, Proposition 3.6] and Proposition 2.3, we obtain the following

simplified Bianchi equations:

Proposition 2.6. We have the following Bianchi equations for the straight self-similar vacuum

spacetime
(
M, g

)
:

∇3αAB +
1

2
trχαAB = −∇CνC(AB) + E(3)

1 (2.22)

∇4νABC = −2∇[AαB]C + E(4)
1/2 (2.23)

∇3νABC +
2

n
trχνABC = −2∇[AτB]C + 2χ̂D

[A
ν|D|B]C + E(3)

3/2 (2.24)

∇4RABCD = −2∇[Aν|CD|B] + E(4)
1 (2.25)

∇3RABCD +
2

n
trχRABCD = −2∇[Aν|CD|B] + χ

A[D
τC]B + χ

B[C
τD]A + 2χ̂E

[A
RB]ECD + E(3)

2

(2.26)

∇4νABC = −2∇[AτB]C + E(4)
3/2 (2.27)

∇3νABC +
3

n
trχνABC = −2∇[AαB]C + 2χ̂D

[A
νB]DC + 2χ̂D

[A
ν|CD|B] + E(3)

5/2 (2.28)

∇4αAB = −∇CνC(AB) + E(4)
2 , (2.29)
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where one can also derive equations for τ using τAB = /gCDRCADB.

Moreover, as a consequence of the Bianchi equations in [RSR18, Proposition 3.6] for the

vanishing curvature components {β, β, σ} and Proposition 2.3, we obtain the following additional

constraint equations:

Proposition 2.7. We have the following constraint equations for the straight self-similar vacuum

spacetime
(
M, g

)
:

∇BαAB = E(4)
1/2, ∇CνABC = E(4)

1 , ∇CνABC = E(4)
2 , ∇BαAB = E(4)

5/2. (2.30)

We conclude this section by defining the notion of a regular solution to the Einstein vacuum

equations (1.14), according to [RSR18, Section 3.10]. We refer to the collection of horizontal

tensors /g, χ, χ, α, ν, τ, R, ν, α introduced above as the set of double null unknowns.

Definition 2.3. [RSR18, Definition 3.5] The straight self-similar metric g defined on a subset of

the background differentiable manifold
(
(−∞, 0] × [0,∞)\{(0, 0)}

)
× Sn, is a regular solution of

(1.14) if:

• For n > 4 even, the metric:

g = −2(du⊗ dv + dv ⊗ du) + /gAB
dθA ⊗ dθB

is a classical C2 solution of the Einstein vacuum equations (1.14). Equivalently, the double

null unknowns are classical solutions to the metric equations (2.7)-(2.8), the system of null

structure equations in Proposition 2.4, the Bianchi equations in Proposition 2.6, and the

system of constraint equations in Propositions 2.5 and 2.7.

• For n = 4 the metric g defined as above is a classical C2 solution of the Einstein vacuum

equations (1.14) for v > 0 and u < 0. Moreover, the corresponding double null unknowns

are classical solutions to the metric equations (2.7)-(2.8), the system of constraint equations

in Proposition 2.5 and weak solutions to the system of equations in Propositions 2.4, 2.6,

and 2.7.

The solutions that we construct in this work will be smooth in the region {v > 0, u < 0} and

extend as regular solutions to
(
(−∞, 0]× [0,∞)\{(0, 0)}

)
× Sn. Moreover, the solutions will also
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satisfy the Fefferman–Graham expansions at v = 0 and u = 0 up to order n
2 . In the case of n = 4,

all the double null unknowns extend continuously to v = 0 and u = 0, with the exception of α

which has a log v singularity at v = 0 and α which has a log u singularity at u = 0. These mild

singularities allow us to conclude that for n = 4 a regular solution g solves the Einstein vacuum

equations (1.14) weakly in L2.

2.3 Commutation Formulas and Error Terms Notation

In this section, we introduce the commutation formulas and the schematic error term notation

that will play an essential role in our analysis and facilitate keeping track of nonlinear terms.

Lemma 2.4. For any horizontal tensor ϕ, we have the commutation formulas:[
∇4,∇i

]
ϕ+

i

n
trχ∇iϕ =

i∑
j=1

∇jχ · ∇i−jϕ+ χ̂ · ∇iϕ,

[
∇3,∇i

]
ϕ+

i

n
trχ∇iϕ =

i∑
j=1

∇jχ · ∇i−jϕ+ χ̂ · ∇iϕ,

where ∇j is a schematic notation for all the possible combinations of j angular derivatives.

Proof. We prove the first statement, since the second one statement is similar. A standard

computation, see for example [Luk12, Section 4.4], together with the additional vanishing of

certain Ricci coefficients, implies that:[
∇4,∇A

]
ϕ =

[
D4, DA

]
ϕ− χB

A∇Bϕ = −χB
A∇Bϕ+ ν · ϕ = −χB

A∇Bϕ+∇χ · ϕ.

We can rewrite this as
[
∇4,∇A

]
ϕ+ 1

ntrχ∇Aϕ = ∇χ · ϕ+ χ̂ · ∇ϕ, and conclude by induction.

Lemma 2.5. For any horizontal tensor ϕ, we have the commutation formulas:[
∇l

4,∇
]
ϕ =

∑
i+j+k=l−1

∇i
4χ

k+1 · ∇∇j
4ϕ+

∑
i+j+k=l−1

∇∇i
4χ

k+1 · ∇j
4ϕ,

[
∇l

3,∇
]
ϕ =

∑
i+j+k=l−1

∇i
3χ

k+1 · ∇∇j
3ϕ+

∑
i+j+k=l−1

∇∇i
3χ

k+1 · ∇j
3ϕ,

where ∇i
4χ

k+1 is a schematic notation for all possible ways of distributing i derivatives in the e4

direction over a product of k + 1 χ terms, and similarly in the e3 direction.

Proof. As before, we have that
[
∇4,∇

]
ϕ = ∇χ · ϕ+ χ · ∇ϕ and we conclude by induction.
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We recall the notation for differences of the Ricci coefficients and their Minkowski values, as

in the introduction:

ψ∗ = ψ − ψMinkowski.

Similarly, we recall the notation for certain ”good” curvature components:

ΨG ∈ {ν, τ, R, ν, α}, ΨG ∈ {α, ν, τ, R, ν}.

Our terminology is motivated by the fact that the good curvature components ΨG extend con-

tinuously to {v = 0} up to order n−4
2 , whereas ∇

n−4
2

4 α is mildly singular at {v = 0}. A similar

statement holds for ΨG and α at {u = 0}.

We conclude this section by introducing the schematic error term notation that will play an

fundamental role in keeping track of nonlinear error terms throughout the work. We adapt the

notation of [RSR18, Definition 5.15] to our setting by defining:

Definition 2.4. For any m+ l ≤ p, we introduce the schematic notation:

Fmlp(Ψ) =
∑

i+j+k≤p
i≤l,k≤m

∇k∇i
4

(
ψj+1Ψ

)
, Fmlp(Ψ

G) =
∑

i+j+k≤p
i≤l,k≤m

∇k∇i
4

(
ψj+1ΨG

)

Fmlp(Ψ) =
∑

i+j+k≤p
i≤l,k≤m

∇k∇i
3

(
ψj+1Ψ

)
, Fmlp(Ψ

G) =
∑

i+j+k≤p
i≤l,k≤m

∇k∇i
3

(
ψj+1ΨG

)
,

where the terms ∇k∇i
4

(
ψj+1Ψ

)
denote the sum of all the possible products obtained when dis-

tributing the ∇k∇i
4 derivatives. We also define F ′(Ψ) and F ′(Ψ) as above, in the case when at

least one of the Ricci coefficients is ψ∗.

We identify the top order term in Fmlp(Ψ) as being ψ∇m∇l
4Ψ. We write:

Fmlp(Ψ) = ψ∇m∇l
4Ψ+ F lot

mlp(Ψ),

with the understanding that when we expand F lot
mlp(Ψ) using the product rule it does not contain

any top order terms. Similarly, we also define F lot
mlp(Ψ

G), F lot
mlp(Ψ), and F lot

mlp(Ψ
G).

Using the above commutation formulas in Lemmas 2.4 and 2.5, we can prove by induction

that:

Lemma 2.6. The error terms Fmlp and Fmlp satisfy:

∇i∇j
4Fmlp(Ψ) = F(m+i)(l+j)(p+i+j)(Ψ), ∇i∇j

3Fmlp(Ψ) = F (m+i)(l+j)(p+i+j)(Ψ).
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Similar results hold for Fmlp(Ψ
G), Fmlp(Ψ

G), F ′
mlp(Ψ) and F ′

mlp(Ψ).

Finally, we restate Lemmas 2.4 and 2.5 using the schematic error term notation:

Lemma 2.7. For any horizontal tensor ϕ, we have the commutation formulas:[
∇m,∇4

]
ϕ = F(m)(0)(m)(ϕ),

[
∇m,∇2

4

]
ϕ = F(m)(1)(m+1)(ϕ) (2.31)[

∇l
4,∇

]
ϕ = F(1)(l−1)(l)(ϕ),

[
∇l

4,∆
]
ϕ = F(2)(l−1)(l+1)(ϕ). (2.32)

The same result holds if we replace e4 by e3 and F by F .

Proof. The first three formulas follows directly from Lemmas 2.4 and 2.5 using the notation

introduced above. Applying the third formula, we also get the last formula.

3 Existence and Uniqueness of Scattering States

The main result of this section is the proof of the first statement of Theorem 1.3, establishing

global existence and quantitative estimates for the solution in the region {u < 0, v > 0}, given

small scattering data at {v = 0}. In the original (n+ 1)-dimensional formulation, this represents

the proof of the first statement of Theorem 1.1, by showing the stability of de Sitter space with

scattering data at I−. This section is based on [Cic24, Section 3]. We prove the following result:

Theorem 3.1. For any N > 0 large enough there exist ϵ0 > 0 small enough, and a universal

constant c0 > 0, such that for any ϵ ≤ ϵ0, if the straight initial data
(
/g0, ȟ

)
satisfies the smallness

assumption:
N∑
i=0

∥∥Li
θ/g

∗
0

∥∥
L2(Sn)

+
∥∥h∥∥

HN (Sn)
< ϵ, (3.1)

then the corresponding straight self-similar vacuum spacetime
(
M, g

)
with data at {u = −1, v =

0} given by
(
/g0, ȟ

)
exists globally on {u < 0, v > 0}, extends to {v = 0} as a regular solution, and

satisfies quantitative estimates with regularity N ′ = N − c0n, as made precise in Propositions 3.1,

3.2, and 3.8 (with N1, N2, N3 = N ′).

Moreover, there exists a small constant v > 0, with ϵ ≪ v ≪ 1, such that for small Cauchy

initial data on a spacelike hypersurface {v = −cu} with v ≤ c ≤ v−1, as made precise in Remark

3.8, the corresponding straight self-similar vacuum spacetime
(
M, g

)
exists globally on {u < 0, v >
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0} and satisfies quantitative estimates with regularity N ′ = N−c0n, as made precise in Proposition

3.2 in region II, Proposition 3.8 in region III, and analogously to Proposition 3.8 in region I (with

N2, N3 = N ′).

Remark 3.1. In (3.1) we denote by Li
θ all the possible combinations of i Lie angular derivatives

in a coordinate patch, and we sum over a family of coordinate patches that covers all of Sn.

Remark 3.2. We notice that specifying initial data
(
/g0, ȟ

)
is equivalent to specifying initial data(

/g0, h
)
, where h is the term in the expansion (1.21) of α. This follows since h = ȟ+

(
1+ 1

2 + . . .+

2
n

)
O, and O can be computed using n derivatives of /g0. Unless explicitly noted, we shall refer to(

/g0, h
)
as initial data for the rest of the work.

Remark 3.3. We recall according to the introduction that the assumption on the asymptotic data

of ϵ-smallness of order M implies (1.19). This also implies (3.1) with N =M and replacing ϵ by

Cϵ (the proof follows from (3.48)).

Remark 3.4. The proof of Theorem 3.1 follows from Propositions 3.1, 3.2, and 3.8. At the the

end of this section we also prove Theorem 3.2, establishing propagation of regularity. The proof

of the first statement of Theorem 1.3 then follows from Theorem 3.1, Theorem 3.2, and the above

remarks.

As explained in Section 1.3.1 of the introduction, the proof follows the steps of [RSR23]. For

small v > 0 with ϵ≪ v ≪ 1, we consider the following regions of the spacetime:

I =

{
0 ≤ v

|u|
≤ v

}
, II =

{
v ≤ v

|u|
≤ v−1

}
, III =

{
0 <

|u|
v

≤ v

}
.

We also set δ > 0 to be a small constant, and consider ϵ > 0 small enough such that C(v) ≤ ϵ−δ,

where C(v) is a constant determined in the proof.

Notation. We make the convention that in Section 3 and Section 4 we write A ≲ B for any

quantities A,B > 0, if there is a constant C > 0 depending only on N such that A ≤ CB.

Absolute value convention. We make the convention for the rest of the thesis that for

any horizontal tensor ϕ defined on Su,v, its absolute value |ϕ| is defined with respect to the metric

/g(u, v) induced on Su,v.
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Integration convention. We make the convention that in Section 3 and Section 4 the

volume forms used are dV̊ ol, dV̊ ol du, dV̊ ol dv, and dV̊ ol dudv, as needed in each context, where

dV̊ ol represents the volume form with respect to the round metric
(
/g0
)
Minkowski

= 1
4/gSn .

Error terms convention. We make the convention for the rest of the thesis that if an

index denoting the order of some derivative is negative, then that term is empty. For example

F(m)(−1)(p) := 0, and so on.

3.1 Regions I and II

Given straight initial data
(
/g0, h

)
, [RSR18, Theorem 1.1] implies the existence of a unique regular

straight self-similar vacuum solution in region I. Under the additional smallness assumption (3.1)

for the data, one can repeat the argument of [RSR18, Theorem 1.1] with a few modifications to

prove:

Proposition 3.1. If the straight initial data
(
/g0, h

)
satisfies the smallness assumption (3.1), then

there exists a regular straight self-similar vacuum solution in region I with the given initial data.

Setting N1 = N − ⌊c0/4⌋n, we have the bounds in region I for all 0 ≤ i ≤ N1, 0 ≤ j ≤ n−4
2 , 0 ≤

k ≤ n
2 : ∥∥∥∇i∇j

4∇
k
3

(
α− v

n−4
2 u

4−n
2 log(−v/u)O/

(
(n− 4)/2

)
!
)∥∥∥

L∞(Su,v)
≲ ϵ|u|−2−i−j−k (3.2)

∥∥∇i∇j
4∇

k
3Ψ

G
∥∥
L∞(Su,v)

≲ ϵ|u|−2−i−j−k (3.3)∥∥∇i∇j
4∇

k
3ψ

∗∥∥
L∞(Su,v)

≲ ϵ|u|−1−i−j−k (3.4)∥∥∇i∇
n−2
2

4 ∇k
3ψ

∗∥∥
L∞(Su,v)

≲ ϵ · log
(
|u|
v

)
· |u|−1−i−n−2

2
−k (3.5)

∥∥Li
θ/g

∗∥∥
L∞(Su,v)

≲ ϵ|u|−i. (3.6)

Remark 3.5. We explain briefly how one can adapt the proof of [RSR18, Theorem 1.1] to obtain

Proposition 3.1. Firstly, we point out that [RSR18, Proposition 7.3] establishes the estimates

(3.2)-(3.6) without the ϵ factor. Moreover, one can check that the smallness assumption (3.1)

implies that the initial data norms used in the proof of [RSR18, Theorem 1.1] are small in terms of

ϵ. Therefore, one can repeat the proof of [RSR18, Theorem 1.1] and also propagate the smallness of

the initial data. The same argument as in [RSR18, Proposition 7.3] then implies Proposition 3.1.

56



Remark 3.6. The proof of [RSR18, Theorem 1.1] implies the need to prove estimates for the

solution with angular regularity at most N1, which is sufficiently small compared to the regularity

of the initial data N. In this section we do not attempt to optimize the universal constant c0, and

for our purposes it suffices to take c0 = 100.

To obtain estimates in region II, one can adapt the argument of [RSR23, Section 7] to the

case of n ≥ 4 and obtain the following bounds:

Proposition 3.2. The solution of Proposition 3.1 can be extended uniquely as a regular straight

self-similar vacuum solution in region II. Setting N2 = N − 2⌊c0/4⌋n, we have the bounds in

region II for all 0 ≤ i ≤ N2, and all 0 ≤ j, k ≤ n−4
2 :∥∥∇i∇j

4∇
k
3Ψ

∥∥
L∞(Su,v)

≲ ϵ1−δ|v|−2−i−j−k (3.7)∥∥∇i∇j
4∇

k
3ψ

∗∥∥
L∞(Su,v)

≲ ϵ1−δ|v|−1−i−j−k (3.8)∥∥∇i∇
n−2
2

4 ∇k
3ψ

∗∥∥
L∞(Su,v)

≲ ϵ1−δ|v|−1−i−n−2
2

−k (3.9)∥∥Li
θ/g

∗∥∥
L∞(Su,v)

≲ ϵ1−δ|v|−i. (3.10)

Remark 3.7. The argument of [RSR23, Section 7] is carried out in the case of n = 2. In order

to prove Proposition 3.2, one must adapt this argument to the case of n ≥ 4 even, by making the

standard changes specific to working in higher dimensions. According to Definition 2.3, for (n+2)-

dimensional straight self-similar metrics the double null unknowns solve the metric equations

(2.7)-(2.8), the system of null structure equations in Proposition 2.4, the Bianchi equations in

Proposition 2.6, and the system of constraint equations in Propositions 2.5 and 2.7. The structure

of the equations satisfied by the double null unknowns is the same as in the case of n = 2, which

allows us to adapt the proof of [RSR23, Section 7] and establish Proposition 3.2.

Remark 3.8. With the same argument as in Remark 3.7, the conclusion of Proposition 3.2

also holds in the case of small Cauchy initial data on a spacelike hypersurface {v = −cu}, with

v ≤ c ≤ v−1. We consider a set of double null unknowns /g, ψ,Ψ which satisfy the constraint

equations in Propositions 2.5, 2.7, and the following smallness conditions for all 0 ≤ i ≤ N1, and

all 0 ≤ j, k ≤ n−2
2 : ∥∥∇i∇j

4∇
k
3Ψ

∥∥
L∞(S−cv,v)

≲ ϵ|v|−2−i−j−k (3.11)
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∥∥∇i∇j
4∇

k
3ψ

∗∥∥
L∞(S−cv,v)

≲ ϵ|v|−1−i−j−k (3.12)∥∥Li
θ/g

∗∥∥
L∞(S−cv,v)

≲ ϵ|v|−i. (3.13)

This is the precise notion in which the spacetime
(
M, g

)
determined by the initial data is close

to Minkowski space on the spacelike hypersurface {v = −cu}, as referred to in Theorem 1.3 and

Theorem 3.1.

3.2 Region III

We prove existence of the solution and self-similar bounds in region III using a bootstrap argument.

We first introduce the norms used in the bootstrap argument in Section 3.2.1. We then state the

bootstrap assumptions in Section 3.2.2. Under the bootstrap assumptions, we prove improved

estimates in Sections 3.2.3-3.2.6. In Section 3.2.7, we use the results of Propositions 3.3-3.6 to

complete the bootstrap argument in Proposition 3.7. As a result, we obtain the main statement

on the existence of the solution satisfying quantitative bounds in Proposition 3.8, which together

with Propositions 3.1 and 3.2 completes the proof of Theorem 3.1. Finally, we prove propagation

of regularity in Theorem 3.2.

3.2.1 Norms

We define the norms used in the bootstrap argument. We set N3 = N − 3⌊c0/4⌋n and consider

p > 0 to be a small constant. We introduce the following sets of indices for high and low regularity

norms:

H =

{
(m, l) : 0 ≤ l ≤ n− 4

2
, 0 ≤ m ≤ N3 +

n− 4

2
− l

}
L =

{
(m, l) : 0 ≤ l ≤ n− 4

2
, 0 ≤ m ≤ N3 +

n− 6

2
− l

}
.

We also define the characteristic triangles:

Pũ,ṽ =
{
(u, v) : −vv ≤ u ≤ ũ, −v−1u ≤ v ≤ ṽ

}
. (3.14)

We define the high regularity curvature norms in region III with v < v, where wml(u, v) =

v
3
2
+m+l−p|u|p−q for some constants 0 < q ≪ p ≪ 1, and (m, l) ∈ H. We recall our above
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{u = 0}

III

{u = −vv}
(ũ, ṽ)
Pũ,ṽ

Figure 2.1: The characteristic triangle Pũ,ṽ

conventions for absolute value and integration.∥∥α∥∥2Cm,l
(u, v) =|u|2q

∫ u

−vv

∫
Sn

w2
ml

∣∣∇m∇l
3α

∣∣2dV̊ oldû
+ |u|2q

∫ u

−vv

∫ v

− û
v

∫
Sn

w2
ml

v̂

∣∣∇m∇l
3α

∣∣2dV̊ oldv̂dû.
For any ΨG ̸= α, we define:∥∥ΨG

∥∥2
Cm,l

(u, v) = |u|2q
∫ u

−vv

∫
Sn

w2
ml

∣∣∇m∇l
3Ψ

G
∣∣2dV̊ oldû

+ |u|2q
∫ v

−u
v

∫
Sn

w2
ml

∣∣∇m∇l
3Ψ

G
∣∣2dV̊ oldv̂ + |u|2q

∫ u

−vv

∫ v

− û
v

∫
Sn

w2
ml

|û|
∣∣∇m∇l

3Ψ
G
∣∣2dV̊ oldv̂dû.

For α, we define: ∥∥α∥∥2Cm,l
(u, v) =|u|2q

∫ v

−u
v

∫
Sn

w2
ml

∣∣∇m∇l
3α

∣∣2dV̊ oldv̂
+ |u|2q

∫ u

−vv

∫ v

− û
v

∫
Sn

w2
ml

|û|
∣∣∇m∇l

3α
∣∣2dV̊ oldv̂dû.

We define the total high regularity curvature norm as:

Cũ,ṽ = sup
(u,v)∈Pũ,ṽ

∑
(m,l)∈H

(∥∥α∥∥2Cm,l
(u, v) +

∥∥ΨG
∥∥2
Cm,l

(u, v)

)
. (3.15)

We define the low regularity curvature norms in region III with v < v for (m, l) ∈ L:∥∥ΨG
∥∥2
Lm,l

(u, v) =

∫
Sn

v4+2m+2l
∣∣∇m∇l

3Ψ
G
∣∣2dV̊ ol

∥∥α∥∥2Lm,l
(u, v) =

∫
Sn

v4+2m+2l−2p|u|2p
∣∣∇m∇l

3α
∣∣2dV̊ ol.
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We define the total low regularity curvature norm as:

Lũ,ṽ = sup
(u,v)∈Pũ,ṽ

∑
(m,l)∈L

(∥∥α∥∥2Lm,l
(u, v) +

∥∥ΨG
∥∥2
Lm,l

(u, v)

)
. (3.16)

Remark 3.9. The curvature components represent the most important double null unknowns for

our argument. At top order, we use energy estimates to bound the null flux terms and the spacetime

bulk terms in the total high regularity curvature norm (3.15). When dealing with nonlinear error

terms, it is practical to also keep track of the total low regularity curvature norm (3.16), which in

particular implies pointwise bounds for the curvature components via Sobolev inequalities.

We define the norms for Ricci coefficients in region III with v < v for (m, l) ∈ H:∥∥ψ∥∥2Rm,l
(u, v) =

∫
Sn

v2+2m+2l
∣∣∇m∇l

3ψ
∗∣∣2dV̊ ol.

We define the total Ricci coefficients norm as:

Rũ,ṽ = sup
(u,v)∈Pũ,ṽ

∑
(m,l)∈H

∥∥ψ∥∥2Rm,l
(u, v). (3.17)

Finally, we define the norms for the metric coefficients for (m, 0) ∈ H:∥∥/g∥∥2Mm,0
(u, v) =

∫
Sn

v2m
∣∣Lm

θ /g
∗∣∣2dV̊ ol.

We define the total metric coefficients norm as:

Mũ,ṽ = sup
(u,v)∈Pũ,ṽ

∑
(m,0)∈H

∥∥/g∥∥2Mm,0
(u, v). (3.18)

3.2.2 Bootstrap Assumptions

Let
(
M, g

)
be a spacetime obtained in Proposition 3.2, which exists in the characteristic triangle

Pũ,ṽ contained in the region III with ṽ ≤ v. We denote ϵ′ = ϵ1−2δ. For a sufficiently large constant

A > 0, depending on N and n, we make the following bootstrap assumption:

Cũ,ṽ + Lũ,ṽ +Rũ,ṽ +Mũ,ṽ ≤ Aϵ′2. (3.19)

Our goal is to prove in Proposition 3.7 that we can improve the bootstrap assumption (3.19).

We remark that the bootstrap assumption holds initially on {(u, v) : u = −vv, 0 < v ≤ v}.

For all 0 < v ≤ v, we have by Proposition 3.2 and the definitions (3.15)-(3.18):

C−vv,v + L−vv,v +R−vv,v +M−vv,v ≲ ϵ′2. (3.20)
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We note some consequences of the bootstrap assumption (3.19). We have for all (u, v) ∈ Pũ,ṽ

and (m, l) ∈ L: ∫
Sn

v2+2m+2l
∣∣∇m∇l

3ψ
∣∣2dV̊ ol ≲ 1, (3.21)∫

Sn

v2m
∣∣Lm

θ /g
∣∣2dV̊ ol ≲ 1. (3.22)

Another essential consequence of the bootstrap assumption (3.19) is that we can use Sobolev

inequalities, which play a key role in bounding nonlinear error terms. We use the definition

[RSR23, Definition 6.11] for the weighted H̃m(Su,v) Sobolev spaces:

∥∥ϕ∥∥
H̃m(Su,v)

=

m∑
i=0

(v − u)i
(∫

Sn

∣∣∇iϕ
∣∣2dV̊ ol) 1

2

. (3.23)

According to [RSR23, Lemma 6.5], the bootstrap assumption (3.19) implies that for any (m, 0) ∈

H we have the Sobolev inequalities:∥∥ϕ∥∥
L∞(Su,v)

≲
∥∥ϕ∥∥

H̃n(Su,v)
(3.24)∥∥ϕ · ψ

∥∥
H̃m(Su,v)

≲
∥∥ϕ∥∥

H̃m(Su,v)

∥∥ψ∥∥
H̃m(Su,v)

. (3.25)

3.2.3 Estimates for High Regularity Curvature Components

In this section, we show improved bounds on the high regularity curvature components (3.15) by

proving:

Proposition 3.3. Assuming that the bootstrap assumption (3.19) holds, there exists a constant

C ≪ A, such that we have the improved estimate for the high regularity curvature components

(3.15):

Cũ,ṽ ≤ Cϵ′2. (3.26)

Proof. Step 1. The Bianchi pair (ν, α). We first rewrite the Bianchi equations (2.28)-(2.29) in

a form that is suitable for region III, noting that the error term notation in Definition 2.2 is

adapted to region I. By analogy to equations (2.22)-(2.23), the equations (2.28)-(2.29) can be

written schematically as:

∇3νABC = −2∇[AαB]C +
∑

s1+s2=5/2

ψs1Ψs2 ,

61



∇4αAB +
1

2
trχαAB = −∇CνC(AB) +

∑
s1+s2=2, s1 ̸=0

ψs1Ψs2 .

Using the signature properties in Lemma 2.3, we can rewrite the equations for (ν, α) as:

∇3νABC = −2∇[AαB]C + ψΨG, (3.27)

∇4αAB +
1

2
trχαAB = −∇CνC(AB) + ψΨG. (3.28)

Step 1a. The system of commuted equations. For any (m, l) ∈ H, we commute equations (3.27)-

(3.28) with ∇l
3 using Lemma 2.7:

∇3∇l
3νABC = −2∇[A∇l

3αB]C + F (1)(l−1)(l)(Ψ) + F (0)(l)(l)(Ψ
G),

∇4∇l
3αAB +

1

2
trχ∇l

3αAB =−∇C∇l
3νC(AB) + F ′

(0)(l)(l)(Ψ)+

+ F (1)(l−1)(l)(Ψ
G) + F (0)(l)(l)(Ψ

G) +

l−1∑
i=0

∇l−i
3 trχ∇m∇i

3α,

where we used the fact that ∇ψ = ∇ψ∗. We further commute the equations with ∇m as well,

using Lemmas 2.4, 2.6, and 2.7:

∇3∇m∇l
3νABC =− 2∇[A∇m∇l

3αB]C + F (m+1)(l−1)(m+l)(Ψ)+

+ F (m)(l)(m+l)(Ψ
G) +

∑
i+2j=m−1

∇i
(

/Riem
j+1∇l

3α
)
,

∇4∇m∇l
3αAB +

(
1

2
+
m

n

)
trχ∇m∇l

3αAB = −∇C∇m∇l
3νC(AB) + F ′

(m)(l)(m+l)(Ψ)+

+F (m+1)(l−1)(m+l)(Ψ
G) + F (m)(l)(m+l)(Ψ

G) +
∑

i+2j=m−1

∇i
(

/Riem
j+1∇l

3ν
)
+

l−1∑
i=0

∇l−i
3 trχ∇m∇i

3α.

We also recall that trχ = trχ∗ + n/(v − u) and trχ = trχ∗ − n/(v − u). The last term in the

second equation above can be written as:

l−1∑
i=0

∇l−i
3 trχ∇m∇i

3α = F ′
(m)(l)(m+l)(Ψ) +O

( l−1∑
i=0

∣∣∇m∇i
3α

∣∣
(v − u)l−i+1

)
.

We define wml = v
3
2
+m+l−p|u|p−q and derive equations for wml∇m∇l

3νABC and wml∇m∇l
3αAB.

For the rest of the section we refer to this procedure as “conjugating the equations with wml”.

∇3wml∇m∇l
3νABC +

p− q

|u|
wml∇m∇l

3νABC = −2∇[Awml∇m∇l
3αB]C + wmlErr

ν
ml, (3.29)
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∇4wml∇m∇l
3αAB +

(
n− 3

2
− l + p

)
wml

v
∇m∇l

3αAB = −∇Cwml∇m∇l
3νC(AB)+ (3.30)

+ wmlErr
α
ml +O

(
v · wml

v
·
∣∣∇m∇l

3α
∣∣),

where we have the error terms:

Err
ν
ml = F (m)(l)(m+l)(Ψ) + F (m+1)(l−1)(m+l)(Ψ) +

∑
i+2j=m−1

∇i
(

/Riem
j+1∇l

3α
)
, (3.31)

Err
α
ml =F (m)(l)(m+l)(Ψ

G) + F (m+1)(l−1)(m+l)(Ψ
G) + F ′

(m)(l)(m+l)(Ψ) (3.32)

+
∑

i+2j=m−1

∇i
(

/Riem
j+1∇l

3ν
)
+O

( l−1∑
i=0

∣∣∇m∇i
3α

∣∣
(v − u)l−i+1

)
.

Step 1b. The energy estimates for (ν, α). For simplicity, we denote D = wml∇m∇l
3. We

notice that integration by parts and the bootstrap assumption (3.19) give:∫
Sn

(
−∇[ADαB]C · DνABC −DαAB · ∇CDνC(AB)

)
dV̊ ol =

=

∫
Sn

∇ADαBC · DνA[BC]dV̊ ol +O

(∫
Sn

1

v

∣∣Dα∣∣ · ∣∣Dν∣∣dV̊ ol)
= O

(
v−1

∫
Sn

∣∣Dα∣∣ · ∣∣Dν∣∣dV̊ ol).
We use this identity in order to prove energy estimates for the Bianchi pair (ν, α).We contract

equation (3.29) with 1
2Dν, we contract equation (3.30) with Dα, and add the resulting equations.

We integrate over Su,v and use the integration by parts identity to obtain:

1

2
∂u

∫
Sn

∣∣Dν∣∣2dV̊ ol + p− q

2|u|

∫
Sn

∣∣Dν∣∣2dV̊ ol+
+∂v

∫
Sn

∣∣Dα∣∣2dV̊ ol + (
n− 3

2
− l + p

)
1

v

∫
Sn

∣∣Dα∣∣2dV̊ ol =
= O

(∫
Sn

v−1
∣∣Dα∣∣ · ∣∣Dν∣∣+ wml

∣∣Dν∣∣ · ∣∣Errνml

∣∣+ wml

∣∣Dα∣∣ · ∣∣Errαml

∣∣+ vv−1
∣∣Dα∣∣2dV̊ ol).

We integrate this identity over the characteristic triangle Pu,v given by (3.14). We integrate by

parts, then multiply everything by |u|2q. The first and third terms above yield flux terms on

{û = u}, {v̂ = v}, and boundary terms on {u = −vv}. The second and fourth terms above yield

positive sign bulk terms. Finally, we use Cauchy-Schwarz, the positive sign bulk terms, and the

fact that |u|/v ≤ v ≪ 1 in order to absorb some of the error terms. We obtain the energy estimate
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in region III for v < v:

|u|2q
∫ u

−vv

∫
Sn

w2
ml

∣∣∇m∇l
3α

∣∣2dV̊ oldû+ |u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

w2
ml

v̂

∣∣∇m∇l
3α

∣∣2dV̊ oldv̂dû+
+|u|2q

∫ v

−u
v

∫
Sn

w2
ml

∣∣∇m∇l
3ν
∣∣2dV̊ oldv̂ + |u|2q

∫ u

−vv

∫ v

− û
v

∫
Sn

w2
ml

|û|
∣∣∇m∇l

3ν
∣∣2dV̊ oldv̂dû ≲

≲ v2p−2q|u|2q
∫ v

−u
v

∫
Sn

v̂3+2m+2l−2q
(∣∣∇m∇l

3α
∣∣2 + ∣∣∇m∇l

3ν
∣∣2)(−vv̂, v̂)dV̊ oldv̂+

+|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

(
v̂w2

ml

∣∣Errαml

∣∣2 + |û|w2
ml

∣∣Errνml

∣∣2)dV̊ oldv̂dû.
We bound the data term on {u = −vv} using Proposition 3.2 by:

v2p−2q|u|2q
∫ v

−u
v

∫
Sn

v̂3+2m+2l−2q
(∣∣∇m∇l

3α
∣∣2 + ∣∣∇m∇l

3ν
∣∣2)(−vv̂, v̂)

≲ v2p−2q|u|2q
∫ v

−u
v

(ϵ′)2v̂−1−2qdv̂ ≲ v2p(ϵ′)2.

Here we notice the importance of the factor v−p in the definition of wml, needed to avoid loga-

rithmic degeneracy.

Step 1c. Bounding the error terms. We bound the error terms resulting from (3.31)-(3.32)

one by one. We remark that:∑
(m,l)∈H

w2
ml

∣∣F (m+1)(l−1)(m+l)(Ψ)
∣∣2 ≲ ∑

(m,l)∈H

w2
ml

∣∣F (m)(l)(m+l)(Ψ)
∣∣2,

so bounding the first terms in Err
α
ml and Err

ν
ml will also imply control of the second terms once

summing. For any 0 ≤ i ≤ l − 1, we have (m, i) ∈ L and we get the bound:

|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

v̂w2
ml

∣∣∇m∇i
3α

∣∣2
(v̂ − û)2l−2i+2

≲ Aϵ′2 · |u|2q
∫ u

−vv

∫ v

− û
v

w2
ml|û|−2pv̂−5−2m−2l+2p ≲ Av · ϵ′2.

Next, we have the bound using the Sobolev inequalities:

|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

v̂w2
ml

∣∣F (m)(l)(m+l)(Ψ
G)

∣∣2 ≲
≲

∑
i+j+k≤m+l
i≤l,k≤m

|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

v̂w2
ml

∣∣∇k∇i
3

(
ψj+1ΨG

)∣∣2

≲
∑

|i|+j+|k|≤m+l
|i|≤l,|k|≤m

|u|2q
∫ u

−vv

∫ v

− û
v

∫
|û|
v̂
v̂3+2i0+2k0−2p|û|2p−2q−1

∣∣∣∇k0∇i0
3 Ψ

G
∣∣∣ j+1∏
a=1

v̂2+2ia+2ka
∣∣∣∇ka∇ia

3 ψ
∣∣∣
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≲ |u|2q
∫ u

−vv

∫ v

− û
v

|û|
v̂

∑
(k0,i0)∈H

v̂3+2i0−2p|û|2p−2q−1
∥∥∥∇i0

3 Ψ
G
∥∥∥2
H̃k0

·
j+1∏
a=1

∑
(ka,ia)∈H

v̂2+2ia
∥∥∥∇ia

3 ψ
∥∥∥2
H̃ka

≲ v ·
∑

(k,i)∈H

∥∥ΨG
∥∥2
Ck,i

≲ v ·Aϵ′2.

Following the same steps, we also have that:

|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

|û|w2
ml

∣∣F (m)(l)(m+l)(Ψ)
∣∣2dV̊ oldv̂dû ≲

≲ |u|2q
∫ u

−vv

∫ v

− û
v

|û|
v̂

∑
(k0,i0)∈H

v̂2+2i0−2p|û|2p−2q
∥∥∥∇i0

3 Ψ
∥∥∥2
H̃k0

·
j+1∏
a=1

∑
(ka,ia)∈H

v̂2+2ia
∥∥∥∇ia

3 ψ
∥∥∥2
H̃ka

≲ v ·
∑

(k,i)∈H

∥∥Ψ∥∥2
Ck,i

≲ v ·Aϵ′2.

Similarly to the first error term, we have the estimate:

|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

|v̂|w2
ml

∣∣F ′
(m)(l)(m+l)(Ψ)

∣∣2dV̊ oldv̂dû ≲

|u|2q
∫∫

Pu,v

∑
k0,i0

v̂2+2i0−2p|û|2p−2q
∥∥∥∇i0

3 Ψ
∥∥∥2
H̃k0

∑
k1,i1

v̂2+2i1
∥∥∥∇i1

3 ψ
∗
∥∥∥2
H̃k1

j+1∏
a=2

∑
ka,ia

v̂2+2ia
∥∥∥∇ia

3 ψ
∥∥∥2
H̃ka

≲ Ru,v ·
∑

(k,i)∈H

∥∥Ψ∥∥2
Ck,i

≲ A2ϵ′4,

where the indices in the above sums satisfy (k0, i0), (k1, i1), (ka, ia) ∈ H. Next, we use the fact

that the constraint equation (2.19) implies /Riem = R+ ψψ, so we bound:

|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

|v̂|w2
ml

∣∣∣∣ ∑
k+2j=m−1

∇k
(

/Riem
j+1∇l

3Ψ
G
)∣∣∣∣2dV̊ oldv̂dû ≲

≲ |u|2q
∫ u

−vv

∫ v

− û
v

∑
(k0,l)∈H

v̂2+2l−2p|û|2p−2q
∥∥∥∇l

3Ψ
G
∥∥∥2
H̃k0 (Sû,v̂)

j+1∏
a=1

( ∑
(ka,0)∈L

v̂4
∥∥∥ /Riem

∥∥∥2
H̃ka (Sû,v̂)

)

≲ v ·
∑

(k0,l)∈H

∥∥ΨG
∥∥2
Ck0,l

≲ v ·Aϵ′2.

As before, a very simple modification of this argument allows us to also bound the corresponding

term with /Riem in Err
ν
ml. This completes bounding the error terms for our first energy estimate.

In particular, we improved the bootstrap assumption for
∥∥α∥∥2Cm,l

and the last two terms in
∥∥ν∥∥2Cm,l

.

We point out that we already have good control of the bulk term for ν, which will help us in the

next energy estimate.
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Step 2. The Bianchi pair (R, ν). Similarly to the derivation of equations (3.27)-(3.28), we

use the signature considerations in Lemma 2.3 to rewrite the Bianchi equations (2.26)-(2.27) as:

∇3RABCD = −2∇[Aν|CD|B] + ψΨ, ∇4νABC = −2∇[AτB]C + ψΨG. (3.33)

Step 2a. The system of commuted equations. For any (m, l) ∈ H, we commute the equations

(3.33) with ∇m∇l
3 using Lemmas 2.4, 2.6, and 2.7:

∇3∇m∇l
3RABCD =− 2∇[A∇m∇l

3ν|CD|B] + F (m+1)(l−1)(m+l)(Ψ)+

+ F (m)(l)(m+l)(Ψ) +
∑

i+2j=m−1

∇i
(

/Riem
j+1∇l

3Ψ
G
)
,

∇4∇m∇l
3νABC =− 2∇[A∇m∇l

3τB]C + F (m+1)(l−1)(m+l)(Ψ
G)+

+ F (m)(l)(m+l)(Ψ
G) +

∑
i+2j=m−1

∇i
(

/Riem
j+1∇l

3Ψ
G
)
.

We conjugate the equations with the weight wml = v
3
2
+m+l−p|u|p−q :

∇3wml∇m∇l
3RABCD +

p− q

|u|
wml∇m∇l

3RABCD = −2∇[Awml∇m∇l
3ν|CD|B] + wmlErr

R
ml, (3.34)

∇4wml∇m∇l
3νABC = −2∇[Awml∇m∇l

3τB]C + wmlErr
ν
ml +O

(
wml

v
·
∣∣∇m∇l

3ν
∣∣), (3.35)

where we have the error terms:

ErrRml = F (m)(l)(m+l)(Ψ) + F (m+1)(l−1)(m+l)(Ψ) +
∑

i+2j=m−1

∇i
(

/Riem
j+1∇l

3Ψ
G
)
,

Err
ν
ml = F (m)(l)(m+l)(Ψ

G) + F (m+1)(l−1)(m+l)(Ψ
G) +

∑
i+2j=m−1

∇i
(

/Riem
j+1∇l

3Ψ
G
)
.

Step 2b. The energy estimates for (R, ν). We denote D = wml∇m∇l
3. We notice that

integration by parts and the constraint equation (2.20) give:∫
Sn

(
− 2∇[ADν|CD|B] · DRABCD − 4DνABC · ∇[ADτB]C

)
dV̊ ol =

=

∫
Sn

2DνABC ·
(
∇DDRDCAB − 2∇[ADτB]C

)
dV̊ ol +O

(
v−1

∫
Sn

∣∣DR∣∣ · ∣∣Dν∣∣dV̊ ol)
= O

(∫
Sn

∣∣Dν∣∣ · (v−1
∣∣DR∣∣+ wml

∣∣Errνml

∣∣)dV̊ ol).
Proceeding as before, we obtain the energy estimate in region III for v < v:

|u|2q
∫ u

−vv

∫
Sn

w2
ml

∣∣∇m∇l
3ν
∣∣2dV̊ oldû+

∫ v

−u
v

∫
Sn

w2
ml

∣∣∇m∇l
3R

∣∣2dV̊ oldv̂+
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+|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

w2
ml

|û|
∣∣∇m∇l

3R
∣∣2 ≲

≲ v2p−2q|u|2q
∫ v

−u
v

∫
Sn

v̂3+2m+2l−2q
(∣∣∇m∇l

3R
∣∣2 + ∣∣∇m∇l

3ν
∣∣2)(−vv̂, v̂)dV̊ oldv̂+

+|u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

(
|û|w2

ml

∣∣ErrRml

∣∣2 + w2
ml

∣∣∇m∇l
3ν
∣∣ · ∣∣Errνml

∣∣+ w2
ml

v̂

∣∣∇m∇l
3ν
∣∣2)dV̊ oldv̂dû

≲ v2pϵ′2 + v ·Aϵ′2 + |u|2q
∫ u

−vv

∫ v

− û
v

∫
Sn

(
|û|w2

ml

∣∣ErrRml

∣∣2 + v̂w2
ml

∣∣Errνml

∣∣2)dV̊ oldv̂dû,
where we used the fact that we already control the bulk term for ν from the previous energy

estimate, and we bounded the data term as before. Moreover, we remark that each term

of v̂w2
ml

∣∣Errνml

∣∣2 is contained in the error terms of v̂w2
ml

∣∣Errαml

∣∣2, and similarly each term of

|û|w2
ml

∣∣ErrRml

∣∣2 is contained in the error terms of |û|w2
ml

∣∣Errνml

∣∣2. Therefore, the bounds on the

error terms in the previous energy estimate also allow us to bound the right hand side of the

above estimate by v ·Aϵ′2 + ϵ′2. This improves the bootstrap assumption for
∥∥ν∥∥2Cm,l

and the last

two terms in
∥∥R∥∥2Cm,l

.

The same argument applies in the case of the Bianchi pairs (R, ν) and (ν, α), where at each

step we use the control of the bulk terms from the previous step and proceed as above. As a

result, we can improve the bootstrap assumption on the high regularity curvature norm (3.15)

and prove that:

Cũ,ṽ ≲ ϵ′2 + v ·Aϵ′2,

which implies the desired estimate (3.26).

3.2.4 Estimates for Low Regularity Curvature Components

In this section, we show improved bounds on the low regularity curvature components (3.16) by

proving:

Proposition 3.4. Assuming that the bootstrap assumption (3.19) holds, there exists a constant

C ≪ A, such that we have the improved estimate for the low regularity curvature components

(3.16):

Lũ,ṽ ≤ Cϵ′2. (3.36)

67



Proof. Step 1. Improving the bounds for α. For any (m, l) ∈ L, we consider the equation (3.30)

satisfied by α conjugated by xml = v2+m+l−p|u|p :

∇4xml∇m∇l
3αAB +

(
n− 4

2
− l + p

)
xml

v
∇m∇l

3αAB = (3.37)

= xml∇m+1∇l
3ν + xmlẼrr

α

ml +O

( l−1∑
i=0

xmi

v
·
∣∣∇m∇i

3α
∣∣+ v · xml

v
·
∣∣∇m∇l

3α
∣∣), (3.38)

where the implicit constant in the last term is independent of p, and the error term is defined by:

Ẽrr
α

ml =F (m)(l)(m+l)(Ψ
G) + F (m+1)(l−1)(m+l)(Ψ

G) (3.39)

+ F ′
(m)(l)(m+l)(Ψ) +

∑
i+2j=m−1

∇i
(

/Riem
j+1∇l

3ν
)
.

Step 1a. The energy estimates for α. We contract equation (3.37) by xml∇m∇l
3α, and

integrate in v. We use the good bulk term obtained and Cauchy-Schwarz, together with a brief

induction on l argument needed to bound the second to last term in (3.38). Summing for all

(m, l) ∈ L, we obtain the estimate in region III for v < v:∑
(m,l)∈L

∫
Sn

x2ml

∣∣∇m∇l
3α

∣∣2(u, v)dV̊ ol + ∑
(m,l)∈L

∫ v

−u
v

∫
Sn

x2ml

v̂

∣∣∇m∇l
3α

∣∣2(u, v̂)dV̊ oldv̂ ≲

≲
∑

(m,l)∈L

∫
Sn

x2ml

∣∣∇m∇l
3α

∣∣2(u,−v−1u) +
∑

(m,l)∈L

∫ v

−u
v

∫
Sn

v̂x2ml

∣∣∇m+1∇l
3ν
∣∣2

+
∑

(m,l)∈L

∫ v

−u
v

∫
Sn

v̂x2ml

∣∣Ẽrrαml

∣∣2.
The data term is bounded using Proposition 3.2 by:∑

(m,l)∈L

∫
Sn

x2ml

∣∣∇m∇l
3α

∣∣2(u,−v−1u)dV̊ ol ≲ v2pϵ′2.

Since vx2ml = |u|2qw2
(m+1)l, we notice that the second term is bounded by

∥∥ν∥∥2C(m+1)l
, which is

controlled by v ·Aϵ′2 according to Proposition 3.3. We obtain the estimate:∑
(m,l)∈L

∫
Sn

x2ml

∣∣∇m∇l
3α

∣∣2(u, v)dV̊ ol + ∑
(m,l)∈L

∫ v

−u
v

∫
Sn

x2ml

v̂

∣∣∇m∇l
3α

∣∣2(u, v̂)dV̊ oldv̂ ≲

≲ ϵ′2 + v ·Aϵ′2 +
∑

(m,l)∈L

∫ v

−u
v

∫
Sn

(
v̂x2ml

∣∣F (m)(l)(m+l)(Ψ
G)

∣∣2 + v̂x2ml

∣∣F (m+1)(l−1)(m+l)(Ψ
G)

∣∣2)+
+

∑
(m,l)∈L

∫ v

−u
v

∫
Sn

v̂x2ml

∣∣F ′
(m)(l)(m+l)(Ψ)

∣∣2 + ∑
(m,l)∈L

∑
i+2j=m−1

∫ v

−u
v

∫
Sn

v̂x2ml

∣∣∣∇i
(

/Riem
j+1∇l

3ν
)∣∣∣2.
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Step 1b. Bounding the error terms. As in the proof of Proposition 3.3, we remark that:∑
(m,l)∈L

x2ml

∣∣F (m+1)(l−1)(m+l)(Ψ
G)

∣∣2 ≲ ∑
(m,l)∈L

x2ml

∣∣F (m)(l)(m+l)(Ψ
G)

∣∣2,
so bounding the first term in Ẽrr

α

ml will also imply control of the second term. We bound the

first term:

|u|2q
∫ v

−u
v

∫
Sn

v̂2w2
ml

∣∣F (m)(l)(m+l)(Ψ
G)

∣∣2 ≲ ∑
i+j+k≤m+l
i≤l,k≤m

|u|2q
∫ v

−u
v

∫
Sn

v̂2w2
ml

∣∣∇k∇i
3

(
ψj+1ΨG

)∣∣2

≲ |u|2q
∫ v

−u
v

∑
(k0,i0)∈L

v̂3+2i0−2p|u|2p−2q
∥∥∥∇i0

3 Ψ
G
∥∥∥2
H̃k0 (Su,v̂)

·
j+1∏
a=1

∑
(ka,ia)∈L

v̂2+2ia
∥∥∥∇ia

3 ψ
∥∥∥2
H̃ka (Su,v̂)

≲
∑

(k,i)∈L

∥∥ΨG
∥∥2
Ck,i

≲ v ·Aϵ′2,

where we used the improved estimates from Proposition 3.3. Next, we have:

|u|2q
∫ v

−u
v

∫
Sn

v̂2w2
ml

∣∣F ′
(m)(l)(m+l)(Ψ)

∣∣2dV̊ oldv̂ ≲

≲ Ru,v ·
∑

(k,i)∈L

∥∥ΨG
∥∥2
Ck,i

+Aϵ′2
∑

(k,i)∈L

|u|2q
∫ v

−u
v

v̂3+2i−2p|u|2p−2q
∥∥∥∇i

3α
∥∥∥2
H̃k(Su,v̂)

dv̂.

The second term can be absorbed on the left hand side of the estimate using the good bulk

term. We bound the last error term using the fact that the constraint equation (2.19) implies

/Riem = R+ ψψ: ∑
i+2j=m−1

|u|2q
∫ v

−u
v

∫
Sn

v̂2w2
ml

∣∣∣∇i
(

/Riem
j+1∇l

3ν
)∣∣∣2dV̊ oldv̂ ≲

≲ |u|2q
∫ v

− û
v

∑
(k0,l)∈L

v̂3+2l−2p|û|2p−2q
∥∥∥∇l

3Ψ
G
∥∥∥2
H̃k0

j+1∏
a=1

( ∑
(ka,0)∈L

v̂4
∥∥∥ /Riem

∥∥∥2
H̃ka

)

≲
∑

(k,l)∈L

∥∥ΨG
∥∥2
Ck,l

≲ vAϵ′2.

Thus, we improved the bootstrap assumption for
∥∥α∥∥2Lm,l

for any (m, l) ∈ L.

Step 2. Improving the bounds for ΨG. Using the Bianchi equations in Proposition 2.6, the

signature considerations in Lemma 2.3, and the commutation Lemmas 2.4-2.7, we obtain that the

curvature components ΨG satisfy the schematic equation:

∇3v
2+m+l∇m∇l

3Ψ
G = v2+m+lErrml, (3.40)
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where we have the error term:

Errml = ∇m+1∇l
3Ψ

G + F (m)(l)(m+l)(Ψ) + F (m+1)(l−1)(m+l)(Ψ).

We use [RSR23, Lemma 9.6] and the bounds in Proposition 3.2 to obtain the estimate:

sup
(u,v)∈Pũ,ṽ

∫
Sn

v4+2m+2l
∣∣∇m∇l

3Ψ
G
∣∣2dV̊ ol ≲

≲ ϵ′2 + sup
(u,v)∈Pũ,ṽ

(∫ u

−vv
v2+m+l

(∫
Sn

∣∣Errml

∣∣2dV̊ ol) 1
2

dû

)2

≲ ϵ′2 + sup
(u,v)∈Pũ,ṽ

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v5+2m+2l−100p|û|100p−100q
∣∣Errml

∣∣2dV̊ oldû.
Since ΨG ̸= α, the first error term is bounded by:

sup
(u,v)∈Pũ,ṽ

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v5+2m+2l−100p|û|100p−100q
∣∣∇m+1∇l

3Ψ
G
∣∣2 ≲ v1−100pCũ,ṽ.

Arguing as before, bounding the second error term will also imply bounds for the third error term

once summing. We have the bound:

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v5+2m+2l−100p|û|100p−100q
∣∣F (m)(l)(m+l)(Ψ)

∣∣2dV̊ oldû
≲ Lu,v · v1−100p sup

ů∈[−vv,u]
|̊u|100q

∫ ů

−vv
v−1−98p|û|98p−100qdû ≲ v · Lu,v ≲ v ·Aϵ′2.

As a result, we improve the bootstrap assumption on the low regularity curvature norm (3.16)

and prove that:

Lũ,ṽ ≲ ϵ′2 + v ·Aϵ′2,

which implies the desired estimate (3.36).

3.2.5 Estimates for Ricci Coefficients

In this section, we show improved bounds on the Ricci coefficients (3.17) by proving:

Proposition 3.5. Assuming that the bootstrap assumption (3.19) holds, there exists a constant

C ≪ A, such that we have the improved estimate for the Ricci coefficients (3.17):

Rũ,ṽ ≤ Cϵ′2. (3.41)
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Proof. We notice that according to Proposition 2.4, the Ricci coefficients satisfy schematic equa-

tions:

∇3

(
χ̂, χ̂

)
= ΨG + ψψ∗, ∇3

(
trχ∗, trχ∗) = ψψ∗. (3.42)

We allow the curvature term on the right hand side in order to treat all the equations at the same

time. For any (m, l) ∈ H, we commute the equations (3.42) with ∇m∇l
3 :

∇3v
1+m+l∇m∇l

3ψ
∗ = v1+m+lErrml, (3.43)

where we have the error term:

Errml = ∇m∇l
3Ψ

G + F (m)(l)(m+l)(ψ
∗),

and we define F (m)(l)(m+l)(ψ
∗) just as F (m)(l)(m+l)(Ψ) in Definition 2.4, but replacing Ψ with ψ∗.

We integrate (3.43) and apply [RSR23, Lemma 9.6] as in the proof of Proposition 3.4 to obtain:

sup
(u,v)∈Pũ,ṽ

∫
Sn

v2+2m+2l
∣∣∇m∇l

3ψ
∗∣∣2dV̊ ol ≲

ϵ′2 + sup
(u,v)∈Pũ,ṽ

(∫ u

−vv
v1+m+l

(∫
Sn

∣∣Errml

∣∣2dV̊ ol) 1
2

dû

)2

≲ ϵ′2 + sup
(u,v)∈Pũ,ṽ

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v3+2m+2l−100p|û|100p−100q
∣∣Errml

∣∣2dV̊ oldû.
Since ΨG ̸= α, the first error term is bounded by:

sup
(u,v)∈Pũ,ṽ

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v3+2m+2l−100p|û|100p−100q
∣∣∇m∇l

3Ψ
G
∣∣2 ≲ v1−100pCũ,ṽ.

We have the bound for the second error term:

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v3+2m+2l−100p|û|100p−100q
∣∣F (m)(l)(m+l)(ψ

∗)
∣∣2dV̊ oldû

≲ Ru,v · v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv
v−1−98p|û|98p−100qdû ≲ v ·Aϵ′2.

As a result, we improve the bootstrap assumption on the Ricci coefficients norm (3.17) and prove

that:

Rũ,ṽ ≲ ϵ′2 + v ·Aϵ′2,

which implies (3.41).
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Remark 3.10. We can also prove an estimate for ∇
n−2
2

3 ψ∗, even though this term was not needed

in the bootstrap argument. For any i ≤ N3 − 1, we have that
(
i, n−4

2

)
∈ L, and the equation:

∇i∇
n−2
2

3 ψ∗ = ∇i∇
n−4
2

3 Ψ+∇i∇
n−4
2

3

(
ψψ∗). (3.44)

Using the estimates in Proposition 3.4 and Proposition 3.5, we have that for all i ≤ N3 − 1 :∥∥∇i∇
n−2
2

3 ψ∗∥∥
L2(Su,v)

≲ ϵ′|u|−p · |v|−1−i−n−2
2

+p. (3.45)

3.2.6 Estimates for Metric Coefficients

In this section, we show improved bounds on the metric coefficients (3.18) by proving:

Proposition 3.6. Assuming that the bootstrap assumption (3.19) holds, there exists a constant

C ≪ A, such that we have the improved estimate for the metric coefficients (3.18):

Mũ,ṽ ≤ Cϵ′2. (3.46)

Proof. The metric equations (2.7)-(2.8) imply that L3Lm
θ /g

∗ = Lm
θ ψ

∗.We denote by Γ the Christof-

fel symbols of the metric /g. We notice that the bootstrap assumption implies that for any

(m, 0) ∈ H:

v2m
∥∥Lm−1

θ Γ
∥∥2
L2(Su,v)

≲ 1. (3.47)

For any horizontal tensor ϕ we have the formula Lθϕ = ∇ϕ + Γ · ϕ, which implies by induction

that:

Lm
θ ϕ = ∇mϕ+

∑
i+j+k=m−1

Li
θ

(
Γj+1

)
∇kϕ. (3.48)

Thus, we obtain the equation:

L3Lm
θ /g

∗ = ∇mψ∗ +
∑

i+j+k=m−1

Li
θ

(
Γj+1

)
∇kψ∗ =: Errm.

We have the estimate for any (m, 0) ∈ H:

sup
(u,v)∈Pũ,ṽ

v2m
∥∥Lm

θ /g
∗∥∥2

L2(Su,v)
≲ ϵ′2 + sup

(u,v)∈Pũ,ṽ

(∫ u

−vv
vm

(∫
Sn

∣∣Errm∣∣2dV̊ ol) 1
2

dû

)2

≲ ϵ′2 + sup
(u,v)∈Pũ,ṽ

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v1+2m−100p|û|100p−100q
∣∣Errm∣∣2dV̊ oldû.
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The first error term can be bounded as usual by v ·Aϵ′2. For the second term we have:∑
i+j+k=m−1

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v1+2k−100p|û|100p−100q
∣∣∇kψ∗∣∣2v2+2i+2j

∣∣Li
θ

(
Γj+1

)∣∣2

≲ v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∑
(k,0)∈L

v1−100p|û|100p−100q
∥∥ψ∗∥∥2

H̃k

j+1∏
a=1

∑
(ka,0)∈L

∫
Sn

v2+2ka
∣∣Lka

θ Γ
∣∣2,

which is also bounded by v ·Aϵ′2, allowing us to improve the bootstrap assumption on the metric

coefficients norm (3.18) and prove that:

Mũ,ṽ ≲ ϵ′2 + v ·Aϵ′2,

which implies (3.46).

3.2.7 Quantitative Bounds in Region III

In this section, we complete the bootstrap argument and we obtain the main result in region III

on the existence of the solution satisfying quantitative bounds. We then complete the proof of

Theorem 3.1 and we prove propagation of regularity in Theorem 3.2.

We first show that the bootstrap assumption (3.19) can be improved:

Proposition 3.7. Let
(
M, g

)
be a spacetime obtained in Proposition 3.2, which exists in the

characteristic triangle Pũ,ṽ contained in region III with ṽ ≤ v. We assume that the spacetime

satisfies the bootstrap assumption (3.19). There exists a constant C ≪ A such that the spacetime

satisfies the improved bound:

Cũ,ṽ + Lũ,ṽ +Rũ,ṽ +Mũ,ṽ ≤ Cϵ′2. (3.49)

Proof. Under the bootstrap assumption (3.19), we proved the improved estimates (3.26), (3.36),

(3.41), and (3.46) in Propositions 3.3-3.6. We combine these estimates to obtain (3.49).

We are now in the position to prove the main result in region III, establishing the existence

of the solution satisfying quantitative bounds:

Proposition 3.8. The solution of Proposition 3.2 can be extended uniquely as a regular straight

self-similar vacuum solution in region III. Setting N3 = N − 3⌊c0/4⌋n, and taking p > 0 to be

a small constant, we have the bounds in region III with {v ≤ v}, for all 0 ≤ i ≤ N3, and all
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0 ≤ j ≤ n−4
2 : ∥∥∇i∇j

3α
∥∥
L2(Su,v)

≲ ϵ1−2δ|u|−p · |v|−2−i−j+p

∥∥∇i∇j
3Ψ

G
∥∥
L2(Su,v)

≲ ϵ1−2δ|v|−2−i−j

∥∥∇i∇j
3ψ

∗∥∥
L2(Su,v)

≲ ϵ1−2δ|v|−1−i−j

∥∥∇i∇
n−2
2

3 ψ∗∥∥
L2(Su,v)

≲ ϵ1−2δ|u|−p · |v|−1−i−n−2
2

+p, for i ≤ N3 − 1∥∥Li
θ/g

∗∥∥
L2(Su,v)

≲ ϵ1−2δ|v|−i.

In addition, we have control of more detailed norms as proved in Propositions 3.3,3.4,3.5, and

3.6.

Proof. We recall that on the hypersurface {(u, v) : u = −vv, 0 < v ≤ v} the solution satisfies

(3.20). Using standard local existence results and the fact that according to Proposition 3.7

we can improve the bootstrap assumption (3.19), we obtain global existence in the region III.

Moreover, the solution satisfies the bound (3.49) for all (ũ, ṽ) in the region III with ṽ ≤ v.

Proposition 3.8, together with Propositions 3.1 and 3.2, completes the proof of Theorem 3.1.

To conclude this section, we prove the following propagation of regularity result:

Theorem 3.2. Consider a global straight self-similar vacuum spacetime
(
M, g

)
which satisfies

the hypothesis of Theorem 3.1. If the initial data
(
/g0, h

)
is smooth, the spacetime

(
M, g

)
is also

smooth.

Proof. We explain how a slight modification of our previous arguments implies the proof of this

result. We first consider smooth initial data
(
/g0, h

)
satisfying (3.1), and prove self-similar es-

timates on the double null quantities for any angular regularity. For any K ≥ N3, 0 < q ≪

p ≪ 1, 0 < vK ≪ 1, we denote by C̃K , L̃K , R̃K , M̃K the norms defined in Section 3.2.1 with

(N3, q, p, v) replaced by (K, q, p, vK), and without the ∗ in the definitions of R̃K and M̃K . We

prove by induction that for any K ≥ N3, there exist 0 < vK ≪ 1 small enough and C(K) > 0

large enough such that for any (ũ, ṽ) ∈ {0 ≤ v ≤ vK , −vvK ≤ u ≤ 0} :

C̃K(ũ, ṽ) + L̃K(ũ, ṽ) + R̃K(ũ, ṽ) + M̃K(ũ, ṽ) ≤ C(K). (3.50)
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The base case K = N3 was proved in Proposition 3.8. We assume that the induction hypoth-

esis holds up to K − 1 and prove it for K. The strategy is to split the spacetime into regions

IK , IIK , IIIK , defined analogously to I, II, III but with v replaced by vK .

In the region IK =
{
− 1 ≤ u ≤ 0, 0 ≤ v ≤ −uvK

}
we have propagation of regularity for

the local existence result of [RSR18, Theorem 1.1]. For 0 < vK ≪ 1 small enough, we apply the

regular estimates of [RSR18, Proposition 7.3] and we obtain that the estimates of Proposition 3.1

hold up to K + 4c0n angular regularity, with the ϵ on the right hand side replaced by a constant

CI
K > 0 that is not assumed to be small.

In the region IIK =
{
− 1 ≤ u ≤ 0, −uvK ≤ v ≤ −u/vK

}
, the propagation of regularity

follows by the argument of [RSR23, Section 7]. The idea is to conjugate the equations by exp(DK ·

v/u), for some large constant DK . This argument is equivalent to using the Gronwall lemma. We

obtain that the estimates of Proposition 3.2 hold up to K + 3c0n angular regularity, once again

with the ϵ on the right hand side replaced by a constant CII
K > 0 that is not assumed to be small.

As a result, there exists a constant C ′
K > 0 such that on

{
v = −u/vK

}
we have:

C̃K(u,−u/vK) + L̃K(u,−u/vK) + R̃K(u,−u/vK) + M̃K(u,−u/vK) ≤ C ′
K .

Moreover, we can assume that C ′
K ≫ C(K− 1). For some A > 0 large, depending on K, we make

the bootstrap assumption in the region IIIK =
{
− 1 ≤ u ≤ 0, −u/vK ≤ v ≤ vK

}
:

C̃K(ũ, ṽ) + L̃K(ũ, ṽ) + R̃K(ũ, ṽ) + M̃K(ũ, ṽ) ≤ 2AC ′
K . (3.51)

We briefly explain how to improve the bootstrap assumption (3.51) in order to prove that:

C̃K(ũ, ṽ) + L̃K(ũ, ṽ) + R̃K(ũ, ṽ) + M̃K(ũ, ṽ) ≤ AC ′
K .

We repeat the proof of Proposition 3.7, with angular regularity given byK. Since all the quantities

with angular regularity up to K − 1 are already bounded by the induction hypothesis (3.50), the

equations are linear in the top order terms that need to be bounded. Thus, each error term is a

product of factors where at most one such factor is bounded using the bootstrap assumption (3.51),

while the remaining factors are bounded using the induction hypothesis (3.50). In particular, at

each step in the proof of Proposition 3.7 where we bounded an error term by ≲ v
1
2
−100p · A · ϵ′2,

we would now have the bound ≤ C
(
C(K − 1)

)
+ C

(
C(K − 1)

)
v

1
2
−100p

K · A · C ′
K . We also notice

that we had O(n) top order error terms bounded by ≲ A2 · ϵ′4, which would now be bounded by
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≤ C
(
C(K − 1)

)
+ ϵ′2 ·A ·C ′

K ·O(n). Therefore, for 0 < vK ≪ 1 small enough we can improve the

bootstrap assumption (3.51) as desired. This establishes the induction hypothesis (3.50) for K,

with C(K) = AC ′
K . Since the above bounds hold for all K ≥ N3, we obtain that the spacetime(

M, g
)
is smooth.

4 Asymptotic Completeness

In this section we prove the second statement of Theorem 1.3, establishing asymptotic com-

pleteness. Given suitably small Cauchy initial data on a spacelike hypersurface in the sense of

Remark 3.8, Theorem 3.1 implies global existence in the region {u < 0, v > 0}. We prove in

Theorem 4.1 the existence of induced smooth scattering data at {u = 0} and {v = 0}, which

completes the proof of the second statement of Theorem 1.3. In the original (n+ 1)-dimensional

formulation, this represents the proof of the second statement of Theorem 1.1. This section is

based on [Cic24, Section 4].

Theorem 4.1. Consider a global straight self-similar vacuum spacetime
(
M, g

)
which satisfies

the conclusion of Theorem 3.1. There exists induced straight data
(
/g0, h

)
at (u, v) = (0, 1), such

that
(
M, g

)
is the unique straight self-similar vacuum spacetime determined by this initial data,

and moreover we have the estimates for 0 ≤ i ≤ N ′:∥∥Li
θ

(
/g0 − /gSn

)∥∥
L2(Sn)

≲ ϵ′, (4.1)∥∥∇iO
∥∥
L2(Sn)

≲ ϵ′, (4.2)∥∥∇ih
∥∥
L2(Sn)

≲ ϵ′, (4.3)

where N ′ = N − c0n as in Theorem 3.1, ϵ′ = ϵ1−2δ, and O is the obstruction tensor of the metric

/g0.

Moreover, if the spacetime
(
M, g

)
is smooth the induced data

(
/g0, h

)
is also smooth.

We follow the strategy outlined in Section 1.3.2 of the introduction. We use the quantitative

estimates on the global solution obtained in Theorem 3.1 in order to recover the induced scattering

data at {u = 0} and {v = 0}. By time orientation reversal symmetry, it suffices to prove the

existence of induced asymptotic data at {u = 0}. We complete the proof Theorem 4.1 at the end

of this section, using Propositions 4.1 and 4.2 below.
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We first prove that certain regular quantities can be extended to {u = 0}. These correspond

to determining the first n−2
2 terms in the expansion of /g at {u = 0}.

Proposition 4.1. We have the following continuous extensions to {u = 0} :

1. For any 0 ≤ l ≤ n−4
2 and 0 ≤ m ≤ N ′ + n−6

2 − l, we have:

∇m∇l
3Ψ

G ∈W 1,1
u

(
[−1, 0]

)
L2(Sn).

Moreover, for any λ > 0 we have the self-similarity relations on {u = 0} :

∇m∇l
3

(
αAB, τAB

)
(0, λv) = λ−l∇m∇l

3

(
αAB, τAB

)
(0, v),

∇m∇l
3

(
νABC , νABC

)
(0, λv) = λ1−l∇m∇l

3

(
νABC , νABC

)
(0, v),

∇m∇l
3RABCD(0, λv) = λ2−l∇m∇l

3RABCD(0, v),

and the self-similar bounds: ∥∥v2+m+l∇m∇l
3Ψ

G
∥∥
L2(Sn)

∣∣
u=0

≲ ϵ′. (4.4)

2. For any 0 ≤ l ≤ n−6
2 and 0 ≤ m ≤ N ′ + n−8

2 − l, we have:

∇m∇l
3α ∈W 1,1

u

(
[−1, 0]

)
L2(Sn).

Moreover, for any λ > 0 we have the self-similarity relation on {u = 0} :

∇m∇l
3αAB(0, λv) = λ−l∇m∇l

3αAB(0, v),

and the self-similar bounds: ∥∥v2+m+l∇m∇l
3α

∥∥
L2(Sn)

∣∣
u=0

≲ ϵ′, (4.5)

v2+m
∥∥∥vl∇m∇l

3α−
(
vl∇m∇l

3α
)∣∣

u=0

∥∥∥
L2(Sn)

≲ ϵ′ ·
∣∣∣∣uv

∣∣∣∣1−p

. (4.6)

3. For any 0 ≤ l ≤ n−4
2 and 0 ≤ m ≤ N ′ + n−4

2 − l, we have:

∇m∇l
3ψ ∈W 1,1

u

(
[−1, 0]

)
L2(Sn).

Moreover, for any λ > 0 we have the self-similarity relations on {u = 0} :

∇m∇l
3

(
χAB, χAB

)
(0, λv) = λ1−l∇m∇l

3

(
χAB, χAB

)
(0, v),
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and the self-similar bound: ∥∥v1+m+l∇m∇l
3ψ

∗∥∥
L2(Sn)

∣∣
u=0

≲ ϵ′. (4.7)

4. For any 0 ≤ l ≤ n−2
2 and 0 ≤ m ≤ N ′ + n−4

2 − l, we have:

vm+lLm
θ Ll

3/g ∈W 1,1
u

(
[−1, 0]

)
L2(Sn).

Moreover, for any λ > 0 we have the self-similarity relation on {u = 0} :

Lm
θ Ll

3/gAB
(0, λv) = λ2−lLm

θ Ll
3/gAB

(0, v),

and the self-similar bound: ∥∥vm+lLm
θ Ll

3/g
∗∥∥

L2(Sn)

∣∣
u=0

≲ ϵ′. (4.8)

Proof. We first restrict to the region {v ≤ v}. Thus, we can use the estimates in Proposition 3.8.

We recall that in the proof of Proposition 3.4 we had for any (m, l) ∈ L:

∇3v
2+m+l∇m∇l

3Ψ
G = v2+m+lErrml,

where the error term satisfies:∥∥v2+m+lErrml

∥∥
L1
u([−vv,0))L2(Sn)

≲ ϵ′.

We also have that ∂u
(
v2+m+l∇m∇l

3Ψ
G
)
= ∇3v

2+m+l∇m∇l
3Ψ

G + v2+m+lχ · ∇m∇l
3Ψ

G. From the

proof of Proposition 3.5, we have that:∥∥v2+m+lχ · ∇m∇l
3Ψ

G
∥∥
L1
u([−vv,0))L2(Sn)

≲ ϵ′.

As a result, we obtain that v2+m+l∇m∇l
3Ψ

G ∈W 1,1
u

(
[−vv, 0]

)
L2(Sn) and that (4.4) holds. Using

self-similarity, we can extend these results from the region {v ≤ v} to all v > 0. Moreover, by

continuity we obtain that the self-similarity relations also hold along u = 0.

In order to prove the second statement, we notice that for any 0 ≤ l ≤ n−6
2 and 0 ≤ m ≤

N ′ + n−8
2 − l :

∂u
(
v2+m+l∇m∇l

3α
)
= vψ · v1+m+l∇m∇l

3α+ v2+m+l∇m∇l+1
3 α+

m∑
i=0

v1+i∇iψ · v1+m−i+l∇m−i∇l
3α.

Since (m, l + 1) ∈ L, we can bound the above terms using our previous estimates and we obtain:∥∥∥∂u(v2+m+l∇m∇l
3α

)∥∥∥
L2(Sn)

≲ ϵ′ · |u|−pv−1+p. (4.9)
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This implies that v2+m+l∇m∇l
3α ∈ W 1,1

u

(
[−vv, 0]

)
L2(Sn), that (4.5)-(4.6) hold. As before, the

self-similarity relation extends to u = 0 by continuity.

The proof of the third statement follows exactly as the first statement, but using the corre-

sponding estimates from the proof of Proposition 3.5.

We prove the fourth statement in the case of Lm
θ Ll+1

3 /g, since the case of no L3 derivatives is

similar. We compute the commuted equation for any (m, l) ∈ H using (3.48) and its analogue in

the e3 direction:

L3

(
Lm
θ Ll+1

3 /g
∗) = 2Lm

θ Ll+1
3 χ∗ = Lm

θ Ll
3

(
α+ ψψ∗) = Lm

θ

(
∇l

3α+ F (0)(l−1)(l−1)(α) + F (0)(l)(l)(ψ
∗)
)

= ∇m∇l
3α+

∑
i+j+k=m−1

Li
θ

(
Γj+1

)
∇k∇l

3α+
∑

i+j+k=m−1

Li
θ

(
Γj+1

)
F (k)(l−1)(k+l−1)(α)+

+F (m)(l−1)(m+l−1)(α) + F (m)(l)(m+l)(ψ
∗) +

∑
i+j+k=m−1

Li
θ

(
Γj+1

)
F (k)(l)(k+l)(ψ

∗).

We denote the RHS by Errml. We have the bound:∥∥v1+m+lErrml

∥∥2
L1
u([−vv,u))L2(Sn)

≲

≲ v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v3+2m+2l−100p|û|100p−100q
∣∣Errml

∣∣2dû.
The first and fifth error terms were already bounded in the proof of Proposition 3.5. The fourth

error term was already bounded in the the proof of Proposition 3.4. As in the proof of Proposition

3.6, for the second error term we have the bound:∑
i+j+k=m−1

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
S
v3+2k+2l−100p|û|100p−100q

∣∣∇k∇l
3α

∣∣2v2+2i+2j
∣∣Li

θ

(
Γj+1

)∣∣2

≲ v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∑
(k,l)∈L

v3+2l−100p|û|100p−100q
∥∥∇l

3α
∥∥2
H̃k

j+1∏
a=1

∑
(ka,0)∈L

∫
S
v2+2ka

∣∣Lka
θ Γ

∣∣2,
which is bounded using the previous section and (3.47). Similarly, the third term is bounded by:∑

(k,l)∈L

v1−100p sup
ů∈[−vv,u]

|̊u|100q
∫ ů

−vv

∫
Sn

v3+2k+2l−100p|û|100p−100q
∣∣F (k)(l−1)(k+l−1)(α)

∣∣2dV̊ oldû,
which is bounded as the fourth error term. Finally, the last error term can be similarly reduced

to the fifth error term. As a result, we obtain that v1+m+lLm
θ Ll+1

3 /g ∈ W 1,1
u

(
[−vv, 0]

)
L2(Sn) and

that (4.8) holds. Using self-similarity, we extend these results from the region {v ≤ v} to all

v > 0. By continuity, we also obtain that the self-similarity relations hold along u = 0.
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Next, we compute the induced obstruction tensor O and the remaining component of the

scattering data h :

Proposition 4.2. There exist symmetric traceless 2-tensors O and h, which are independent of

u and v such that for any 0 ≤ m ≤ N ′ − 3 and {−vv ≤ u ≤ 0} :∥∥v2+m∇mO
∥∥
L2(Sn)

≲ ϵ′, (4.10)

∥∥v2+m∇mh
∥∥
L2(Sn)

≲ ϵ′, (4.11)

v2+m

∥∥∥∥v n−4
2 ∇m∇

n−4
2

3 α−∇mO log

∣∣∣∣uv
∣∣∣∣−∇mh

∥∥∥∥
L2(Sn)

≲ ϵ′ ·
∣∣∣∣uv

∣∣∣∣1−p

. (4.12)

Proof. Step 1. Computing the induced obstruction tensor O. As usual, we first restrict to the

region {v ≤ v} to prove the desired result, then we use self-similarity to extend to all v > 0. We

use self-similarity as in Lemma 2.2 to rewrite the Bianchi equation (3.28) for α as:

−u∇3α+
n− 4

2
α− u

2
trχα = v∇ΨG + vψΨG. (4.13)

We set l = n−4
2 for the remaining of the proof. We commute (4.13) to obtain:

|u|∇3∇l
3α = v∇∇l

3Ψ
G+ v ·F (0)(l)(l)(Ψ

G)+ v ·F (1)(l−1)(l)(Ψ
G)+F (0)(l−1)(l−1)(Ψ)+ |u|F (0)(l)(l)(Ψ).

We notice that in the proof of Proposition 4.1, we also obtain the bound:∥∥∥uv1+m+l∇m∇l
3α

∥∥∥
L2(Sn)

≲ ϵ′ · |u|1−pv−1+p. (4.14)

Thus, Proposition 4.1 implies that each term on the RHS of the above equation is in

C0
u

(
[−vv, 0]

)
H̃m(Sn). As a result, −uvl∇3∇l

3α can be extended to {u = 0} as a symmetric

traceless 2-tensor which is independent of the v coordinate. We define:

OAB =
(
uvl∇3∇l

3αAB

)∣∣
u=0

∈ H̃m(Sn). (4.15)

For any 0 ≤ m ≤ N ′ − 3, we have the equation:

∇3∇m∇l
3α =

v

|u|
∇m+1∇l

3Ψ
G +

v

|u|
· F (m)(l)(m+l)(Ψ

G) +
v

|u|
· F (m+1)(l−1)(m+l)(Ψ

G)+

+
1

|u|
· F (m)(l−1)(m+l−1)(Ψ) + F (m)(l)(m+l)(Ψ).

Since limu→0− u[∇3,∇m]∇l
3α = 0, we also obtain that:

∇mOAB =
(
uvl∇3∇m∇l

3αAB

)∣∣
u=0

. (4.16)
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Thus, we have the schematic equation:

−∇mO = vl+1∇m+1∇l
3Ψ

G
∣∣
u=0

+ vl+1F (m)(l)(m+l)(Ψ
G)

∣∣
u=0

+ vl+1F (m+1)(l−1)(m+l)(Ψ
G)

∣∣
u=0

+

+vlF (m)(l−1)(m+l−1)(Ψ)
∣∣
u=0

.

We use the bounds in Proposition 4.1, together with the bounds in the proofs of Propositions 3.4

and 3.5, to control the RHS and get:∥∥v2+m∇mO
∥∥
L2(Sn)

≲ v
1
2
−p · ϵ′.

Step 2. Computing the induced component of the scattering data h. Extending ∇mO to be

independent of u and v, we can write the equation for ∇m∇l
3α as:

∂u
(
vl∇m∇l

3α
)
=

1

|u|
E1 + E2 =

1

u
∇mO +

1

|u|

(
E1 − E1

∣∣
u=0

)
+ E2, (4.17)

E1 = vl+1∇m+1∇l
3Ψ

G + vl+1F (m)(l)(m+l)(Ψ
G)+

+vl+1F (m+1)(l−1)(m+l)(Ψ
G) + vlF (m)(l−1)(m+l−1)(Ψ),

E2 = vlF (m)(l)(m+l)(Ψ).

The key part of our proof is to establish the claim that:

E :=
1

|u|

(
E1 − E1

∣∣
u=0

)
+ E2 ∈ L1

u

(
[−vv, 0]

)
L2(Sn). (4.18)

Step 2a. The proof of claim (4.18). In the proof of Proposition 3.4 we already bounded:∫ 0

−vv

∥∥E2∥∥L2(Sn)
dû ≲ v−2−mv

1
2 ϵ′.

We also have the bound:∥∥E1 − E1
∣∣
u=0

∥∥
L2(Su,v)

≲
∫ 0

u
vl+1

∥∥∇3∇m+1∇l
3Ψ

G
∥∥
L2(Sn)

+ vl+1
∥∥F (m)(l+1)(m+l+1)(Ψ

G)
∥∥
L2(Sn)

dû+

+

∫ 0

u
vl+1

∥∥F (m+1)(l)(m+l+1)(Ψ
G)

∥∥
L2(Sn)

+ vl
∥∥F (m)(l)(m+l)(Ψ)

∥∥
L2(Sn)

dû.

Using the estimates proved in region III, we have the bound for any (i, j) ∈ L:∥∥F (i)(j)(i+j)(Ψ)
∥∥
L2(Sn)

≲ v−3−i−j+p|u|−pϵ′. (4.19)

Since (m, l), (m+ 1, l) ∈ L, we have the bound:∫ 0

u
vl+1

∥∥F (m+1)(l)(m+l+1)(Ψ
G)

∥∥
L2(Sn)

+ vl
∥∥F (m)(l)(m+l)(Ψ)

∥∥
L2(Sn)

dû ≲ ϵ′ · v−2−m

∣∣∣∣uv
∣∣∣∣1−p

.
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We have the schematic equation as in the proof of Proposition 3.4:

∇3v
1+l∇m+1∇l

3Ψ
G = v1+l∇m+2∇l

3Ψ+ v1+lF (m+1)(l)(m+l+1)(Ψ) + v1+lF (m+2)(l−1)(m+l+1)(Ψ).

Since (m+ 2, l) ∈ L, we use Proposition 3.8 and (4.19) to get:∫ 0

u
vl+1

∥∥∇3∇m+1∇l
3Ψ

G
∥∥
L2(Sn)

dû ≲ ϵ′ · v−2−m

∣∣∣∣uv
∣∣∣∣1−p

.

Using the Bianchi equations in Proposition 2.6, we can rewrite the error term:

F (m)(l+1)(m+l+1)(Ψ
G) = F (m+1)(l)(m+l+1)(Ψ) +

∑
i+j+k≤m+l+1
i≤l+1,k≤m

∇k
(
ΨG∇i

3ψ
j+1

)
.

The estimates in Proposition 3.4 and Proposition 3.5 imply the bound:∑
i+j+|k|≤m+l+1

i≤l,|k|≤m

∥∥∥v2+k1∇k1ΨG · vi+j+k2+1∇k2∇i
3ψ

j+1
∥∥∥
L2(Sn)

≲ ϵ′. (4.20)

Similarly, we use the schematic equations (3.42) for ∇3ψ from Proposition 3.5 to get:∑
j+|k|≤m

∥∥∥v2+k1∇k1ΨG · vl+1+j+k2+1∇k2∇l+1
3 ψj+1

∥∥∥
L2(Sn)

≲ ϵ′ + ϵ′
∑

j+k≤m

∥∥∥vl+k+2∇k∇l+1
3 ψ

∥∥∥
L2(Sn)

≲ ϵ′ + ϵ′
∑
k≤m

∥∥∥vl+k+2∇k∇l
3

(
Ψ+ ψψ

)∥∥∥
L2(Sn)

≲ ϵ′|u|−pvp.

As a result, we obtain that the last remaining error term satisfies:∫ 0

u
vl+1

∥∥F (m)(l+1)(m+l+1)(Ψ
G)

∥∥
L2(Sn)

dû ≲ ϵ′ · v−2−m

∣∣∣∣uv
∣∣∣∣1−p

. (4.21)

We proved that:

1

|u|
·
∥∥E1 − E1

∣∣
u=0

∥∥
L2(Su,v)

≲ ϵ′ · v−3−m

∣∣∣∣uv
∣∣∣∣−p

, (4.22)

which proves our claim (4.18) that E ∈ L1
u

(
[−vv, 0]

)
L2(Sn).

Step 2b. The proof of (4.11) and (4.12). We integrate (4.17) from −vv to u:

vl∇m∇l
3α−∇mO log

∣∣∣∣uv
∣∣∣∣ = vl∇m∇l

3α
∣∣
u=−vv

−∇mO log v +

∫ u

−vv
Edû.

In particular, we obtain that:

vl∇m∇l
3α−∇mO log

∣∣∣∣uv
∣∣∣∣ ∈W 1,1

u

(
[−vv, 0]

)
L2(Sn). (4.23)

We can define the symmetric traceless two tensor h which is independent of u and v by:

∇mh := lim
u→0−

(
vl∇m∇l

3α−∇mO log

∣∣∣∣uv
∣∣∣∣). (4.24)
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The above estimates imply that: ∥∥v2+m∇mh
∥∥
L2(Sn)

≲ ϵ′.

Finally, we have that:

v2+m

∥∥∥∥vl∇m∇l
3α−∇mO log

∣∣∣∣uv
∣∣∣∣−∇mh

∥∥∥∥
L2(Sn)

≲
∫ 0

u
v2+m

∥∥E∥∥
L2(Sn)

dû ≲ ϵ′ ·
∣∣∣∣uv

∣∣∣∣1−p

.

We can use the results proved so far in order to complete the proof of Theorem 4.1:

Proof of Theorem 4.1. Based on Proposition 4.1 and 4.2, we define /g and h on {u = 0}. We

prove that the spacetime
(
M, g

)
satisfies the required conditions needed in order to apply the

main result of [RSR18], which shows that the spacetime is determined by the induced asymptotic

data /g0 = /g
∣∣
(u,v)=(0,1)

, h. For N ′ large enough, we have:

• For any 0 ≤ l ≤ n−2
2 , 0 ≤ m ≤ N ′, the limit limu→0− Lm

θ Ll
u/g exists and is uniformly

bounded (with appropriate self-similar v weights) by Proposition 4.1. Moreover, we remark

that Proposition 4.1 also implies that we can extend to {u = 0} the following equations: the

constraint equations, the ∇4 null structure equations, the ∇4 Bianchi equations for Ψ
G when

commuted with up to n−4
2 ∇3 derivatives; the ∇3 null structure equations, the ∇3 Bianchi

equations, the ∇4α Bianchi equation when commuted with up to n−6
2 ∇3 derivatives. Using

these equations on {u = 0}, the argument in [RSR18, Proposition 4.3] implies that for

0 < l ≤ n−2
2 the limits Lm

θ Ll
u/g

∣∣
(u,v)=(0,1)

have certain prescribed values in terms of /g0 and

satisfy the compatibility conditions.

• Proposition 4.1 implies that for any 0 ≤ l ≤ n−6
2 and 0 ≤ m ≤ N ′, we have on {v = 1}:∥∥∥∇m∇l

3α−
(
∇m∇l

3α
)∣∣

u=0

∥∥∥
L2(Sn)

≲ ϵ′ · |u|1−p. (4.25)

We obtain a similar result for any 0 ≤ l ≤ n−2
2 and 0 ≤ m ≤ N ′, on {v = 1}:∥∥∥Lm

θ Ll
3/̂g − Lm

θ Ll
3/̂g0

∥∥∥
L2(Sn)

≲ ϵ′ · |u|1−p. (4.26)

• In Proposition 4.2 we define the obstruction tensor O in terms of /g0 (since all the curvature

components and Ricci coefficients appearing in our definition of O can be expressed in terms

of /g0). We remark that by construction O satisfies the compatibility condition in [RSR18,
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Proposition 4.3]. Moreover, we proved that for any 0 ≤ m ≤ N ′ the limit:

∇mh = lim
u→0−

(
v

n−4
2 ∇m∇

n−4
2

3 α−∇mO log

∣∣∣∣uv
∣∣∣∣) (4.27)

exists and is uniformly bounded (with appropriate self-similar v weights).

• Proposition 4.2 implies that for any 0 ≤ m ≤ N ′, we have on {v = 1}:∥∥∥∇m∇
n−4
2

3 α−∇mO log |u| − ∇mh
∥∥∥
L2(Sn)

≲ ϵ′ · |u|1−p. (4.28)

As a result, we obtain that on v = 1 and −v ≤ u ≤ 0, the metric /g induces a 1-parameter family

/̂g(u) of conformal classes of metrics on Sn admissible relative to /g0, according to the definitions

of [RSR18, Definition 1.2]. Thus, we can apply [RSR18, Theorem 1.1] to obtain that
(
M, g

)
is

the unique self-similar solution with data
(
/g0, h

)
. Since we already know that

(
M, g

)
is a straight

spacetime, we obtain that h must satisfy the straightness condition. Moreover, the estimates for

/g0
∗,O, and h were already proved in Proposition 4.1 and 4.2.

Finally, we establish the propagation of regularity statement. Continuing the argument in the

proof of Theorem 3.2, for any K > N3 we can use the bounds previously obtained to repeat the

proofs of Propositions 4.1 and 4.2, with (N ′, q, p, v) replaced by (K, q, p, vK), and the ϵ′ on the right

hand side of the estimates replaced by C(K). As a result, we obtain that /g0, O, h ∈ HK−3(Sn)

for all K > N ′. We conclude that the straight data induced at (u, v) = (0, 1) given by
(
/g0, h

)
is

smooth.
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Chapter 3

Systems of Wave Equations on

Asymptotically de Sitter Vacuum

Spacetimes

5 The Model Systems

We derive the systems of commuted Bianchi equations along {u = −1} required for the analysis

of the scattering map. We also introduce the model systems, given by the principal part of the

commuted Bianchi equations at top order with a general inhomogeneous term. The systems that

we consider consist of wave equations that are singular at {v = 0}. This section is based on [Cic24,

Section 5].

Notation convention. We considerM > N large enough, whereN > 0 is as in Theorem 3.1.

Unless otherwise noted, for the rest of the thesis we write A ≲ B for some quantities A,B > 0 if

there exists a constant C > 0 depending only on M such that A ≤ CB.

Integration convention. For the remainder of the thesis we make the convention that the

volume form used on the sphere Su,v = {(u, v)}×Sn with induced metric /gu,v is d /V ol/gu,v
, in order

to be consistent with the notation in [Cic26]. We note that this convention is different from the

one in Section 3 and Section 4.
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5.1 Bianchi Equations

We write the Bianchi system along {u = −1} as a system of wave equations. Using the facts

that ∇SΨ = −2Ψ and trχ = vtrχ − n (according to Lemma 2.2 and (2.18)), we can rewrite the

equations in Proposition 2.6 for the Bianchi pairs on {u = −1} as follows:

v∇4αAB +

(
2− n

2
+
v

2
trχ

)
αAB = −∇CνC(AB) + E(3)

1 (5.1)

∇4νABC = −2∇[AαB]C + E(4)
1/2 (5.2)

v∇4νABC +
2v

n
trχνABC = −2∇[AτB]C + 2χ̂D

[A
ν|D|B]C + E(3)

3/2 (5.3)

∇4RABCD = −2∇[Aν|CD|B] + E(4)
1 (5.4)

v∇4RABCD +
2v

n
trχRABCD = −2∇[Aν|CD|B] + χ

A[D
τC]B + χ

B[C
τD]A (5.5)

+ 2χ̂E
[A
RB]ECD + E(3)

2

∇4νABC = −2∇[AτB]C + E(4)
3/2 (5.6)

v∇4νABC +

(
− 1 +

3v

n
trχ

)
νABC = −2∇[AαB]C + 2χ̂D

[A
νB]DC + 2χ̂D

[A
ν|CD|B] + E(3)

5/2 (5.7)

∇4αAB = −∇CνC(AB) + E(4)
2 . (5.8)

Using the commutation formulas in Lemma 2.7, we can rewrite the system of Bianchi equa-

tions on {u = −1} as a system of wave equations:

Proposition 5.1. We have the system of wave equations on {u = −1} for any 0 ≤ m ≤ M,

0 ≤ l ≤ n
2 − 2 :

v∇2
4∇m∇l

4α+
(
3 + l − n

2

)
∇4∇m∇l

4α−∆∇m∇l
4α = ψ∇m+1∇l

4Ψ+ ErrΨml

v∇2
4∇m∇l

4Ψ
G +

(
2 + l − n

2

)
∇4∇m∇l

4Ψ
G −∆∇m∇l

4Ψ
G =

∑
ΨG

0
ψ∇m+1∇l

4Ψ
G
0 + ErrΨml,

(5.9)

where we have the error term notation:

ErrΨml = vF(m)(l+1)(l+m+1)(Ψ) + vF(m+1)(l)(l+m+1)(Ψ) + F(2+m)(l−1)(l+m+1)(Ψ)+

+F(m)(l)(m+l)(Ψ) + F lot
(m+1)(l)(m+l+1)(Ψ) +∇m∇l

4

(
Ψ ·ΨG

)
+

+
∑

i+2j=m

∇i
(

/Riem
j+1 · ∇l

4Ψ
)
+∇m∇l

4∇
(
ψψ

)
+∇m∇l

4∇
(
ψψψ

)
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and we point out that in the RHS of (5.9) we sum the terms for all Ψ. Similarly, using the

schematic equation:

∇4∇m∇l
4Ψ

G = ψ∇m+1∇l
4Ψ+ ErrΨml, (5.10)

we also have the system of wave equations on {u = −1} for any 0 ≤ m ≤M, 0 ≤ l ≤ n
2 − 2 :

v∇2
4∇m∇l

4α+
(
3 + l − n

2

)
∇4∇m∇l

4α−∆∇m∇l
4α = ψ∇m+1∇l

4Ψ+ ErrΨml

v∇2
4∇m∇l

4Ψ
G +

(
3 + l − n

2

)
∇4∇m∇l

4Ψ
G −∆∇m∇l

4Ψ
G = ψ∇m+1∇l

4Ψ+ ErrΨml.

(5.11)

Remark 5.1. We rewrite the system of Bianchi equations in two ways since for the good cur-

vature components ΨG we have flexibility on which equations to use when proving estimates. In

particular, (5.11) is easier to use when evolving forward from {v = 0}, whereas it is convenient

to use (5.9) when evolving towards {v = 0}. On the other hand, we notice that for the curvature

component α we always work with the same equation.

Proof. Using equations (5.1)-(5.2) satisfied by the Bianchi pair (α, ν), we obtain:

v∇2
4αAB +

(
3− n

2

)
∇4αAB = −∇4∇CνC(AB) +∇4

(
ψΨG

)
+∇4

(
vψΨ

)
=

= ∆αAB + /Riem · α+∇4

(
ψΨG

)
+∇4

(
vψΨ

)
+∇

(
ψΨG

)
=

= ∆αAB + ψ∇Ψ+ΨΨG + F lot
101(Ψ) + vF011(Ψ),

where we also used the other Bianchi equations in Proposition 2.6 and the null structure equations

in Proposition 2.4 on {u = −1}. We commute with ∇l
4:

v∇2
4∇l

4αAB +

(
3 + l − n

2

)
∇4∇l

4αAB −∆∇l
4αAB = ψ∇∇l

4Ψ+ F(2)(l−1)(l+1)(Ψ)

+ F lot
(1)(l)(l+1)(Ψ) + vF(0)(l+1)(l+1)(Ψ) +∇l

4

(
ΨΨG

)
.

Commuting with ∇m, we obtain the equation for ∇m∇l
4α. Next, we compute the wave equation

satisfied by ν:

v∇2
4νABC = −2∇[Av∇4αB]C + v∇

(
ψΨ

)
+ v∇4

(
ψΨG

)
=

= ∇A∇DνD(BC) −∇B∇DνD(AC) −
(
2− n

2

)
∇4νABC + F101(Ψ

G) + vF101(Ψ) + vF011(Ψ).
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Using the constraint equations νABC = 2∇[AχB]C and ∇AχAB = ∇Btrχ in Proposition 2.5, we

can rewrite the first two terms on the RHS as ∆νABC +∇
(

/Riem · χ
)
. As a result, we get:

v∇2
4νABC = ∆νABC −

(
2− n

2

)
∇4νABC + ψ∇ΨG + F lot

101(Ψ) + vF101(Ψ) + vF011(Ψ) +∇(ψψψ).

We remark that the term ψ∇α does not appear on the RHS. We commute as before to get the

equation for ∇m∇l
4ν, which does not contain ψ∇m+1∇l

4α on the RHS.

We use a similar argument for the remaining curvature components, and we briefly note here

the structure of the equations that we use to rule out the dangerous term ψ∇m+1∇l
4α on the

RHS. For R we consider (5.5) and note by signature considerations that α, ν are absent. We

differentiate the equation in v and use the fact that (5.6),(5.8) do not contain α, while (5.4) does

not contain ∇α. For ν we use the same argument, starting with (5.7). We use a similar argument

for α, starting with (5.8) and using the fact that α is absent in (5.7). Thus, we proved (5.9).

Finally, we note that (5.10) follows from the commutation formulas in Lemma 2.7. Thus,

using this in (5.9) we obtain (5.11) as well.

5.2 Model Systems

In this section we introduce two systems of linear wave equations on the background spacetime

obtained in Theorem 3.1. These systems will model the linear part of the commuted Bianchi

equations on {u = −1} from the previous section, with the nonlinear part being contained in an

inhomogeneous term. In Section 7 and Section 8, we provide a detailed study of solutions to the

model systems.

As inspired by our treatment of the linear wave equation on the background of de Sitter space

in [Cic23], we consider the new time variable1:

τ =
√
v, e4 =

1

2τ
∂τ .

We recall that all the tensors along {u = −1} are expressed in a Lie propagated frame with respect

to e4 = ∂v. We notice that L4eA = 0 is equivalent to LτeA = 0, so we can extend any tensors

defined only at {τ = 0} to be independent of τ. For any horizontal k-tensor Φ we compute that:

∇τΦ = LτΦ+ τχ · Φ (5.12)

1We point out that the time variable τ should not be confused with the curvature component τAB introduced
in Section 2.1.
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∇τ∇τΦA1...Ak
= ∇τ

(
∇τΦ

)
A1...Ak

− 1

τ
∇τΦA1...Ak

.

We consider the following model system:

Definition 5.1 (First Model System). We assume that the smooth horizontal tensors Φ0, . . . ,ΦI

defined on the hypersurface {u = −1} × {τ ∈ (0, 1)} × Sn of the spacetime
(
M, g

)
obtained in

Theorem 3.1 satisfy the expansions for all 1 ≤ i ≤ I:

Φ0 = 2O log τ + h+O
(
τ2| log τ |2

)
, ∇τΦ0 =

2O
τ

+O
(
τ | log τ |2

)
in C∞(Sn),

Φi = Φ0
i +O

(
τ2| log τ |2

)
, ∇τΦi = O

(
τ | log τ |2

)
in C∞(Sn),

and the model system of wave equations on {u = −1} for any 0 ≤ m ≤M :
∇τ

(
∇τ∇mΦ0

)
+ 1

τ∇τ∇mΦ0 − 4∆∇mΦ0 = ψ∇m+1Φ+ F 0
m

∇τ

(
∇τ∇mΦi

)
+ 1

τ∇τ∇mΦi − 4∆∇mΦi = ψ∇m+1Φ+ F i
m,

(5.13)

where the inhomogeneous terms satisfy F 0
m, F

i
m ∈ L1

τ

(
[0, 1]

)
C∞(Sn), and the covariant angular

derivatives are with respect to the metric /gτ := /gu=−1,v=τ2
induced on Sτ = {u = −1}×{τ}×Sn.

Based on equation (5.11), we obtain that:

Φ0 = ∇
n−4
2

4 α, Φi = ∇
n−4
2

4 ΨG, F 0
m = ErrΨ

m,n−4
2

, F i
m = ErrΨ

m,n−4
2

satisfy the first model system, where the desired asymptotic expansions follow by Section 4, or

similarly by [RSR18]. We prove estimates for this system in Section 7, and use these in Section 9

to obtain estimates for the commuted Bianchi system at finite times in terms of the asymptotic

data at {v = 0}.

Similarly, we also consider the following model system:

Definition 5.2 (Second Model System). We assume that the smooth horizontal tensors Φ0, . . . ,ΦI

defined on the hypersurface {u = −1} × {τ ∈ (0, 1)} × Sn of the spacetime
(
M, g

)
obtained in

Theorem 3.1 satisfy the expansions for all 1 ≤ i ≤ I:

Φ0 = 2O log τ + h+O
(
τ2| log τ |2

)
, ∇τΦ0 =

2O
τ

+O
(
τ | log τ |2

)
in C∞(Sn),

Φi = Φ0
i +O

(
τ2| log τ |2

)
, ∇τΦi = O

(
τ | log τ |2

)
in C∞(Sn),
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and the model system of wave equations on {u = −1} for any 0 ≤ m ≤M :
∇τ

(
∇τ∇mΦ0

)
+ 1

τ∇τ∇mΦ0 − 4∆∇mΦ0 = ψ∇m+1Φ+ F 0
m

∇τ

(
∇τ∇mΦi

)
− 1

τ∇τ∇mΦi − 4∆∇mΦi =
∑

j ̸=0 ψ∇m+1Φj + F i
m,

(5.14)

where the inhomogeneous terms satisfy F 0
m, F

i
m ∈ L1

τ

(
[0, 1]

)
C∞(Sn), and the covariant angular

derivatives are with respect to the metric /gτ := /gu=−1,v=τ2
induced on Sτ = {u = −1}×{τ}×Sn.

As before, equation (5.9) implies that:

Φ0 = ∇
n−4
2

4 α, Φi = ∇
n−4
2

4 ΨG, F 0
m = ErrΨ

m,n−4
2

, F i
m = ErrΨ

m,n−4
2

satisfy the second model system. We prove estimates for this system in Section 8, and use these

in Section 10 to obtain estimates for the asymptotic data at {v = 0}, {u = 0} to the commuted

Bianchi system in terms of initial data at finite times.

Remark 5.2. By writing the estimates in Theorem 3.1 using the τ coordinate, we get that the

background metric /gτ satisfies the following bounds:

N∑
i=0

sup
M

∣∣Li
θ

(
/gτ − /gdS

)∣∣ ≲ ϵ, (5.15)

sup
τ∈(0,1]

∥∥χ∥∥
HN (Sτ )

+ sup
τ∈(0,1]

∥∥∇τχ
∥∥
HN (Sτ )

≲ 1. (5.16)

Remark 5.3. It is practical to introduce two model systems, since in the case of the regular

quantities Φi we have flexibility on which equations to use when proving estimates. In particular,

(5.13) is easier to use when evolving forward from {τ = 0}, whereas it is convenient to use (5.14)

when evolving towards {τ = 0}. On the other hand, we point out that for the singular quantity Φ0

we always use the same equation.

Remark 5.4. In [Cic26] we give an equivalent definition of the model systems using the fact that

/gτ = /̃g(log(2τ)), where /̃g is defined in (1.3) and τ = eT /2, as in Remark 1.7. We also remark that

the necessary assumptions on the background spacetime required in [Cic26] follow by (5.15)-(5.16).

6 Geometric Littlewood-Paley Theory

We introduce the geometric Littlewood-Paley theory of Klainerman-Rodnianski [KR06]. We also

use the methods of [KR06, KR05] to prove additional new results that are needed in the proofs
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of the sharp estimates in Theorems 7.1 and 8.1, as explained in the Introduction. This section is

based on [Cic26, Section 2].

6.1 Bounds for the Heat Equation

The geometric Littlewood-Paley projections are defined using the heat flow. In this section, we

introduce some standard properties of the heat equation based on [KR06], and we prove additional

commutation estimates. We point out that while the results stated here hold under more general

assumptions, it suffices for our purposes to use the bounds (5.15) and (5.16) on the background

spacetime.

For any tensor field F on Sτ , we denote by U(z)F the solution on [0,∞) × Sτ to the heat

equation:

∂zU(z)F −∆U(z)F = 0, U(0)F = F, (6.1)

where ∆ is the Laplace-Beltrami operator on
(
Sτ , /g

)
, for some τ ∈ [0, 1]. We notice that the

operators U are self-adjoint and form a semigroup.

We use the following estimates for the heat kernel of [KR06]:

Proposition ([KR06, Proposition 4.1]). We have the estimates for the operator U(z):∥∥U(z)F
∥∥
L2 ≤ ∥F∥L2∥∥∇U(z)F

∥∥
L2 ≤ ∥∇F∥L2∥∥∇U(z)F

∥∥
L2 +

∥∥U(z)∇F
∥∥
L2 ≤

√
2z−

1
2 ∥F∥L2

∥∥∆U(z)F
∥∥
L2 ≤

√
2

2
z−1∥F∥L2 .

We prove additional estimates using the methods of [KR06, KR05]. In particular, we notice

the importance of proving estimates for the commutation of the operator U(z) and the e4 vector

field.

Lemma 6.1. We have the estimates for the operator U(z):∥∥∇mU(z)F
∥∥
L2 ≲ C

(
∥ /Riem∥Hm−2

)
· ∥F∥Hm (6.2)∥∥[U(z),∇]F

∥∥
L2 ≲ (

√
z + z) ·

∥∥F∥∥
L2 (6.3)
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∥∥∇[U(z),∇]F
∥∥
L2 ≲ (1 +

√
z) ·

∥∥F∥∥
L2 (6.4)∥∥[U(z),∇m]F

∥∥
L2 ≲ (

√
z + z)C

(
∥ /Riem∥Hm−1

)
·
∥∥F∥∥

Hm−1 (6.5)∥∥∇[U(z),∇m]F
∥∥
L2 ≲ (

√
z + z)C

(
∥ /Riem∥Hm

)
·
∥∥F∥∥

Hm (6.6)∥∥[U(z), G]F
∥∥
L2 ≲ (z +

√
z)
∥∥G∥∥

W 2,∞

∥∥F∥∥
L2 (6.7)∥∥∇[U(z), G]F

∥∥
L2 ≲ (1 +

√
z)
∥∥G∥∥

W 2,∞

∥∥F∥∥
L2 (6.8)∥∥[U(z),∇4]F

∥∥
L2 ≲ (1 + z) ·

∥∥F∥∥
L2 (6.9)∥∥∇[U(z),∇4]F

∥∥
L2 ≲ (1 + z) ·

∥∥F∥∥
H1 (6.10)∥∥∇2U(z)F

∥∥
L2 ≲

(
1 + z−3/4

)
·
∥∥F∥∥

H1/2 . (6.11)

Proof. We prove (6.2) by induction, while considering separately the cases m ≤ 2n and m > 2n.

The case m = 1 is proved in [KR06]. We assume at first that (6.2) holds up to m < 2n, and prove

it for m+ 1. We notice that for any tensor ϕ we have:

∥∇2ϕ∥L2 ≲ ∥∆ϕ∥L2 + ∥ /Riem∥L∞∥ϕ∥H1 .

As a result, we get:

∥∇m+1U(z)F∥L2 ≲ ∥∆∇m−1U(z)F∥L2 + ∥ /Riem∥L∞∥∇m−1U(z)F∥H1 .

Since ∥ /Riem∥L∞ ≲ 1 by the bound on the background spacetime in (5.15), the second term is

controlled using the induction hypothesis. For the first term, we write using [∆, U(z)]F = 0:

∥∆∇m−1U(z)F∥L2 ≲ ∥∇m−1∆U(z)F∥L2 +
∥∥[∆,∇m−1]U(z)F

∥∥
L2

≲ ∥∇m−1U(z)∆F∥L2 +
∑

i+2j=m−1

∥∥∇i( /Riem
j+1

U(z)F )
∥∥
L2 ≲ ∥F∥Hm+1 ,

by using (5.15) again. This completes the first induction argument, and establishes (6.2) for all

m ≤ 2n. Next, for some m ≥ 2n we assume that (6.2) holds up to m, and prove it for m+ 1. As

before, we have:

∥∇m+1U(z)F∥L2 ≲ ∥∇m−1U(z)∆F∥L2 +
∥∥[∆,∇m−1]U(z)F

∥∥
L2 + C

(
∥ /Riem∥Hm−2

)
· ∥F∥Hm

≲ C
(
∥ /Riem∥Hm−2

)
· ∥F∥Hm+1 +

∑
i+2j=m−1

∥∥∇i( /Riem
j+1

U(z)F )
∥∥
L2 .
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The second term in the above can be written as:∑
i+2j=m−1

∑
i0+...+ij+1=i

∥∥∥∥(∇i0U(z)F
) j+1∏
l=1

(
∇il /Riem

)∥∥∥∥
L2

.

For each terms of the sum, we bound the factor with the most number of angular derivatives in

L2. The other factors have at most (m − 1)/2 derivatives, so we bound them in L∞ and apply

the Sobolev inequality to get:

∥∇m+1U(z)F∥L2 ≲ C
(
∥ /Riem∥Hm−1

)
· ∥F∥Hm+1 .

This completes the proof of (6.2). Next, we prove (6.3). By Duhamel’s formula as in [KR05]

we have:

[U(z),∇]F =

∫ z

0
U(z − z′)[∆,∇]U(z′)Fdz′.

Using the standard estimates for the heat kernel in [KR06], we get (6.3). The proof of (6.4) is

similar. We also have using [∆,∇m] = ∇[∆,∇m−1] + [∆,∇]∇m−1:

[U(z),∇m]F =

∫ z

0
U(z − z′)[∆,∇m]U(z′)Fdz′ =

=

∫ z

0
U(z − z′)∇

(
/Riem∇m−1 + [∆,∇m−1]

)
U(z′)F + U(z − z′)

(
∇ /Riem · ∇m−1U(z′)F

)
dz′.

This implies (6.5) using the bounds in (6.2), and by estimating the commutator term as in the

proof of (6.2). The proof of (6.6) is similar. The proofs of (6.7) and (6.8) follow, since according

to [KR06]:

[U(z), G]F =

∫ z

0
U(z − z′)

(
∆G · U(z′)F + 2∇G · ∇U(z′)F

)
dz′.

By Duhamel’s formula as in [KR05] we have:

[U(z),∇4]F =

∫ z

0
U(z − z′)[∆,∇4]U(z′)Fdz′.

Using (6.13) and the standard estimates for the heat kernel in [KR06], we get (6.9). The proof of

(6.10) is similar. Finally, to prove (6.11):∥∥∇2U(z)F
∥∥2
L2 ≲

∑
k∈Z

∥∥Pk∇2U(z)F
∥∥2
L2 ≲ (1 + z−1)

∥∥F∥∥2
L2 +

∑
k≥0

∥∥∇2PkU(z)F
∥∥2
L2 ≲

≲ (1 + z−1)
∥∥F∥∥2

L2 +
∑
k≥0

∥∥∇2U(z)PkF
∥∥2
L2 ≲ (1 + z−1)

∥∥F∥∥2
L2 +

∑
k≥0

z−1
∥∥PkF

∥∥
L2 · z−1/2

∥∥∇PkF
∥∥
L2

≲ (1 + z−1)
∥∥F∥∥2

L2 +
∑
k≥0

z−3/22k
∥∥PkF

∥∥
L2

∥∥P kF
∥∥
L2 ≲ (1 + z−1)

∥∥F∥∥2
L2 + z−3/2

∥∥F∥∥2
H1/2 .
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We note that the proof of the last statement uses parts of Lemma 6.3. We included its statement

in the heat equation bounds section for future convenience.

In our proofs we will repeatedly use the commutation formulas which follow from Lemmas 2.5

and 2.7.

Lemma 6.2. We have the commutation formulas:

[∇,∇4]ϕ = ∇χ · ϕ+ χ · ∇ϕ, (6.12)

[∆,∇4]ϕ = ∇(χ∇ϕ) +O
(
∥χ∥W 2,∞(|∇ϕ|+ |ϕ|)

)
. (6.13)

6.2 Bounds for the LP Projections

In this section, we follow [KR06] to define the LP projections using the heat flow. We then prove

a series of additional bounds for the LP projections that are needed in our analysis.

The classMop of smooth symbols defined in [KR06] consists of smooth functionsm : [0,∞) →

R, which decay at infinity and satisfy the vanishing moments property:∫ ∞

0
zk1∂k2z m(z)dz = 0, |k1|+ |k2| ≤ K,

for large enough order K > 0. We set mk(z) = 22km(22kz) for any k ∈ Z.

Each symbol m ∈ Mop gives rise to an LP projection operator. For any tensor field F on

Sτ , we define the LP projections corresponding to the symbol m for k ∈ Z:

PkF =

∫ ∞

0
mk(z)U(z)Fdz.

We refer the reader to Theorem 5.5 in [KR06] for the fundamental properties of these operators,

similar to the standard LP projections. We use the following estimates for the LP projections of

[KR06]:

Proposition ([KR06, Theorem 5.5, Remark 5.6]). For an arbitrary LP projection, and any

smooth tensor F we have:

1. Bessel inequality. ∑
k∈Z

∥∥PkF
∥∥2
L2 ≲

∥∥F∥∥2
L2 .
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2. Finite band property.∥∥∇PkF
∥∥
L2 ≲ 2k

∥∥F∥∥
L2 ,

∥∥PkF
∥∥
L2 ≲ 2−k

∥∥∇F∥∥
L2 ,∥∥∆PkF

∥∥
L2 ≲ 22k

∥∥F∥∥
L2 ,

∥∥PkF
∥∥
L2 ≲ 2−2k

∥∥∆F∥∥
L2 .

3. L2-almost orthogonality. For any two families of LP projections Pk, P̃k with symbols m, m̃ ∈

Mop we have: ∥∥PkP̃k′F
∥∥
L2 ≲ 2−4|k−k′| ·

∥∥F∥∥
L2 .

Our main use of the geometric LP projections is to define fractional Sobolev spaces Ha

for a ≥ 0. These are defined in [KR06, Definition 7.9] using fractional powers of the operator

I −∆. We can give an equivalent characterization of the fractional Sobolev norms according to

the following result of [KR06]:

Proposition ([KR06, Corollary 7.12]). For an arbitrary LP projection, a ≥ 0 and any smooth

tensor F, we have: ∑
k≥0

22ak
∥∥PkF

∥∥2
L2 ≲

∥∥F∥∥2
Ha .

Moreover, if
∑

k P
2
k = I, then:∥∥F∥∥2

Ha ≲
∑
k≥0

22ak
∥∥PkF

∥∥2
L2 +

∥∥F∥∥2
L2 .

We use this result to give an equivalent definition of fractional Sobolev spaces:

Definition 6.1. Let Pk be a family of projections with
∑

k P
2
k = I. We write any a ≥ 0 as

a = [a] + {a}, with {a} ∈ [0, 1). For any smooth tensor F we define its Sobolev norm of order a

as: ∥∥F∥∥2
Ha :=

∥∥F∥∥2
H[a] +

∥∥∇[a]F
∥∥2
H{a} ,

where we define the H [a] and H{a} Sobolev norms by:

∥∥F∥∥2
H[a] :=

[a]∑
i=0

∥∥∇iF
∥∥2
L2 ,

∥∥F∥∥2
H{a} :=

∑
k≥0

22{a}k
∥∥PkF

∥∥2
L2 +

∥∥F∥∥2
L2 .

Following the ideas of [KR06], we prove additional commutation bounds. As before, we

highlight the importance of proving estimates for the commutation with e4, which allow us to
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control the change of the projection operators in terms of the time τ. Moreover, we notice that

the following bounds rely on our previous estimates for the heat flow in Lemma 6.1.

Lemma 6.3. The LP projection operators satisfy the following bounds for k ≥ 0:

[∇t, Pk] =
t

22k−1
[∇4, Pk], where t = 2kτ (6.14)

∥∥[∇m, Pk]F
∥∥
L2 ≲ 2−kC

(
∥ /Riem∥Hm−1

)
·
∥∥F∥∥

Hm−1 (6.15)∥∥∇[∇m, Pk]F
∥∥
L2 ≲ 2−kC

(
∥ /Riem∥Hm

)
·
∥∥F∥∥

Hm (6.16)∥∥[∇4, Pk]F
∥∥
L2 ≲

∥∥F∥∥
L2 (6.17)∥∥∇[∇4, Pk]F

∥∥
L2 ≲

∥∥F∥∥
H1 (6.18)∥∥[Pk, G]F

∥∥
L2 ≲ 2−k

∥∥G∥∥
W 2,∞

∥∥F∥∥
L2 (6.19)∥∥∇[Pk, G]F

∥∥
L2 ≲

∥∥G∥∥
W 2,∞

∥∥F∥∥
L2 . (6.20)

Proof. The first formula follows since ∇t = 2−k∇τ = 2−k+1τ∇4 = 2−2k+1t∇4. In order to prove

(6.15), we notice that using the bound in (6.5) we have that:∥∥[∇m, Pk]F
∥∥
L2 ≤

∫ ∞

0
|mk| ·

∥∥[∇m, U(z)]F
∥∥
L2dz ≲ 2−kC

(
∥ /Riem∥Hm−1

)
·
∥∥F∥∥

Hm−1 .

Similarly, we also have that:∥∥∇[∇m, Pk]F
∥∥
L2 ≤

∫ ∞

0
|mk| ·

∥∥∇[∇m, U(z)]F
∥∥
L2dz ≲ 2−kC

(
∥ /Riem∥Hm

)
·
∥∥F∥∥

Hm .

Next, we have that:∥∥[∇4, Pk]F
∥∥
L2 ≤

∫ ∞

0
|mk| ·

∥∥[∇4, U(z)]F
∥∥
L2dz ≤

∥∥F∥∥
L2 .

Similarly, we also have that:∥∥∇[∇4, Pk]F
∥∥
L2 ≤

∫ ∞

0
|mk| ·

∥∥∇[∇4, U(z)]F
∥∥
L2dz ≤

∥∥F∥∥
H1 .

The proofs of (6.19) and (6.20) follow from (6.7) and (6.8).

One disadvantage of the estimates (6.17)-(6.18) is that the right hand side cannot be summed

in k, whereas the left hand side can be summed because of the presence of the Pk operator. We

address this by proving a refined version of these estimates, which contains a different projection

operator on the right hand side. The presence of different projection operators poses additional
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difficulties in the analysis of the model systems. We notice that this issue is a consequence of the

nontrivial time dependence of the metrics /g.

We define the symbol m̃ ∈ Mop given by m̃(z) = zm(z), and we denote by P̃k the associated

projection operator. Moreover, we also introduce the projection operator P̃ k which satisfies

P̃
2

k = P̃k.

Lemma 6.4. We have the following estimates for k ≥ 0:

[∇4, Pk]F = 2−2kχ∇2P̃kF +O
(
2−k

∥∥F∥∥
L2

)
(6.21)∥∥[∇4, Pk]F

∥∥
L2 ≲

∥∥P̃ kF
∥∥
L2 + 2−k

∥∥F∥∥
L2 (6.22)

∇[∇4, Pk]F = 2−2kχ∇2P̃k∇F +O
(
2−k

∥∥F∥∥
H1

)
(6.23)∥∥∇[∇4, Pk]F

∥∥
L2 ≲

∥∥P̃ k∇F
∥∥
L2 + 2−k

∥∥F∥∥
H1 . (6.24)

Proof. In order to prove (6.21), we compute the following:

[∇4, Pk]F =

∫ ∞

0
mk(z)[∇4, U(z)]Fdz =

∫ ∞

0
mk(z)

∫ z

0
U(z − z′)[∇4,∆]U(z′)Fdz′dz

=

∫ ∞

0
mk(z)

∫ z

0
U(z − z′)∇

(
χ∇U(z′)F

)
+

+

∫ ∞

0
mk(z)

∫ z

0
U(z − z′)

(
[∇4,∆]U(z′)F −∇

(
χ∇U(z′)F

))
.

We can bound the second term in L2 by:∫ ∞

0
|mk(z)|

∫ z

0

∥∥U(z′)F
∥∥
H1dz

′dz ≲
∥∥F∥∥

L2

∫ ∞

0
|mk(z)|

∫ z

0
(z′)−1/2dz′dz ≲ 2−k

∥∥F∥∥
L2 .

Next, we write the first term as:∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)

(
χ∇U(z′)F

)
+

∫ ∞

0
mk(z)

∫ z

0
[U(z − z′),∇]

(
χ∇U(z′)F

)
. (6.25)

The second term in (6.25) can be bounded in L2 by:∫ ∞

0
|mk(z)|

∫ z

0
(z − z′)1/2

∥∥χ∇U(z′)F
∥∥
L2dz

′dz

≲
∥∥F∥∥

L2

∫ ∞

0
|mk(z)|

∫ z

0
(z − z′)1/2(z′)−1/2dz′dz ≲ 2−k

∥∥F∥∥
L2 .

We write the first term in (6.25) as:∫ ∞

0
mk(z)

∫ z

0
∇
(
χ · U(z − z′)∇U(z′)F

)
+

∫ ∞

0
mk(z)

∫ z

0
∇[U(z − z′), χ]

(
∇U(z′)F

)
.
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The latter term in the above is bounded in L2 by:∫ ∞

0
|mk(z)|

∫ z

0

∥∥∇U(z′)F
∥∥
L2dz

′dz ≲
∥∥F∥∥

L2

∫ ∞

0
|mk(z)|

∫ z

0
(z′)−1/2dz′dz ≲ 2−k

∥∥F∥∥
L2 .

As a result, we proved that:

[∇4, Pk]F = χ ·
∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)∇U(z′)Fdz′dz +O

(
2−k

∥∥F∥∥
L2

)
= χ · ∇2

∫ ∞

0
zmk(z)U(z)Fdz + χ ·

∫ ∞

0
mk(z)

∫ z

0
∇[U(z − z′),∇]U(z′)Fdz′dz +O

(
2−k

∥∥F∥∥
L2

)
= 2−2kχ · ∇2

∫ ∞

0
m̃k(z)U(z)Fdz +O

(
2−k

∥∥F∥∥
L2

)
= 2−2kχ∇2P̃kF +O

(
2−k

∥∥F∥∥
L2

)
.

The proof of (6.22) follows from (6.21), since P̃
2

k = P̃k.

We now prove (6.23). We notice that using (6.13) we can write:

∇[∇4, Pk]F =

∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)[∇4,∆]U(z′)Fdz′dz

=

∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)

(
χ∇2U(z′)F

)
+

+

∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)

(
[∇4,∆]U(z′)F − χ∇2U(z′)F

)
.

The second term can be bounded in L2 by:∫ ∞

0
|mk(z)|

∫ z

0
(z − z′)−1/2

∥∥U(z′)F
∥∥
H1dz

′dz ≲ 2−k
∥∥F∥∥

H1 .

The first term in the above expression can be written as:

χ

∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)∇2U(z′)Fdz′dz +∇χ ·

∫ ∞

0
mk(z)

∫ z

0
U(z − z′)∇2U(z′)Fdz′dz+

+

∫ ∞

0
mk(z)

∫ z

0
∇[U(z − z′), χ]∇2U(z′)Fdz′dz.

To complete the proof of (6.23), we need to write this expression as 2−2kχ∇2P̃k∇F +

O
(
2−k∥F∥H1

)
. Indeed, we can bound the last two terms in L2 by:∫ ∞

0
|mk(z)|

∫ z

0

∥∥∇2U(z′)F
∥∥
L2dz

′dz ≲

≲
∫ ∞

0
|mk(z)|

∫ z

0

∥∥∇[∇, U(z′)]F
∥∥
L2 +

∫ ∞

0
|mk(z)|

∫ z

0

∥∥∇U(z′)∇F
∥∥
L2

≲ 2−2k
∥∥F∥∥

L2 + 2−k
∥∥∇F∥∥

L2 .
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Finally, the leading term can be written as:

χ

∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)∇U(z′)∇F + χ

∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)∇[∇, U(z′)]F =

= χ

∫ ∞

0
mk(z)

∫ z

0
∇U(z − z′)∇U(z′)∇F +O

(
2−k

∥∥F∥∥
L2

)
= 2−2kχ∇2P̃k∇F +O

(
2−k

∥∥F∥∥
H1

)
,

where in the last step we used the same argument as in the proof of (6.21). This completes the

proof of (6.23). Moreover, the proof of (6.24) follows from (6.23) as before.

We also prove estimates where we trade 1/2 derivatives on F for 2k/2 growth, which simplify

certain error terms in the analysis of the top order singular component of the first model system

in the low frequency regime:

Lemma 6.5. We have the following estimates for k ≥ 0:∥∥[∇4, Pk]∇F
∥∥
L2 ≲ 2k/2

∥∥F∥∥
H1/2 (6.26)

∥∥∇[∇4, Pk]F
∥∥
L2 ≲ 2k/2

∥∥F∥∥
H1/2 . (6.27)

Proof. In the previous proof we obtained the identity:

[∇4, Pk]∇F =

∫ ∞

0
mk(z)

∫ z

0
U(z − z′)∇

(
χ∇U(z′)∇F

)
+

+

∫ ∞

0
mk(z)

∫ z

0
U(z − z′)

(
[∇4,∆]U(z′)∇F −∇

(
χ∇U(z′)∇F

))
.

As a result, we get from Lemma 6.1:∥∥[∇4, Pk]∇F
∥∥
L2 ≲

∥∥F∥∥
L2 +

∫ ∞

0
|mk(z)|

∫ z

0

(
(z − z′)−1/2 + 1

)∥∥∇U(z′)∇F
∥∥
L2dz

′dz

≲
∥∥F∥∥

L2 +

∫ ∞

0
|mk(z)|

∫ z

0

(
(z − z′)−1/2 + 1

)
(z′)−3/4

∥∥F∥∥
H1/2dz

′dz

≲
∥∥F∥∥

H1/2

(
1 +

∫ ∞

0
|mk(z)|z−1/4dz

)
.

A similar proof also gives:∥∥∇[∇4, Pk]F
∥∥
L2 ≲

∥∥F∥∥
L2 +

∫ ∞

0
|mk(z)|

∫ z

0
(z − z′)−1/2

∥∥∇2U(z′)F
∥∥
L2dz

′dz ≲ 2k/2
∥∥F∥∥

H1/2 .
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Convention. For the remainder of the thesis, we fix the projection operator Pk to satisfy∑
k P

2
k = I. We notice that all the estimates established above in this section are valid for any

LP projections with symbols in Mop.

In order to control a top order bulk term with bad sign in the high frequency estimate for the

second model system, we need a refined Poincaré inequality for LP projections. The key aspect

of this result is that the projection operators on the right hand side have the same symbol as the

one on the left hand side. Moreover, all the frequencies higher than k are contained in the last

term, which is lower order.

Lemma 6.6. For any k ≥ 0, and δ > 0, we have the inequality:∥∥PkF
∥∥2
L2 ≲

1

δ
2−2k

∥∥∇PkF
∥∥2
L2 + δ

∑
0≤l<k

2−9k+7l
∥∥∇PlF

∥∥2
L2 + δ−12−4k

∥∥F∥∥2
L2 . (6.28)

Proof. Let Ṗ be the projection operator with symbol given by ṁ(z) = −
∫∞
z m(z′)dz′. According

to the proof of [KR06, Theorem 5.5 (v)] we have that 22kPkF = ∆ṖkF. This implies the Poincaré

inequality: ∥∥PkF
∥∥
L2 ≲

√
δ2−k

∥∥∇ṖkF
∥∥
L2 +

1√
δ
2−k

∥∥∇PkF
∥∥
L2 .

Also, for all l ≥ k ≥ 0 we have the following estimate, according to the proof of [KR06, Theorem 5.5

(ii)]: ∥∥PlṖkF
∥∥
L2 ≲ 2−2(l−k)

∥∥PkF
∥∥
L2 . (6.29)

We use these two bounds, together with the other usual bounds for LP projections, to get:∥∥PkF
∥∥
L2 ≲

√
δ2−k

∥∥∇ṖkF
∥∥
L2 +

1√
δ
2−k

∥∥∇PkF
∥∥
L2

≲
√
δ2−k

∥∥Ṗk∇F
∥∥
L2 +

1√
δ
2−2k

∥∥F∥∥
L2 +

1√
δ
2−k

∥∥∇PkF
∥∥
L2

≲
√
δ
∑
l∈Z

2−k
∥∥P 2

l Ṗk∇F
∥∥
L2 +

1√
δ
2−2k

∥∥F∥∥
L2 +

1√
δ
2−k

∥∥∇PkF
∥∥
L2 .

For the first term on the RHS we have by the L2-almost orthogonality, (6.29), and (6.15):∑
l∈Z

2−k
∥∥P 2

l Ṗk∇F
∥∥
L2 ≲

≲
∑

0≤l<k

2−k−4|k−l|∥∥Pl∇F
∥∥
L2 + 2−k

∥∥Pk∇F
∥∥
L2 +

∑
l>k

2−k−2(l−k)
∥∥Pk∇F

∥∥
L2
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≲ 2−k
∥∥∇PkF

∥∥
L2+2−2k

∥∥F∥∥
L2 +

∑
0≤l<k

2−k−4|k−l|∥∥Pl∇F
∥∥
L2 .

As a result, we obtain that:∥∥PkF
∥∥
L2 ≲

1√
δ
2−k

∥∥∇PkF
∥∥
L2 +

√
δ

∑
0≤l<k

2−|k−l|/2 · 2−k−7|k−l|/2∥∥Pl∇F
∥∥
L2 +

1√
δ
2−2k

∥∥F∥∥
L2 .

We square this inequality and use Cauchy-Schwarz in order to conclude.

We introduce the (log∇) operator, essential for the renormalization of h to h. We define for

any smooth tensor F on S0 and k ≥ 0:

(log∇)F =
∑
l≥0

P 2
l F · log 2l.

We prove the following bound on the (log∇) operator, used in lower order estimates:

Lemma 6.7. Set2 η = 1/10. For any smooth horizontal tensor F, and any s ≥ 0, we have the

estimate: ∥∥(log∇)F
∥∥
Hs ≲

∥∥F∥∥
Hs+η .

Proof. We first notice that we have the inequality:∥∥(log∇)F
∥∥2
L2 ≲

(∑
k≥0

∥∥P 2
kF · log 2k

∥∥
L2

)2

≲

(∑
k≥0

2kη/2
∥∥PkF

∥∥
L2

)2

≲
∑
k≥0

22kη
∥∥PkF

∥∥2
L2 ≲

∥∥F∥∥
Hη .

Using this, we can also bound the following:∥∥(log∇)F
∥∥2
Hs ≲

∥∥(log∇)F
∥∥2
L2 +

∑
l≥0

22sl
∥∥Pl(log∇)F

∥∥2
L2

≲
∥∥(log∇)F

∥∥2
L2 +

∑
l≥0

22sl
∥∥(log∇)PlF

∥∥2
L2 ≲

∥∥F∥∥
Hη +

∑
l,k≥0

22sl22ηk
∥∥PkPlF

∥∥2
L2

≲
∥∥F∥∥

Hη +
∑
k≥0

k∑
l=0

22(s+η)k
∥∥PlPkF

∥∥2
L2 +

∑
l≥0

l∑
k=0

22(s+η)l
∥∥PkPlF

∥∥2
L2

≲
∥∥F∥∥

Hη +
∑
k≥0

22(s+η)k
∥∥PkF

∥∥2
L2 ≲

∥∥F∥∥
Hs+η .

2This result holds for any η > 0, with implicit constant depending on η. For our purposes it suffices to fix
η = 1/10.
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Next, we define the following operator for k ≥ 0:

RkF = 2Pk(log∇)F − 2 log 2k · PkF = 2
∑
l≥0

log 2 · (l − k) · PkP
2
l F − 2

∑
l<0

log 2k · PkP
2
l F. (6.30)

The operator Rk appears as a commutation error term when projecting the expansion at {τ = 0}

of the singular component of Φ0 in the analysis of the first model system.

We consider the projection operator P k which satisfies P 2
k = Pk. We have the estimates for

Rk :

Lemma 6.8. Let F be any smooth tensor on S0. We extend RkF to (0, 1]×Sn to be independent

of τ. We also denote t = 2kτ. Then, for any k ≥ 0 we have:∥∥∆/gτ
RkF

∥∥
L2(Sτ )

≲ 2k
∥∥P kF

∥∥
H1(S0)

(6.31)∥∥∇RkF
∥∥
L2(Sτ )

≲
∥∥P kF

∥∥
H1(S0)

(6.32)

2k
∥∥RkF

∥∥
L2(Sτ )

≲
∥∥P kF

∥∥
H1(S0)

(6.33)∥∥∇tRkF
∥∥
L2(Sτ )

≲ 2−3kt
∥∥P kF

∥∥
H1(S0)

(6.34)∥∥∇∇tRkF
∥∥
L2(Sτ )

≲ 2−2kt
∥∥P kF

∥∥
H1(S0)

. (6.35)

Proof. For the purpose of this proof we denote by ∆/gτ
and ∆/g0

the Laplace-Beltrami operators

on
(
Sτ , /gτ

)
and

(
S0, /g0

)
. Because of (5.15), we can express the LHS of (6.31) using derivatives at

{τ = 0}:

2−k
∥∥∆/gτ

RkF
∥∥
L2(Sτ )

≲ 2−k
∥∥RkF

∥∥
H2(Sτ )

≲ 2−k
∥∥RkF

∥∥
H2(S0)

≲ 2−k
∥∥∆/g0

RkF
∥∥
L2(S0)

+ 2−k
∥∥RkF

∥∥
H1(S0)

.

Using (5.15) and the finite band property of [KR06] we have:

2k
∥∥RkF

∥∥
L2(Sτ )

≲ 2k
∥∥RkF

∥∥
L2(S0)

≲
∑
l≥0

2k|l − k| ·
∥∥P kPlPlP kF

∥∥
L2(S0)

+
∑
l<0

k2k ·
∥∥P kPlPlP kF

∥∥
L2(S0)

≲

≲
∑
l≥0

2k−l|l − k|
22|l−k| ·

∥∥∇P kF
∥∥
L2(S0)

+
∑
l<0

k2−k+2l ·
∥∥P kF

∥∥
L2(S0)

≲
∥∥P kF

∥∥
H1(S0)

,

2−k
∥∥∆/g0

RkF
∥∥
L2(S0)

≲
∑
l≥0

2−k|l − k| ·
∥∥P kPl∆/g0

PlP kF
∥∥
L2(S0)

+
∑
l<0

k2−k ·
∥∥P kPl∆/g0

PlP kF
∥∥
L2
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≲
∑
l≥0

2l−k|l − k|
22|l−k| ·

∥∥∇P kF
∥∥
L2(S0)

+
∑
l<0

k2−3k+l ·
∥∥∇P kF

∥∥
L2(S0)

≲
∥∥P kF

∥∥
H1(S0)

.

Combining these two estimates (again using (5.15) as well), we also have that:∥∥∇RkF
∥∥
L2(Sτ )

≲
∥∥RkF

∥∥
H1(S0)

≲
∥∥P kF

∥∥
H1(S0)

.

So far we proved (6.31), (6.32), and (6.33). In order to prove (6.34) and (6.35), we recall formula

(5.12). Using this and the fact that RkF is independent of τ, we get:∥∥∇tRkF
∥∥
L2(Sτ )

≲
∥∥(∇t − Lt)RkF

∥∥
L2(Sτ )

≲
t

22k
∥∥RkF

∥∥
L2(Sτ )

≲
t

23k
∥∥P kF

∥∥
H1(S0)

.

Finally, again using that RkF is independent of τ, we have:∥∥∇∇tRkF
∥∥
L2(Sτ )

≲
∥∥∇(∇t − Lt)RkF

∥∥
L2(Sτ )

≲
t

22k
∥∥RkF

∥∥
H1(Sτ )

≲
t

22k
∥∥P kF

∥∥
H1(S0)

.

Finally, we prove the following result which implies that it is equivalent whether we project

the expansions at τ = 0 with respect to /g0 = /g(0) or /gτ = /g(τ).

Lemma 6.9. We consider F to be a smooth tensor on S0, extended to be independent of τ.

Denote by (/g0)Pk the projection with respect to
(
Sn
0 , /g0

)
and by (/gτ )Pk the projection with respect

to
(
Sn
τ , /gτ

)
. Then we have the estimate for any s ≥ 0, k ≥ 0:∥∥( (/g0)Pk − (/gτ )Pk

)
F
∥∥
Hs ≲s τ

2
∥∥F∥∥

Hs+2 . (6.36)

Proof. The bound follows using Duhamel’s formula as in [KR05]:∥∥( (/g0)Pk − (/gτ )Pk

)
F
∥∥
Hs ≲

∫ ∞

0
|mk| ·

∥∥ (/g0)U(z)F − (/gτ )U(z)F
∥∥
Hsdz

≲
∫ ∞

0
|mk|

∫ z

0

∥∥∥ (/g0)U(z − z′)
(
∆/gτ

−∆/g0

)
(/gτ )U(z′)F

∥∥∥
Hs
dz′dz

≲s

∫ ∞

0
|mk|

∫ z

0
τ2
∥∥ (/gτ )U(z′)F

∥∥
Hs+2dz

′dz,

where we also used the expansion of /gτ at τ = 0. The last term is bounded by τ2
∥∥F∥∥

Hs+2 .

7 Estimates for the First Model System

One of the central parts of our argument is proving estimates for the first model system (5.13),

in terms of the asymptotic data at {τ = 0}. This system includes the commuted Bianchi system
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(5.11), where Φ0 and Φi correspond to the commuted curvature components ∇
n−4
2

4 α and ∇
n−4
2

4 ΨG.

The analysis of the first model system (5.13) implies estimates on the solution
(
M, g

)
at finite

self-similar times in terms of the data at {v = 0}.

In the present section, we prove in Theorem 7.1 the main estimates for the system (5.13).

This section is based on [Cic24, Section 7] and [Cic26, Section 3]. We encourage the reader to

return to Section 1.3.3 of the introduction for an outline of the proof.

Theorem 7.1. Let M > N be large enough. We assume that Φ0, . . . ,ΦI satisfy the first model

system on the hypersurface {u = −1} × {τ ∈ (0, 1)} × Sn of the spacetime
(
M, g

)
obtained in

Theorem 3.1.

For all τ ∈ (0, 1], we define the energy of the solution on Sτ to be:

EI(τ) =τ2
∥∥∇τ∇MΦ0

∥∥2
H1/2(Sτ )

+ τ2
∥∥∇MΦ0

∥∥2
H3/2(Sτ )

+

+

I∑
i=1

(
τ
∥∥∇τ∇MΦi

∥∥2
H1/2(Sτ )

+ τ
∥∥∇M+1Φi

∥∥2
H1/2(Sτ )

+
∥∥Φi

∥∥2
HM+1(Sτ )

)
.

We define the asymptotic data norm and the inhomogeneous norm as:

DI =
∥∥O∥∥2

HM+1(Sn)
+
∥∥h∥∥2

HM+1(Sn)
+

I∑
i=1

∥∥Φ0
i

∥∥2
HM+1(Sn)

,

FI(τ) =

M∑
m=0

I∑
i=0

∫ τ

0

∥∥F i
m

∥∥2
L2(Sτ ′ )

dτ ′ +

I∑
i=0

∫ τ

0
τ ′
∥∥F i

M

∥∥2
H1/2(Sτ ′ )

dτ ′.

The solution of the first model system satisfies the estimates for τ ∈ (0, 1] and a constant CI > 0:

EI(τ) ≤ CIDI + CIFI(τ), (7.1)

∥∥Φ0

∥∥2
HM+1(Sτ )

≤ CIDI + CIFI(τ) + CI | log τ |2
∥∥O∥∥2

HM+1(Sn)
, (7.2)

where the constant CI depends onM > N , the bounds on
∥∥ /Riem(/g0)

∥∥
HM , and the bounds satisfied

by the background
(
M, g

)
according to Theorem 3.1.

In order to prove this result, we follow a similar strategy to [Cic23] and we decompose Φ0

into its singular and regular components. We have for each m ≤M :

∇mΦ0 =
(
∇mΦ0

)
Y
+
(
∇mΦ0

)
J
, (7.3)
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where we define the singular component
(
∇mΦ0

)
Y

to be the horizontal tensor that solves the

linear equation:

∇τ

(
∇τ

(
∇mΦ0

)
Y

)
+

1

τ
∇τ

(
∇mΦ0

)
Y
− 4∆

(
∇mΦ0

)
Y
= ψ∇

(
∇mΦ0

)
Y

(7.4)

(
∇mΦ0

)
Y
(τ) = 2∇mO log(τ) + 2(log∇)∇mO +O

(
τ2| log(τ)|2

)
,

∇τ

(
∇mΦ0

)
Y
(τ) =

2∇mO
τ

+O
(
τ | log(τ)|2

)
,

and we also define as above (log∇)∇mO =
∑

k≥0 P
2
k∇mO · log 2k, hm = ∇mh − 2(log∇)∇mO.

We define the regular component of ∇mΦ0 by
(
∇mΦ0

)
J
= ∇mΦ0 −

(
∇mΦ0

)
Y
. This satisfies the

equations:

∇τ

(
∇τ

(
∇mΦ0

)
J

)
+

1

τ
∇τ

(
∇mΦ0

)
J
− 4∆

(
∇mΦ0

)
J
= ψ∇

(
∇mΦ0

)
J
+

I∑
j=1

ψ∇∇mΦj + F 0
m (7.5)

(
∇mΦ0

)
J
(τ) = hm +O

(
τ2| log(τ)|2

)
, ∇τ

(
∇mΦ0

)
J
(τ) = O

(
τ | log(τ)|2

)
in C∞(Sn). (7.6)

The notation for the regular and singular components is based on the similarities to the first and

second Bessel functions J0, Y0, as in the case of [Cic23].

Since the singular component of Φ0 decouples from the rest of the system, an essential step

in our argument consists of establishing the following top order estimates:

Theorem 7.2. For any M > 0 large enough, the singular component satisfies the estimates for

all τ ∈ (0, 1]:

τ2
∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
H1/2 + τ2

∥∥∇(
∇MΦ0

)
Y

∥∥2
H1/2 ≲

∥∥O∥∥2
HM+1 , (7.7)

M∑
m=0

∥∥(∇mΦ0

)
Y

∥∥2
H1 ≲

(
1 + | log τ |2

)∥∥O∥∥2
HM+1 . (7.8)

We outline the structure of the rest of the section. In Section 7.1 we prove in Proposition 7.1

a general result for the existence of solutions of (7.9) with asymptotic data at I−, which in

particular implies the decomposition (7.3). In Section 7.2 we prove lower order estimates. We

prove in Section 7.2.1 in Propositions 7.2 and 7.3 the lower order estimates (1.39) and (1.40).

We also prove estimates for the commutator term C =
(
∇MΦ0

)
Y
− ∇

(
∇M−1Φ0

)
Y

and H1/2

estimates for ∇(∇M−1Φ0)Y and ∇τ (∇M−1Φ0)Y in Section 7.2.2. The goal of Section 7.3 is to

prove Theorem 7.2 for the singular component. At top order, we consider each Pk projection

of the solution, and we treat separately the low frequency regime in Section 7.3.1 and the high
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frequency regime in Section 7.3.2. In Section 7.3.3 we combine the low frequency regime and the

high frequency regime estimates to prove Theorem 7.2. In Section 7.4 we prove the top order

estimates for the regular quantities. We prove the low frequency regime estimates for the regular

quantities in Section 7.4.1, and the corresponding high frequency regime estimates in Section 7.4.2.

Finally, we combine the estimates in Section 7.4.3 to complete the proof of Theorem 7.1.

7.1 Construction of the Singular Component

In this section, we prove an existence and uniqueness result for solutions of (7.9) with asymptotic

data at I−. In particular, this implies the existence and uniqueness of the singular component

defined by (7.4).

We first remark that we frequently use ∇τ as a multiplier to obtain energy estimates. The

following lemma implies that the additional terms resulting from differentiating the volume form

or the metric can be controlled using Grönwall for τ ∈ (0, 1]. We point out that we usually bound

these terms implicitly.

Lemma 7.1. For any smooth horizontal tensor F defined on M, we have:

1

2

d

dτ

∥∥F∥∥2
L2(Sτ )

=

∫
Sτ

F · ∇τFdV ol/g +O
(
τ
∥∥F∥∥2

L2(Sτ )

)
.

Proof. We denote v =
√
τ , and compute that ∂τ = 2τ∂v and e4 = ∂v. Since χ = Le4/g, we use the

standard formula for d
dv

∫
Sn |F |2(v)dV ol/g and the bounds on the background in (5.16) to get:

1

2

d

dτ

∫
Sτ

|F |2 = 1

2

∫
Sτ

∇τ |F |2 +
∫
Sτ

τtrχ|F |2 =
∫
Sτ

F · ∇τF +O
(
τ
∥∥F∥∥2

L2(Sτ )

)
.

The following result implies that we can decompose the solution ∇mΦ0 into its regular and

singular components, for each m ≤M.

Proposition 7.1. For any Φ0,Φ1 ∈ C∞(Sn) smooth tensors, there exists a unique solution on

M of:

∇τ

(
∇τΦ

)
+

1

τ
∇τΦ− 4∆Φ = ψ∇Φ, (7.9)

satisfying the following asymptotic expansion as τ → 0 :

Φ(τ) = Φ0 log(τ) + Φ1 +O
(
τ2| log(τ)|2

)
, ∇τΦ(τ) =

Φ0

τ
+O

(
τ | log(τ)|2

)
in C∞(Sn).
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Proof. It suffices to prove that for any K > 0 there exists a unique solution of (7.9) such that

the above expansions hold in HK(Sn). We introduce the quantity Φ̃ = Φ−Φ0 log(τ)−Φ1, which

satisfies the equation:

∇τ

(
∇τ Φ̃

)
+

1

τ
∇τ Φ̃− 4∆Φ̃ = ψ∇Φ̃ + F1(Φ

0,Φ1) · log(τ) + F2(Φ
0,Φ1). (7.10)

where F1 and F2 are bounded functions of Φ0,Φ1, and their angular derivatives. To obtain this

equation we use the fact that Φ0 and Φ1 are Lie transported in time, so by (5.12) we have

∇τΦ
0 = τχ · Φ0 and ∇τΦ

1 = τχ · Φ1. For any k ≥ 0 we obtain the commuted equation:

∇τ

(
∇k∇τ Φ̃

)
+

1

τ
∇k∇τ Φ̃− 4∆∇kΦ̃ = ψ∇∇kΦ̃ + F k

1 (Φ
0,Φ1) · log(τ) + F k

2 (Φ
0,Φ1) + F k

3 (Φ̃),

where we denote the error terms:

F k
1 (Φ

0,Φ1) = ∇k
(
F1(Φ

0,Φ1)
)
, F k

2 (Φ
0,Φ1) = ∇k

(
F2(Φ

0,Φ1)
)
,

F k
3 (Φ̃) = [∇τ ,∇k]∇τ Φ̃− 4[∆,∇k]Φ̃− [ψ∇,∇k]Φ̃.

We remark that using the smoothness of Φ0,Φ1, and the background metric /g, we obtain that:

F k
1 (Φ

0,Φ1) · log(τ) + F k
2 (Φ

0,Φ1) = Ok

(
1 + | log τ |

)
.

We define Φ̃ϵ to be the solution to (7.10) on [ϵ, 1]×Sn with initial data Φ̃ϵ|τ=ϵ = ∇τ Φ̃ϵ|τ=ϵ = 0.

Contracting the commuted equation for Φ̃ϵ with∇k∇τ Φ̃ϵ, we obtain the standard energy estimate:∥∥∇k∇τ Φ̃ϵ

∥∥2
L2 +

∥∥∇∇kΦ̃ϵ

∥∥2
L2 ≲k

∫ τ

ϵ

∥∥∇k∇τ Φ̃ϵ

∥∥
L2

∥∥∇∇kΦ̃ϵ

∥∥
L2+∫ τ

ϵ

∥∥∇∇kΦ̃ϵ

∥∥
L2

∥∥[∇k+1,∇τ ]Φ̃ϵ

∥∥
L2 +

∫ τ

ϵ
| log(τ ′)| ·

∥∥∇k∇τ Φ̃ϵ

∥∥
L2

∥∥F k
1 (Φ0,Φ1)

∥∥
L2

+

∫ τ

ϵ

∥∥∇k∇τ Φ̃ϵ

∥∥
L2

∥∥F k
2 (Φ0,Φ1)

∥∥
L2 +

∫ τ

ϵ

∥∥∇k∇τ Φ̃ϵ

∥∥
L2

∥∥F k
3 (Φ̃ϵ)

∥∥
L2 .

We notice that in the above estimate we dropped the bulk term with a favorable sign. Also, it

is essential that Φ̃ϵ vanishes to sufficiently high order at τ = 0 in order to not have any initial

data contribution. Moreover, due to Lemma 7.1, we also have the terms
∫ τ
ϵ τ

′∥∇∇kΦ̃ϵ∥2L2 and∫ τ
ϵ τ

′∥∇k∇τ Φ̃ϵ∥2L2 on the RHS, but these can be bounded using Grönwall.

Using the higher order version of the commutation formula (6.12), the smoothness of the

background metric /g, and the Grönwall inequality, we obtain the estimate:∥∥∇k∇τ Φ̃ϵ

∥∥2
L2 +

∥∥∇∇kΦ̃ϵ

∥∥2
L2 ≲k
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≲k

∫ τ

ϵ

∥∥Φ̃ϵ

∥∥2
Hk+1dτ

′ +

∫ τ

ϵ

∥∥∇τ Φ̃ϵ

∥∥2
Hkdτ

′ +

∫ τ

ϵ

∥∥∇τ Φ̃ϵ

∥∥
Hk ·

(
1 + | log τ ′|

)
dτ ′.

where the implicit constant depends on k ≥ 0. On the other hand, using Lemma 7.1, Grönwall,

and the commutation formulas, we also have:∥∥Φ̃ϵ

∥∥2
Hk ≲k

∫ τ

ϵ

∥∥Φ̃ϵ

∥∥2
Hkdτ

′ +

∫ τ

ϵ

∥∥∇τ Φ̃ϵ

∥∥2
Hkdτ

′.

We use our previous two estimates and Grönwall to obtain that for any τ ∈ [ϵ, 1]:∥∥∇τ Φ̃ϵ

∥∥2
Hk +

∥∥Φ̃ϵ

∥∥2
Hk+1 ≲k

∫ τ

ϵ

∥∥∇τ Φ̃ϵ

∥∥
Hk ·

(
1 + | log τ ′|

)
dτ ′.

By taking the supremum on [ϵ, τ ] in the above inequality for each τ ∈ [ϵ, 1], we obtain that:∥∥∇τ Φ̃ϵ

∥∥
Hk = Ok

(
τ(1 + | log τ |)

)
.

We use this and a similar argument for
∥∥Φ̃ϵ

∥∥
Hk to obtain the bound:∥∥Φ̃ϵ

∥∥
Hk = Ok

(
τ2(1 + | log τ |)2

)
.

Using the Banach-Alaoglu theorem and compactness, we obtain that for K ≪ k there exists Φ̃ a

solution of (7.10) on M such that:∥∥∇τ Φ̃
∥∥
HK = OK

(
τ(1 + | log τ |)2

)
,
∥∥Φ̃∥∥

HK = OK

(
τ2(1 + | log τ |)2

)
.

As a result, we obtain that Φ = Φ̃ + Φ0 log(τ) + Φ1 is a solution of (7.9) and satisfies the desired

expansions. Finally, we remark that uniqueness follows by using our standard energy estimate on

[0, τ ] for the difference of two solutions with the same asymptotic expansion.

7.2 Lower Order Estimates

The goal of this section is to establish estimates that are lower order in terms of the number

of angular derivatives. We point out that the estimates of this section are not sharp, but it is

essential that we use only the quantities that appear on the right hand side of the estimates in

Theorem 7.1.

The lower order estimates are carried out in two parts. First, we prove estimates for an

integer number of angular derivatives m < M, and the bounds for the commutator term C. We

then also prove estimates for M − 1
2 derivatives of the singular component

(
Φ0

)
Y
.
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7.2.1 Standard Estimates

We first prove the lower order estimates for the singular component using the strategy outlined

in Section 1.3.3. We further decompose for every m < M :(
∇mΦ0

)
Y
= ∇mΦ1

0Y +∇mΦ2
0Y ,

where using Proposition 7.1 we have that ∇mΦ1
0Y , ∇mΦ2

0Y are the solutions of (7.4) such that:

∇mΦ1
0Y (τ) = 2∇mO log(τ) +O

(
τ2| log(τ)|2

)
, ∇τ∇mΦ1

0Y (τ) =
2∇mO
τ

+O
(
τ | log(τ)|2

)
,

∇mΦ2
0Y (τ) = 2(log∇)∇mO +O

(
τ2| log(τ)|2

)
, ∇τ∇mΦ2

0Y (τ) = O
(
τ | log(τ)|2

)
.

Using this decomposition, we prove the following lower order estimates on the singular component:

Proposition 7.2. Set η = 1/10. The singular component satisfies the following estimates for

any m < M : ∥∥∥∥∇τ
∇mΦ1

0Y

log τ

∥∥∥∥2
L2

+

∥∥∥∥∇mΦ1
0Y

log τ

∥∥∥∥2
H1

≲
∥∥O∥∥2

Hm+1 for τ ∈
(
0,

1

2

]
,

∥∥∇τ∇mΦ1
0Y

∥∥2
L2 +

∥∥∇mΦ1
0Y

∥∥2
H1 ≲

∥∥O∥∥2
Hm+1 for τ ∈

[
1

2
, 1

]
,

∥∥∇τ∇mΦ2
0Y

∥∥2
L2 +

∥∥∇mΦ2
0Y

∥∥2
H1 ≲

∥∥O∥∥2
Hm+1+η for τ ∈ (0, 1].

In particular, the singular component satisfies the following estimate for any m < M :∥∥∇mΦ0Y

∥∥2
H1 ≲

(
1 + | log τ |2

)∥∥O∥∥2
Hm+1+η . (7.11)

Proof. We start with the estimate for ∇mΦ2
0Y . Using the standard ∇τ multiplier in (7.4), we get

for τ ∈ (0, 1]:∥∥∇τ∇mΦ2
0Y

∥∥2
L2 +

∥∥∇∇mΦ2
0Y

∥∥2
L2 ≲

∥∥∇∇mΦ2
0Y

∥∥2
L2

∣∣
τ=0

+

∫ τ

0

∥∥∇τ∇mΦ2
0Y

∥∥
L2

∥∥∇∇mΦ2
0Y

∥∥
L2+

+

∫ τ

0

∥∥∇∇mΦ2
0Y

∥∥
L2

∥∥[∇,∇τ ]∇mΦ2
0Y

∥∥
L2dτ

′.

We notice that due to Lemma 7.1, we have the terms
∫ τ
0 τ

′∥∇∇mΦ2
0Y ∥2L2 and

∫ τ
0 τ

′∥∇τ∇mΦ2
0Y ∥2L2

on the RHS, but these can be bounded using Grönwall. By the commutation formula (6.12),

Lemma 6.7, and Grönwall, we get:∥∥∇τ∇mΦ2
0Y

∥∥2
L2 +

∥∥∇∇mΦ2
0Y

∥∥2
L2 ≲

∥∥O∥∥2
Hm+1+η +

∫ τ

0

∥∥∇mΦ2
0Y

∥∥2
L2dτ

′.
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On the other hand, we also have the estimate:∥∥∇mΦ2
0Y

∥∥2
L2 ≲

∥∥O∥∥2
Hm+η +

∫ τ

0

∥∥∇mΦ2
0Y

∥∥
L2

∥∥∇τ∇mΦ2
0Y

∥∥
L2dτ

′ +

∫ τ

0

∥∥∇mΦ2
0Y

∥∥2
L2dτ

′

≲
∥∥O∥∥2

Hm+η +

∫ τ

0

∥∥∇τ∇mΦ2
0Y

∥∥2
L2dτ

′.

Combining the last two bounds, we obtain the desired estimate for
(
∇mΦ0

)2
Y
.

We notice that ∇mΦ1
0Y satisfies the equation:

∇τ

(
∇τ

∇mΦ1
0Y

log τ

)
+

1

τ

(
1 +

2

log τ

)
∇τ

∇mΦ1
0Y

log τ
− 4∆

∇mΦ1
0Y

log τ
= ψ∇

∇mΦ1
0Y

log τ
.

We use ∇τ as a multiplier to obtain the estimate for any τ ∈ (0, 1/2]:∥∥∥∥∇τ
∇mΦ1

0Y

log τ

∥∥∥∥2
L2

+

∥∥∥∥∇∇mΦ1
0Y

log τ

∥∥∥∥2
L2

≲

∥∥∥∥∇∇mΦ1
0Y

log τ

∥∥∥∥2
L2

∣∣∣∣
τ=0

+

∫ τ

0

1[1/10,1/2]

τ ′| log τ ′|

∥∥∥∥∇τ
∇mΦ1

0Y

log τ

∥∥∥∥2
L2

dτ ′+

+

∫ τ

0

∥∥∥∥∇τ
∇mΦ1

0Y

log τ

∥∥∥∥
L2

∥∥∥∥∇∇mΦ1
0Y

log τ

∥∥∥∥
L2

dτ ′ +

∫ τ

0

∥∥∥∥∇∇mΦ1
0Y

log τ

∥∥∥∥
L2

∥∥∥∥[∇,∇τ ]
∇mΦ1

0Y

log τ

∥∥∥∥
L2

dτ ′.

We point out that the error term 1
τ ′| log τ ′|

∥∥∇τ∇mΦ1
0Y / log τ

∥∥2
L2 · 1[1/10,1/2] appears on the right

hand side because for τ ∈ [0, 1/10] we have 1+2/ log τ ≳ 1, so the bulk term has a favorable sign.

The error terms are estimated as usual, and we use Grönwall to obtain:∥∥∥∥∇τ
∇mΦ1

0Y

log τ

∥∥∥∥2
L2

+

∥∥∥∥∇∇mΦ1
0Y

log τ

∥∥∥∥2
L2

≲
∥∥O∥∥2

Hm+1 +

∫ τ

0

∥∥∥∥∇mΦ1
0Y

log τ

∥∥∥∥2
L2

dτ ′.

We also have the estimate:∥∥∥∥∇mΦ1
0Y

log τ

∥∥∥∥2
L2

≲
∥∥O∥∥2

Hm +

∫ τ

0

∥∥∥∥∇mΦ1
0Y

log τ

∥∥∥∥
L2

∥∥∥∥∇τ
∇mΦ1

0Y

log τ

∥∥∥∥
L2

+

∫ τ

0

∥∥∥∥∇mΦ1
0Y

log τ

∥∥∥∥2
L2

≲
∥∥O∥∥2

Hm +

∫ τ

0

∥∥∥∥∇τ
∇mΦ1

0Y

log τ

∥∥∥∥2
L2

.

Combining the last two bounds, we obtain the desired estimate for
(
∇mΦ0

)1
Y

on τ ∈ (0, 1/2].

In the case of ∇mΦ1
0Y for τ ∈ [1/2, 1], we use the same estimates as for ∇mΦ2

0Y , but with

data at τ = 1/2. This allows us to obtain the desired estimates for ∇mΦ1
0Y on τ ∈ [1/2, 1].

Remark 7.1. We notice that the only place in the above proof where we use an inequality that

is not sharp is when bounding the (log∇) operator using Lemma 6.7. In order to prove top order

estimates, we will take a different approach to avoid this issue in Section 7.4.

Next, we prove the following lower order estimates for the regular components, establishing

(1.39):
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Proposition 7.3. Set η = 1/10. For any m < M , we have the following estimate:

∥∥∇τ∇mΦ0J

∥∥2
L2 +

∥∥∇mΦ0J

∥∥2
H1 +

I∑
i=1

∥∥∇τ∇mΦi

∥∥2
L2 +

I∑
i=1

∥∥∇mΦi

∥∥2
H1 ≲

≲
∥∥h∥∥2

Hm+1 +
I∑

i=1

∥∥Φ0
i

∥∥2
Hm+1 +

∥∥O∥∥2
Hm+1+η +

I∑
i=0

∫ τ

0

∥∥F i
m

∥∥2
L2dτ

′.

Proof. Using ∇τ as a multiplier in the equations satisfied by the regular quantities, we get:∥∥∇τ∇mΦ0J

∥∥2
L2 +

∥∥∇∇mΦ0J

∥∥2
L2 ≲

≲
∥∥hm∥∥2

H1 +

I∑
i=0

∫ τ

0

∥∥F i
m

∥∥2
L2 +

I∑
i=1

∫ τ

0

∥∥∇m+1Φi

∥∥2
L2 +

∫ τ

0

∥∥∇mΦ0J

∥∥2
L2 ,

I∑
i=1

∥∥∇τ∇mΦi

∥∥2
L2 +

I∑
i=1

∥∥∇m+1Φi

∥∥2
L2 ≲

I∑
i=1

∥∥Φ0
i

∥∥2
Hm+1 +

I∑
i=0

∫ τ

0

∥∥F i
m

∥∥2
L2 +

∫ τ

0

∥∥∇∇mΦ0Y

∥∥2
L2 +

I∑
i=1

∫ τ

0

∥∥∇mΦi

∥∥2
L2 +

∫ τ

0

∥∥∇∇mΦ0J

∥∥2
L2 .

In the second estimate, we dropped the bulk term with a favorable sign obtained from (5.13).

Using the above two bounds, together with Lemma 7.2 and Grönwall, we obtain:∥∥∇τ∇mΦ0J

∥∥2
L2 +

∥∥∇∇mΦ0J

∥∥2
L2 +

I∑
i=1

∥∥∇τ∇mΦi

∥∥2
L2 +

I∑
i=1

∥∥∇m+1Φi

∥∥2
L2 ≲

≲
∥∥h∥∥2

Hm+1 +
I∑

i=1

∥∥Φ0
i

∥∥2
Hm+1 +

∥∥O∥∥2
Hm+1+η+

+

I∑
i=0

∫ τ

0

∥∥F i
m

∥∥2
L2 +

I∑
i=1

∫ τ

0

∥∥∇mΦi

∥∥2
L2 +

∫ τ

0

∥∥∇mΦ0J

∥∥2
L2 .

We can estimate the last two error terms on the RHS as before, which implies the conclusion.

In the above proof, we used the following bound on hm:

Lemma 7.2. We have the estimate for any m < M :∥∥hm∥∥
H1 ≲

∥∥h∥∥
Hm+1 +

∥∥O∥∥
Hm .

Proof. We can write:

hm = ∇mh− 2(log∇)∇mO = ∇mh− 2[(log∇),∇m]O.
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Using (6.15) and (6.16) applied to the projection operator P 2
k , we get for all k ≥ 0:∥∥[∇m, P 2

k ]O
∥∥
H1 ≲ 2−kC

(
∥ /Riem0∥Hm

)
·
∥∥O∥∥

Hm .

As a result, we have that:∥∥[(log∇),∇m]O
∥∥
H1 ≲ C

(
∥ /Riem0∥Hm

)
·
∥∥O∥∥

Hm

∑
k≥0

2−k log 2k.

Moreover, we notice that ∥ /Riem0∥HM−1 ≤ C1 ≲ 1 by our bounds on the background spacetime

in Theorem 7.1.

We combine the above results to obtain the following lower order version of (7.2):

Corollary 7.1. Set η = 1/10. We have the lower order estimate for ∇mΦ0, with m < M :

∥∥∇mΦ0

∥∥2
H1 ≲

(
1 + | log τ |2

)∥∥O∥∥2
Hm+1+η +

∥∥h∥∥2
Hm+1 +

I∑
i=1

∥∥Φ0
i

∥∥2
Hm+1 +

I∑
i=0

∫ τ

0

∥∥F i
m

∥∥2
L2dτ

′.

We also need estimates for the commutator term C =
(
∇MΦ0

)
Y
−∇

(
∇M−1Φ0

)
Y
. To compute

the equation satisfied by C, we first need to commute the equation of
(
∇M−1Φ0

)
Y

using the

commutation formula (6.12):

∇τ

(
∇τ∇

(
∇M−1Φ0

)
Y

)
+

1

τ
∇τ∇

(
∇M−1Φ0

)
Y
− 4∆∇

(
∇M−1Φ0

)
Y
= ψ∇∇

(
∇M−1Φ0

)
Y
+

+O
(∣∣(∇M−1Φ0

)
Y

∣∣+ ∣∣∇(
∇M−1Φ0

)
Y

∣∣+ ∣∣τ∇τ

(
∇M−1Φ0

)
Y

∣∣+ ∣∣τ∇τ∇
(
∇M−1Φ0

)
Y

∣∣),
where we used (5.15) and (5.16). As a result, we obtain that C satisfies the equation:

∇τ

(
∇τC

)
+

1

τ
∇τC − 4∆C = ψ∇C +O

(∣∣τ∇τC
∣∣)+

+O
(∣∣(∇M−1Φ0

)
Y

∣∣+ ∣∣∇(
∇M−1Φ0

)
Y

∣∣+ ∣∣τ∇τ

(
∇M−1Φ0

)
Y

∣∣+ ∣∣τ∇τ

(
∇MΦ0

)
Y

∣∣).
Moreover, we notice that C is a regular quantity at τ = 0, satisfying the expansion:

C = 2[log∇,∇]∇M−1O +O
(
τ2| log(τ)|2

)
, ∇τC = O

(
τ | log(τ)|2

)
.

Note that as in the proof of Lemma 7.2 we get:∥∥[log∇,∇]∇M−1O
∥∥
H1 ≲

∥∥O∥∥
HM .

We conclude the section by proving the estimate:
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Proposition 7.4. Set η = 1/10. The commutator term C =
(
∇MΦ0

)
Y
−∇

(
∇M−1Φ0

)
Y

satisfies

the estimate: ∥∥∇τC
∥∥2
L2 +

∥∥C∥∥2
H1 ≲

∥∥O∥∥2
HM+η +

∫ τ

0

∥∥τ ′∇τ∇MΦ0Y

∥∥2
L2dτ

′. (7.12)

Additionally, for any k ≥ 0 and τ ∈ (0, 2−k−1] we have:∥∥C∥∥2
L2 ≲

∥∥O∥∥2
HM+η + 2−k

∫ τ

0

∥∥τ ′∇τ∇MΦ0Y

∥∥2
L2dτ

′. (7.13)

Proof. Using the standard ∇τ multiplier and the previous lower order estimates we get:∥∥∇τC
∥∥2
L2 +

∥∥C∥∥2
H1 ≲

≲
∥∥O∥∥2

HM +

∫ τ

0

∥∥∇M−1Φ0Y

∥∥2
H1 +

∫ τ

0

∥∥τ ′∇τ∇M−1Φ0Y

∥∥2
L2 +

∫ τ

0

∥∥τ ′∇τ∇MΦ0Y

∥∥2
L2

≲
∥∥O∥∥2

HM+η +

∫ τ

0

∥∥τ ′∇τ∇MΦ0Y

∥∥2
L2

As before, we can also estimate
∥∥C∥∥2

L2 in order to obtain the conclusion.

7.2.2 Fractional Estimates

In this section, we prove estimates in H1/2 for ∇(∇M−1Φ0)Y and ∇τ (∇M−1Φ0)Y . As explained

in Section 1.3.3, the error terms obtained in Section 7.3 in the proof of the top order estimates for

the singular component
(
∇MΦ0

)
Y

can be simplified significantly using the fractional estimates

proved in this section.

For the rest of the section we prove the following result:

Proposition 7.5. Set η = 1/10. The singular component (∇M−1Φ0)Y satisfies the estimates:∥∥∇(∇M−1Φ0)Y
∥∥2
H1/2 ≲

(
1 + | log τ |2

)∥∥O∥∥2
HM+1/2+η∥∥∇τ (∇M−1Φ0)Y

∥∥2
H1/2 ≲

1

τ2
∥∥O∥∥2

HM+1/2+η .

In order to prove this result we treat separately the components ∇M−1Φ1
0Y and ∇M−1Φ2

0Y .

The above fractional estimates will be a consequence of Propositions 7.6 and 7.7. We start

with the component A := ∇M−1Φ2
0Y , defined using Proposition 7.1 with asymptotic data(

0, 2(log∇)∇M−1O
)
. Thus, A satisfies the equation:

∇τ

(
∇τA

)
+

1

τ
∇τA− 4∆A = ψ∇A,
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and the following asymptotic expansions hold as τ → 0 :

A(τ) = 2(log∇)∇M−1O +O
(
τ2| log(τ)|2

)
, ∇τA(τ) = O

(
τ | log(τ)|2

)
.

Proposition 7.6. Set η = 1/10. A satisfies the estimate:∥∥∇τA
∥∥2
H1/2 +

∥∥∇A
∥∥2
H1/2 ≲

∥∥O∥∥2
HM+1/2+η .

Proof. For any k ≥ 0, we apply Pk to the equation satisfied by A to get:

∇τ

(
Pk∇τA

)
+

1

τ
Pk∇τA− 4∆PkA = ψ∇PkA+ [Pk, ψ]∇A+ ψ[Pk,∇]A+ [∇τ , Pk]∇τA.

We contract this equation with Pk∇τA and integrate by parts to obtain the energy estimate:∥∥Pk∇τA
∥∥2
L2 +

∥∥∇PkA
∥∥2
L2 ≲

∥∥∇PkA|τ=0

∥∥2
L2 +

∫ τ

0
τ ′
∥∥∇PkA

∥∥
L2 ·

∥∥∇[Pk,∇4]A
∥∥
L2+

+

∫ τ

0
τ ′
∥∥∇PkA

∥∥
L2 ·

∥∥[∇,∇4]PkA
∥∥
L2 +

∫ τ

0

∥∥∇PkA
∥∥
L2 ·

∥∥Pk∇τA
∥∥
L2+

+

∫ τ

0

∥∥[Pk, ψ]∇A
∥∥
L2 ·

∥∥Pk∇τA
∥∥
L2 +

∫ τ

0

∥∥[Pk,∇]A
∥∥
L2 ·

∥∥Pk∇τA
∥∥
L2+

+

∫ τ

0
τ ′
∥∥[∇4, Pk]∇τA

∥∥
L2 ·

∥∥Pk∇τA
∥∥
L2 .

We use Grönwall:∥∥Pk∇τA
∥∥2
L2 +

∥∥∇PkA
∥∥2
L2 ≲

∥∥∇PkA|τ=0

∥∥2
L2 +

∫ τ

0

∥∥∇[Pk,∇4]A
∥∥2
L2+

+

∫ τ

0

∥∥[∇,∇4]PkA
∥∥2
L2 +

∫ τ

0

∥∥[Pk, ψ]∇A
∥∥2
L2 +

∫ τ

0

∥∥[Pk,∇]A
∥∥2
L2 +

∫ τ

0

∥∥[∇4, Pk]∇τA
∥∥2
L2 .

We use the bounds in Lemma 6.3 and Lemma 6.4 to control the commutation terms:∥∥Pk∇τA
∥∥2
L2 +

∥∥∇PkA
∥∥2
L2 ≲

∥∥∇PkA|τ=0

∥∥2
L2 +

∫ τ

0

∥∥P̃ k∇A
∥∥2
L2 +

∫ τ

0
2−2k

∥∥A∥∥2
H1

+

∫ τ

0

∥∥PkA
∥∥2
H1 +

∫ τ

0

∥∥P̃ k∇τA
∥∥2
L2 +

∫ τ

0
2−2k

∥∥∇τA
∥∥2
L2 .

As a result, we get that:∥∥Pk∇τA
∥∥2
L2 +

∥∥Pk∇A
∥∥2
L2 ≲

∥∥Pk∇A|τ=0

∥∥2
L2 + 2−2k

∥∥A|τ=0

∥∥2
L2 +

∫ τ

0

∥∥P̃ k∇A
∥∥2
L2+

+

∫ τ

0
2−2k

∥∥A∥∥2
H1 +

∫ τ

0

∥∥PkA
∥∥2
L2 +

∫ τ

0

∥∥P̃ k∇τA
∥∥2
L2 +

∫ τ

0
2−2k

∥∥∇τA
∥∥2
L2 .

We multiply by 2k and sum over all k ≥ 0. This amounts to taking half of a derivative.∑
k≥0

2k
(∥∥Pk∇τA

∥∥2
L2 +

∥∥Pk∇A
∥∥2
L2

)
≲
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≲
∥∥A|τ=0

∥∥2
L2 +

∫ τ

0

∥∥A∥∥2
H1 +

∫ τ

0

∥∥∇τA
∥∥2
L2 +

∑
k≥0

2k
∥∥Pk∇A|τ=0

∥∥2
L2+

+

∫ τ

0

∑
k≥0

2k
∥∥P̃ k∇A

∥∥2
L2 +

∫ τ

0

∑
k≥0

2k
∥∥PkA

∥∥2
L2 +

∫ τ

0

∑
k≥0

2k
∥∥P̃ k∇τA

∥∥2
L2 .

We recall that from the standard lower order estimates we have:∥∥∇τA
∥∥2
L2 +

∥∥A∥∥2
H1 ≲

∥∥O∥∥2
HM+η .

Since
∑

k P
2
k = I, we obtain using our definition of fractional Sobolev spaces in Section 6:∥∥∇τA

∥∥2
H1/2 +

∥∥∇A
∥∥2
H1/2 ≲

∥∥O∥∥2
HM+η +

∥∥∇A|τ=0

∥∥2
H1/2 +

∫ τ

0

∥∥∇τA
∥∥2
H1/2 +

∥∥∇A
∥∥2
H1/2dτ

′

≲
∥∥O∥∥2

HM+1/2+η +

∫ τ

0

∥∥∇τA
∥∥2
H1/2 +

∥∥∇A
∥∥2
H1/2dτ

′.

Finally, we obtain the desired conclusion by Grönwall.

Next, we consider the component B := ∇M−1Φ1
0Y , defined using Proposition 7.1 with asymp-

totic data
(
2∇M−1O, 0

)
. Thus, B satisfies the equation:

∇τ

(
∇τB

)
+

1

τ
∇τB − 4∆B = ψ∇B,

and the following asymptotic expansions hold as τ → 0 :

B(τ) = 2∇M−1O log(τ) +O
(
τ2| log(τ)|2

)
, ∇τB(τ) =

2∇M−1O
τ

+O
(
τ | log(τ)|2

)
.

Proposition 7.7. B satisfies the estimates:∥∥∇B
∥∥2
H1/2 ≲

(
1 + | log τ |2

)∥∥O∥∥2
HM+1/2 ,∥∥∇τB

∥∥2
H1/2 ≲

1

τ2
∥∥O∥∥2

HM+1/2 .

Proof. We denote D = B/ log τ. Then D satisfies the equation:

∇τ

(
∇τD

)
+

1

τ

(
1 +

2

log τ

)
∇τD − 4∆D = ψ∇D,

D(τ) = 2∇M−1O +O
(
τ2| log(τ)|2

)
, ∇τD(τ) = O

(
τ | log(τ)|2

)
.

This has the same properties needed to do energy estimates as the equation satisfied by A. Thus,

an analogous proof gives for τ ∈ (0, 1/2] and any k ≥ 0:∥∥Pk∇τD
∥∥2
L2 +

∥∥∇PkD
∥∥2
L2 ≲

∥∥∇PkD|τ=0

∥∥2
L2 +

∫ τ

0

∥∥P̃ k∇D
∥∥2
L2 +

∫ τ

0
2−2k

∥∥D∥∥2
H1
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+

∫ τ

0

∥∥PkD
∥∥2
H1 +

∫ τ

0

∥∥P̃ k∇τD
∥∥2
L2 +

∫ τ

0
2−2k

∥∥∇τD
∥∥2
L2 +

∫ τ

0

1[1/10,1/2]

τ ′| log τ ′|
∥∥Pk∇τD

∥∥2
L2dτ

′.

We point out that the error term 1
τ ′| log τ ′|

∥∥Pk∇τD
∥∥2
L2 · 1[1/10,1/2] appears on the RHS because for

τ ∈ [0, 1/10] we have 1+2/ log τ ≳ 1. This can be estimated as usual using Grönwall. We multiply

by 2k and sum over k :∑
k≥0

2k
(∥∥Pk∇τD

∥∥2
L2 +

∥∥Pk∇D
∥∥2
L2

)
≲

≲
∥∥D|τ=0

∥∥2
L2 +

∫ τ

0

∥∥D∥∥2
H1 +

∫ τ

0

∥∥∇τD
∥∥2
L2 +

∑
k≥0

2k
∥∥Pk∇D|τ=0

∥∥2
L2+

+

∫ τ

0

∑
k≥0

2k
∥∥P̃ k∇D

∥∥2
L2 +

∫ τ

0

∑
k≥0

2k
∥∥PkD

∥∥2
L2 +

∫ τ

0

∑
k≥0

2k
∥∥P̃ k∇τD

∥∥2
L2 .

We recall that from the standard lower order estimates we have for τ ∈ (0, 1/2]:∥∥∇τD
∥∥2
L2 +

∥∥D∥∥2
H1 ≲

∥∥O∥∥2
HM .

Since
∑

k P
2
k = I, we obtain using our definition of fractional Sobolev spaces in Section 6:∥∥∇τD
∥∥2
H1/2 +

∥∥∇D
∥∥2
H1/2 ≲

∥∥O∥∥2
HM +

∥∥∇D|τ=0

∥∥2
H1/2 +

∫ τ

0

∥∥∇τD
∥∥2
H1/2 +

∥∥∇D
∥∥2
H1/2dτ

′

≲
∥∥O∥∥2

HM+1/2 +

∫ τ

0

∥∥∇τD
∥∥2
H1/2 +

∥∥∇D
∥∥2
H1/2dτ

′.

We obtain by Grönwall that for any τ ∈ (0, 1/2]:∥∥∇τD
∥∥2
H1/2 +

∥∥∇D
∥∥2
H1/2 ≲

∥∥O∥∥2
HM+1/2 .

This implies that for any τ ∈ (0, 1/2]:∥∥∇B
∥∥2
H1/2 ≲ | log τ |2

∥∥O∥∥2
HM+1/2 ,∥∥∇τB

∥∥2
H1/2 ≲ | log τ |2

∥∥O∥∥2
HM+1/2 +

1

τ2| log τ |2
∥∥B∥∥2

H1 ≲ | log τ |2
∥∥O∥∥2

HM+1/2 +
1

τ2
∥∥O∥∥2

HM .

In particular, this also implies that:∥∥∇τB
∥∥2
H1/2

∣∣
τ=1/2

+
∥∥∇B

∥∥2
H1/2

∣∣
τ=1/2

≲
∥∥O∥∥2

HM+1/2 .

Using the equation for B on the time interval τ ∈ [1/2, 1], we repeat the energy estimate that we

did for A : ∑
k≥0

2k
(∥∥Pk∇τB

∥∥2
L2 +

∥∥Pk∇B
∥∥2
L2

)
≲
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≲
∥∥B∣∣

τ= 1
2

∥∥2
L2 +

∫ τ

1
2

∥∥B∥∥2
H1 +

∫ τ

1
2

∥∥∇τB
∥∥2
L2 +

∑
k≥0

2k
∥∥Pk∇B

∣∣
τ= 1

2

∥∥2
L2+

+
∑
k≥0

2k
∥∥Pk∇τB

∣∣
τ= 1

2

∥∥2
L2 +

∫ τ

1
2

∑
k≥0

2k
∥∥P̃ k∇B

∥∥2
L2 +

∫ τ

1
2

∑
k≥0

2k
∥∥PkB

∥∥2
L2 +

∫ τ

1
2

∑
k≥0

2k
∥∥P̃ k∇τB

∥∥2
L2 .

We recall that from the standard lower order estimates we have for τ ∈ [1/2, 1]:∥∥∇τB
∥∥2
L2 +

∥∥B∥∥2
H1 ≲

∥∥O∥∥2
HM .

As a result, we have that for τ ∈ [1/2, 1]:∥∥∇τB
∥∥2
H1/2 +

∥∥∇B
∥∥2
H1/2 ≲

∥∥O∥∥2
HM+1/2 +

∫ τ

1
2

∥∥∇τB
∥∥2
H1/2 +

∫ τ

1
2

∥∥∇B
∥∥2
H1/2 .

We combine the estimates for τ ∈ (0, 1/2] and τ ∈ [1/2, 1] to obtain the conclusion.

7.3 Top Order Estimates for the Singular Component

To prove top order estimates, we need a precise understanding of the behavior of the Pk projections

of
(
∇MΦ0

)
Y
. As in the case of the linear wave equation on de Sitter background studied in [Cic23],

we need to treat differently the low frequency regime τ ∈ (0, 2−k−1] and the high frequency regime

τ ∈ [2−k−1, 1].

7.3.1 Low Frequency Regime Estimates

For every k ≥ 0 we have the following expansions:

Pk

(
∇MΦ0

)
Y
(τ) = 2Pk∇MO log(2kτ) +Rk∇MO +O

(
τ2| log(τ)|2

)
, (7.14)

Pk∇2−k∂τ

(
∇MΦ0

)
Y
(τ) = 2Pk∇MO 1

2kτ
+O

(
τ | log(τ)|2

)
, (7.15)

where we defined Rk∇MO by (6.30). We point out that ∇MO, Pk∇MO, Rk∇MO on the right

hand side of (7.14)-(7.15) are defined at τ = 0 and extended by Lie transport. This can be done

since the difference between projecting with respect to /g0 or /gτ is O(τ2) according to Lemma 6.9.

We prove the main low frequency regime estimates in Proposition 7.9. Our goal is to prove

energy estimates on τ ∈ (0, 2−k−1] for the singular component Pk

(
∇MΦ0

)
Y
/ log(2kτ), renormal-

ized to account for the contribution of Rk∇MO. According to the expansions (7.14)-(7.15), the

asymptotic data will be given by 2Pk∇MO.
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It is convenient to consider the new time variable t = 2kτ . When using ∇t below as a

multiplier, we can control the error terms resulting from time derivatives of the volume form and

apply Gronwall on the interval t ∈ (0, 2k] since for any tensor F we have:

1

2

d

dt

∥∥F∥∥2
L2 =

∫
St

F · ∇tF +O
(
2−2kt∥F∥2L2

)
. (7.16)

We prove a preliminary low frequency regime estimate:

Proposition 7.8. For any k ≥ 0 and τ ≤ 2−k−1, we have that
(
∇MΦ0

)
Y

satisfies the estimate:∥∥∥∥Pk∇τ

(
∇MΦ0

)
Y

log 2kτ
−Rk∇MO∂τ

(
1

log 2kτ

)∥∥∥∥2
L2

+

∥∥∥∥∇(
Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

)∥∥∥∥2
L2

≲

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 +

∫ τ

0

(τ ′)2

2k

∥∥∥∥∇[Pk,∇4]

(
∇MΦ0

)
Y

log 2kτ ′

∥∥∥∥2
L2

+

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥[Pk,∇4]∇τ

(
∇MΦ0

)
Y

log 2kτ ′

∥∥∥∥2
L2

+

∫ τ

0

∥∥∥∥
(
∇MΦ0

)
Y

log 2kτ ′

∥∥∥∥2
L2

.

Proof. We first rewrite the equation (7.4) using the time variable t = 2kτ ≤ 1/2. We have that:

∇t

(
∇t

(
∇mΦ0

)
Y

)
+

1

t
∇t

(
∇mΦ0

)
Y
− 4

22k
∆
(
∇mΦ0

)
Y
=

1

22k
ψ∇

(
∇mΦ0

)
Y
.

Moreover, we compute that for any tensor F we have:

∇t

(
∇t

F

log t

)
+

1

t

(
1 +

2

log t

)
∇t

F

log t
=

1

log t
∇t

(
∇tF

)
+

1

t log t
∇tF.

As a result, we can rewrite (7.4) as:

∇t

(
∇t

(
∇MΦ0

)
Y

log t

)
+

1

t

(
1+

2

log t

)
∇t

(
∇MΦ0

)
Y

log t
− 4

22k
∆

(
∇MΦ0

)
Y

log t
=

1

22k
ψ∇

(
∇MΦ0

)
Y

log t
. (7.17)

We apply Pk to the equation (7.17):

∇t

(
Pk∇t

(
∇MΦ0

)
Y

log t

)
+

1

t

(
1 +

2

log t

)
Pk∇t

(
∇MΦ0

)
Y

log t
− 4

22k
∆Pk

(
∇MΦ0

)
Y

log t
=

=
1

22k
ψ∇Pk

(
∇MΦ0

)
Y

log t
+ [∇t, Pk]∇t

(
∇MΦ0

)
Y

log t
+

1

22k
[Pk,∇]

ψ
(
∇MΦ0

)
Y

log t

− 1

22k
Pk

(
∇ψ ·

(
∇MΦ0

)
Y

log t

)
+

1

22k
[∇Pk, ψ]

(
∇MΦ0

)
Y

log t
.

We introduce the notation:

X = Pk∇t

(
∇MΦ0

)
Y

log t
−Rk∇MO∂t

(
1

log t

)
, Y = Pk

(
∇MΦ0

)
Y

log t
− Rk∇MO

log t
,

Z = 2−2k 4∆Rk∇MO + ψ∇Rk∇MO
log t

+
∇t

(
Rk∇MO

)
t| log t|2

.
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Our definitions imply the following relation between X and Y :

X = ∇tY + [Pk,∇t]

(
∇MΦ0

)
Y

log t
+

∇tRk∇MO
log t

. (7.18)

Using the notation introduced, we rewrite the above equation as:

∇tX +
1

t

(
1 +

2

log t

)
X − 4

22k
∆Y = Err, (7.19)

where we denote the error terms:

Err =
1

22k
ψ∇Y + [∇t, Pk]∇t

(
∇MΦ0

)
Y

log t
+

1

22k
[Pk,∇]

ψ
(
∇MΦ0

)
Y

log t
(7.20)

+ Z − 1

22k
Pk

(
∇ψ ·

(
∇MΦ0

)
Y

log t

)
+

1

22k
[∇Pk, ψ]

(
∇MΦ0

)
Y

log t
. (7.21)

To obtain an energy estimate, we contract (7.19) with X and use (7.16), (7.18) to get:

1

2

d

dt

∥∥X∥∥2
L2 +

1

t

(
1 +

2

log t

)∥∥X∥∥2
L2 −

4

22k

∫
St

∆Y ·
(
∇tY + [Pk,∇t]

(
∇MΦ0

)
Y

log t
+

∇tRk∇MO
log t

)
=

=

∫
St

X · Err +O
(
2−2kt∥X∥2L2

)
.

We use the divergence theorem for the ∆Y term, then use (7.16) to integrate in time, also using

(7.14)-(7.15) to compute the boundary terms at t = 0:∥∥X∥∥2
L2 +

∫ t

0

2

t′

(
1 +

2

log t′

)∥∥X∥∥2
L2 +

4

22k
∥∥∇Y ∥∥2

L2 ≲

≲
1

22k
∥∥∇Pk∇MO

∥∥2
L2 +

∫ t

0

1

22k
∥∥∇Y ∥∥

L2

∥∥∥∥∇[Pk,∇t]

(
∇MΦ0

)
Y

log t′

∥∥∥∥
L2

+

+

∫ t

0

1

22k
∥∥∇Y ∥∥

L2

∥∥[∇,∇t]Y
∥∥
L2 +

∫ t

0

1

22k
∥∥∇Y ∥∥

L2

∥∥∥∥∇∇tRk∇MO
log t′

∥∥∥∥
L2

+

+

∫ t

0

∥∥X∥∥
L2

∥∥Err∥∥
L2 +

∫ t

0
2−2kt′∥X∥2L2 +

∫ t

0
2−4kt′∥∇Y ∥2L2 .

We notice that 1 + 2/ log t ≳ 1 for t ∈ [0, 1/10], but this quantity changes sign for t ∈ [1/10, 1/2].

Thus, we can drop the second term on the LHS, at the cost of introducing the error term∫ t
0 ∥X∥2L2dt

′ on the RHS. Using Gronwall, the definition of the error term in (7.20)-(7.21), and

the fact that ∇t = t · 2−2k+1∇4, we obtain the energy estimate:∥∥X∥∥2
L2 +

1

22k
∥∥∇Y ∥∥2

L2 ≲
1

22k
∥∥∇Pk∇MO

∥∥2
L2 +

∫ t

0

(t′)2

26k

∥∥∥∥∇[Pk,∇4]

(
∇MΦ0

)
Y

log t′

∥∥∥∥2
L2

+

+

∫ t

0

(t′)2

26k
∥∥[∇,∇4]Y

∥∥2
L2 +

∫ t

0

1

22k

∥∥∥∥∇∇tRk∇MO
log t′

∥∥∥∥2
L2

+

∫ t

0

(t′)2

24k

∥∥∥∥[∇4, Pk]∇t

(
∇MΦ0

)
Y

log t′

∥∥∥∥2
L2

+
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∫ t

0

∥∥Z∥∥2
L2 +

∫ t

0

1

24k

∥∥∥∥[Pk,∇]
ψ
(
∇MΦ0

)
Y

log t′

∥∥∥∥2
L2

+

+

∫ t

0

1

24k

∥∥∥∥Pk

(
∇ψ ·

(
∇MΦ0

)
Y

log t′

)∥∥∥∥2
L2

+

∫ t

0

1

24k

∥∥∥∥[∇Pk, ψ]

(
∇MΦ0

)
Y

log t′

∥∥∥∥2
L2

.

Using the bounds (6.15) and (6.19) in Lemma 6.3 for the last three terms, we obtain:∥∥X∥∥2
L2 +

1

22k
∥∥∇Y ∥∥2

L2 ≲
1

22k
∥∥∇Pk∇MO

∥∥2
L2 +

∫ t

0

(t′)2

26k

∥∥∥∥∇[Pk,∇4]

(
∇MΦ0

)
Y

log t′

∥∥∥∥2
L2

+

+

∫ t

0

(t′)2

26k
∥∥[∇,∇4]Y

∥∥2
L2 +

∫ t

0

1

23k

∥∥∥∥
(
∇MΦ0

)
Y

log t′

∥∥∥∥2
L2

+

∫ t

0

(t′)2

24k

∥∥∥∥[∇4, Pk]∇t

(
∇MΦ0

)
Y

log t′

∥∥∥∥2
L2

+

+

∫ t

0

∥∥Z∥∥2
L2 +

∫ t

0

1

22k

∥∥∥∥∇∇tRk∇MO
log t′

∥∥∥∥2
L2

.

Finally, using the estimates (6.31)-(6.34) in Lemma 6.8 for the last two terms, we get for P 2
k = Pk:∥∥X∥∥2

L2 +
1

22k
∥∥∇Y ∥∥2

L2 ≲
1

22k
∥∥∇Pk∇MO

∥∥2
L2 +

1

22k
∥∥P k∇MO

∥∥2
H1 +

∫ t

0

1

23k

∥∥∥∥
(
∇MΦ0

)
Y

log t

∥∥∥∥2
L2

+

∫ t

0

(t′)2

26k

∥∥∥∥∇[Pk,∇4]

(
∇MΦ0

)
Y

log t

∥∥∥∥2
L2

+

∫ t

0

(t′)2

24k

∥∥∥∥[∇4, Pk]∇t

(
∇MΦ0

)
Y

log t

∥∥∥∥2
L2

.

Changing coordinates back to τ we obtain the desired estimate.

The right hand side of the estimate in Proposition 7.8 cannot be bounded using the top

order terms on the left hand side. However, as explained in Section 1.3.3 of the introduction, we

can bound these terms using the lower order estimates (including the fractional estimates) and

the commutator estimate in Section 7.2. We obtain our main low frequency regime estimates in

Proposition 7.9.

Proposition 7.9. For any k ≥ 0 and τ ≤ 2−k−1, we have that
(
∇MΦ0

)
Y

satisfies the estimate:∥∥∥∥Pk∇τ

(
∇MΦ0

)
Y

log 2kτ
−Rk∇MO∂τ

(
1

log 2kτ

)∥∥∥∥2
L2

+

∥∥∥∥∇(
Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

)∥∥∥∥2
L2

≲ (7.22)

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 + 2−k/2

∥∥O∥∥2
HM+1/2+η + 2−2k

∫ τ

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .

Moreover, we also have the estimate:

22k
∥∥∥∥Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

∥∥∥∥2
L2

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1+ (7.23)

+ 2−k/2
∥∥O∥∥2

HM+1/2+η + 2−2k

∫ τ

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .
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Proof. We start with the proof of the estimate (7.22). We recall the notation C =
(
∇MΦ0

)
Y
−

∇
(
∇M−1Φ0

)
Y

in Section 7.2. We can rewrite the estimate in Proposition 7.8 as:∥∥∥∥Pk∇τ

(
∇MΦ0

)
Y

log 2kτ
−Rk∇MO∂τ

(
1

log 2kτ

)∥∥∥∥2
L2

+

∥∥∥∥∇(
Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

)∥∥∥∥2
L2

≲

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 +

∫ τ

0

(τ ′)2

2k

∥∥∥∥∇[Pk,∇4]
C

log 2kτ ′

∥∥∥∥2
L2

+

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥[Pk,∇4]∇τ
C

log 2kτ ′

∥∥∥∥2
L2

+

∫ τ

0

∥∥∥∥ C
log 2kτ ′

∥∥∥∥2
L2

+

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥[Pk,∇4]
∇
(
∇M−1Φ0

)
Y

log 2kτ ′

∥∥∥∥2
H1

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥[Pk,∇4]∇
∇τ

(
∇M−1Φ0

)
Y

log 2kτ ′

∥∥∥∥2
L2

+

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥[Pk,∇4]
[∇,∇τ ]

(
∇M−1Φ0

)
Y

log 2kτ ′

∥∥∥∥2
L2

+

∫ τ

0

∥∥∥∥∇
(
∇M−1Φ0

)
Y

log 2kτ ′

∥∥∥∥2
L2

.

We use the estimates (6.17)-(6.18) in Lemma 6.3 for the terms with C and Lemma 6.5 for the

terms with
(
∇M−1Φ0

)
Y
:∥∥∥∥Pk∇τ

(
∇MΦ0

)
Y

log 2kτ
−Rk∇MO∂τ

(
1

log 2kτ

)∥∥∥∥2
L2

+

∥∥∥∥∇(
Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

)∥∥∥∥2
L2

≲

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 +

∫ τ

0
(τ ′)2

∥∥∥∥∇
(
∇M−1Φ0

)
Y

log 2kτ ′

∥∥∥∥2
H1/2

+

+

∫ τ

0
(τ ′)2

∥∥∥∥∇τ

(
∇M−1Φ0

)
Y

log 2kτ ′

∥∥∥∥2
H1/2

+

∫ τ

0

∥∥∥∥
(
∇M−1Φ0

)
Y

log 2kτ ′

∥∥∥∥2
H1

+

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥∇ C
log 2kτ ′

∥∥∥∥2
L2

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥ ∇τC
log 2kτ ′

∥∥∥∥2
L2

+

∫ τ

0

∥∥∥∥ C
log 2kτ ′

∥∥∥∥2
L2

.

We then use the lower order estimates in Proposition 7.2 to get:∥∥∥∥Pk∇τ

(
∇MΦ0

)
Y

log 2kτ
−Rk∇MO∂τ

(
1

log 2kτ

)∥∥∥∥2
L2

+

∥∥∥∥∇(
Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

)∥∥∥∥2
L2

≲

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 + 2−k/2

∥∥O∥∥2
HM+1/2+η+

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥∇ C
log 2kτ ′

∥∥∥∥2
L2

+

∫ τ

0

(τ ′)2

2k

∥∥∥∥ ∇τC
log 2kτ ′

∥∥∥∥2
L2

+

∫ τ

0

∥∥∥∥ C
log 2kτ ′

∥∥∥∥2
L2

.

Finally, we use the commutator estimates (7.12)-(7.13) to conclude the proof of (7.22).

Next, we prove the estimate (7.23). Using (7.16) and (7.14), we have that:∥∥∥∥Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

∥∥∥∥2
L2

≲
∥∥Pk∇MO

∥∥2
L2 + 2−k

∫ τ

0

∥∥∥∥∇τ

(
Pk

(
∇MΦ0

)
Y

log 2kτ ′
− Rk∇MO

log 2kτ ′

)∥∥∥∥2
L2
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+ 2k
∫ τ

0

∥∥∥∥Pk

(
∇MΦ0

)
Y

log 2kτ ′
− Rk∇MO

log 2kτ ′

∥∥∥∥2
L2

.

We get by the already established estimate (7.22) and Gronwall:

22k
∥∥∥∥Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

∥∥∥∥2
L2

≲

≲ 22k
∥∥Pk∇MO

∥∥2
L2 +

∥∥∇Pk∇MO
∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 + 2−k/2

∥∥O∥∥2
HM+1/2+η

+2−2k

∫ τ

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2 + 2−k

∫ τ

0

∥∥∥∥ C
log 2kτ

∥∥∥∥2
L2

+ 2−k

∫ τ

0

∥∥∥∥
(
∇M−1Φ0

)
Y

log 2kτ

∥∥∥∥2
H1

.

We conclude the proof of (7.23) using the lower order estimate (7.11) and the commutator estimate

(7.13).

We conclude this subsection by using the above results in order to obtain bounds at τ =

2−k−1. These will serve as estimates on the initial data in the high frequency regime τ ∈ [2−k−1, 1]

in Section 7.3.2.

Corollary 7.2. For any k ≥ 0 and τ = 2−k−1 we have the estimate:(∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 + 22k

∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 +

∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2

)∣∣∣∣
τ=2−k−1

≲

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 + 2−k/2

∥∥O∥∥2
HM+1 + 2−2k

∫ 2−k−1

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .

Proof. The low frequency estimates in Proposition 7.9 imply for τ = 2−k−1 :(∥∥Pk∇τ (∇MΦ0

)
Y

∥∥2
L2 + 22k

∥∥Pk(∇MΦ0

)
Y

∥∥2
L2 +

∥∥∇Pk(∇MΦ0

)
Y

∥∥2
L2

)∣∣∣∣
τ=2−k−1

≲

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 + 2−k/2

∥∥O∥∥2
HM+1/2+η+

+22k
∥∥Rk∇MO

∥∥2
L2 +

∥∥∇Rk∇MO
∥∥2
L2 + 2−2k

∫ 2−k−1

0

∥∥τ ′∇τ (∇MΦ0

)
Y

∥∥2
L2 .

We conclude using estimates (6.32)-(6.33) in Lemma 6.8.

7.3.2 High Frequency Regime Estimates

In this section, we prove a high frequency regime estimate for the singular component
(
∇MΦ0

)
Y
.

As in the case of [Cic23], according to the Bessel function type asymptotics, we prove an energy

estimate for
√
2kτ · Pk

(
∇MΦ0

)
Y
, which implies the 1/2 gain of regularity at τ = 1 compared to

τ = 2−k−1.
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Proposition 7.10. For any k ≥ 0, τ ∈
[
2−k−1, 1

]
we have the estimate for the singular compo-

nent:

τ
∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 +

1

τ

∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 + τ

∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲
1

2k

(∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 + 22k

∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 +

∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2

)∣∣∣∣
τ=2−k−1

+

∫ τ

2−k−1

τ ′
∥∥P̃ k

(
∇MΦ0

)
Y

∥∥2
L2 +

∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇

(
∇MΦ0

)
Y

∥∥2
L2+

+

∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇τ

(
∇MΦ0

)
Y

∥∥2
L2 +

∫ τ

2−k−1

τ ′

22k
∥∥(∇MΦ0

)
Y

∥∥2
H1 +

∫ τ

2−k−1

(τ ′)3

22k
∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .

Proof. We denote ξ =
(
∇MΦ0

)
Y

and we introduce the new time variable t = 2kτ . We rewrite

(7.4):

∇t

(
∇tξ

)
+

1

t
∇tξ −

4

22k
∆ξ =

1

22k
ψ∇ξ.

We multiply by
√
t to get:

∇t

(
∇t(ξ

√
t)
)
+

1

4t2
ξ
√
t− 4

22k
∆ξ

√
t =

1

22k
ψ∇ξ

√
t. (7.24)

For any k ≥ 0, we apply Pk to (7.24) to obtain the equation:

∇t

(
Pk∇t(ξ

√
t)
)
+

1

4t2
Pkξ

√
t− 4

22k
∆Pkξ

√
t =

Pk

(
ψ∇ξ

√
t
)

22k
+ [∇t, Pk]∇tξ

√
t. (7.25)

We contract the equation (7.25) with Pk∇t(ξ
√
t) and integrate by parts to obtain the energy

estimate: ∥∥Pk∇tξ
√
t
∥∥2
L2 +

1

t2
∥∥Pkξ

√
t
∥∥2
L2 +

1

22k
∥∥∇Pkξ

√
t
∥∥2
L2 +

∫ t

1/2

1

(t′)2
∥∥Pkξ

∥∥2
L2 ≲

≲

(∥∥Pk∇tξ
∥∥2
L2 +

∥∥Pkξ
∥∥2
L2 +

1

22k
∥∥∇Pkξ

∥∥2
L2

)∣∣∣∣
t=1/2

+

∫ t

1/2

∫
Sn

1

(t′)2
∣∣Pkξ

√
t
∣∣ · ∣∣[Pk,∇t]ξ

√
t′
∣∣

+

∫ t

1/2

∫
Sn

1

22k
∣∣∇Pkξ

√
t′
∣∣ · ∣∣∇[Pk,∇t]ξ

√
t′
∣∣+ ∫ t

1/2

∫
Sn

1

22k
∣∣∇Pkξ

√
t′
∣∣ · ∣∣[∇,∇t]Pkξ

√
t′
∣∣

+

∫ t

1/2

∫
Sn

1

22k
∣∣Pk∇tξ

√
t′
∣∣ · ∣∣∇Pkξ

√
t′
∣∣+ ∫ t

1/2

∫
Sn

1

22k
∣∣Pk∇tξ

√
t′
∣∣ · ∣∣[Pk,∇]ξ

√
t′
∣∣

+

∫ t

1/2

∫
Sn

1

22k
∣∣Pk∇tξ

√
t′
∣∣ · ∣∣[Pk, ψ]∇ξ

√
t′
∣∣+ ∫ t

1/2

∫
Sn

∣∣Pk∇tξ
√
t′
∣∣ · ∣∣[∇t, Pk]∇tξ

√
t′
∣∣.

We point out that the good bulk term simplifies our analysis significantly, unlike the case of the

second model system studied in Section 8. We use the bounds (6.22), (6.24) in Lemma 6.4 and
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Gronwall for t ∈
[
1/2, 2k

]
to get:∥∥Pk∇tξ

√
t
∥∥2
L2 +

1

t2
∥∥Pkξ

√
t
∥∥2
L2 +

1

22k
∥∥∇Pkξ

√
t
∥∥2
L2 ≲

≲

(∥∥Pk∇tξ
∥∥2
L2 +

∥∥Pkξ
∥∥2
L2 +

1

22k
∥∥∇Pkξ

∥∥2
L2

)∣∣∣∣
t=1/2

+

∫ t

1/2

1

22kt′
∥∥Pkξ

√
t′
∥∥
L2 ·

(∥∥P̃ kξ
√
t′
∥∥
L2 + 2−k

∥∥ξ√t′∥∥
L2

)
+

+

∫ t

1/2

1

22k
∥∥Pk∇tξ

√
t′
∥∥
L2 ·

∥∥∇Pkξ
√
t′
∥∥
L2+

+

∫ t

1/2

t′

24k
∥∥∇Pkξ

√
t′
∥∥
L2 ·

(∥∥P̃ k∇ξ
√
t′
∥∥
L2 + 2−k

∥∥ξ√t′∥∥
H1

)
+

+

∫ t

1/2

1

23k
∥∥Pk∇tξ

√
t′
∥∥
L2 ·

∥∥ξ√t′∥∥
L2 +

∫ t

1/2

1

23k
∥∥Pk∇tξ

√
t′
∥∥
L2 ·

∥∥∇ξ√t′∥∥
L2+

+

∫ t

1/2

t′

22k
∥∥Pk∇tξ

√
t′
∥∥
L2

(∥∥P̃ k∇tξ
√
t′
∥∥
L2 + 2−k

∥∥∇tξ
√
t′
∥∥
L2

)
.

We use Gronwall again for t ∈
[
1/2, 2k

]
to get the estimate:

t
∥∥Pk∇tξ

∥∥2
L2 +

1

t

∥∥Pkξ
∥∥2
L2 +

t

22k
∥∥∇Pkξ

∥∥2
L2 ≲

≲

(∥∥Pk∇tξ
∥∥2
L2 +

∥∥Pkξ
∥∥2
L2 +

1

22k
∥∥∇Pkξ

∥∥2
L2

)∣∣∣∣
t= 1

2

+

∫ t

1/2

1

23k
∥∥P̃ kξ

√
t′
∥∥2
L2

+

∫ t

1/2

(t′)2

25k
∥∥P̃ k∇ξ

√
t′
∥∥2
L2 +

∫ t

1/2

(t′)2

23k
∥∥P̃ k∇tξ

√
t′
∥∥2
L2+

+

∫ t

1/2

1

25k
∥∥ξ√t′∥∥2

H1 +

∫ t

1/2

(t′)2

25k
∥∥∇tξ

√
t′
∥∥2
L2 .

We change variables to τ and we obtain the conclusion.

7.3.3 Main Result for the Singular Component

In this section we combine the low frequency regime and the high frequency regime estimates for

the singular component
(
∇MΦ0

)
Y

in order to prove Theorem 7.2. As remarked in Section 1.3.3

of the introduction, due to presence of different projection operators in the estimates established

above, we must sum the estimates obtained for each LP projection before being able to bound

the error terms.
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Proof of Theorem 7.2. Step 1. The improved high frequency regime estimate. The result in

Proposition 7.10 implies that for τ ∈
[
2−k−1, 1

]
:

2kτ
∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 +

2k

τ

∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 + 2kτ

∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲

(∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 + 22k

∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 +

∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2

)∣∣∣∣
τ=2−k−1

+2k
∫ τ

2−k−1

τ ′
∥∥P̃ k

(
∇MΦ0

)
Y

∥∥2
L2 + 2k

∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇

(
∇MΦ0

)
Y

∥∥2
L2+

+2k
∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇τ

(
∇MΦ0

)
Y

∥∥2
L2

+

∫ τ

2−k−1

τ ′

2k
∥∥(∇MΦ0

)
Y

∥∥2
H1 +

∫ τ

2−k−1

(τ ′)3

2k
∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .

Using the low frequency regime estimates (7.22)-(7.23) in Proposition 7.9 to bound the boundary

term at τ = 2−k−1, we get the improved high frequency regime estimate for τ ∈
[
2−k−1, 1

]
:

2kτ
∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 +

2k

τ

∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 + 2kτ

∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲
∥∥∇Pk∇MO

∥∥2
L2 +

∥∥P k∇MO
∥∥2
H1 + 2−k/2

∥∥O∥∥2
HM+1 + 2−2k

∫ 2−k−1

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2+

+2k
∫ τ

2−k−1

τ ′
∥∥P̃ k

(
∇MΦ0

)
Y

∥∥2
L2 + 2k

∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇

(
∇MΦ0

)
Y

∥∥2
L2+

+2k
∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇τ

(
∇MΦ0

)
Y

∥∥2
L2

+

∫ τ

2−k−1

τ ′

2k
∥∥(∇MΦ0

)
Y

∥∥2
H1 +

∫ τ

2−k−1

(τ ′)3

2k
∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .

Step 2. Bounding the non-negative frequencies. We define the following energy for all k ≥ 0:

2kE2
k(τ) = 2kτ2

∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 + 2kτ

∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2+

+2kτ2
∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 + τ

∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 .

For any τ ∈ (0, 1] we can write:∑
k≥0

2kE2
k(τ) =

∑
τ≤2−k−1

2kE2
k(τ) +

∑
τ>2−k−1

2kE2
k(τ). (7.26)
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We use our previous estimates to bound (7.26). The improved high frequency regime estimate

implies the bound:∑
τ>2−k−1

2kE2
k ≲

∥∥O∥∥2
HM+1 +

∫ τ

0
(τ ′)2

∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
H1/2 +

∫ τ

0
(τ ′)2

∥∥∇(
∇MΦ0

)
Y

∥∥2
H1/2+

+

∫ τ

0
τ ′
∥∥∇(

∇MΦ0

)
Y

∥∥2
L2 +

∫ τ

0
τ ′
∥∥(∇MΦ0

)
Y

∥∥2
H1/2 .

The low frequency regime estimates (7.22)-(7.23) in Proposition 7.9 imply:∑
τ≤2−k−1

2kτ2
∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

∑
τ≤2−k−1

τ
∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲
∑

τ≤2−k−1

τ
∥∥∇Rk∇MO

∥∥2
L2 +

∑
τ≤2−k−1

∥∥∥∥∇(
Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

)∥∥∥∥2
L2

≲
∥∥O∥∥2

HM+1 +

∫ τ

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .

Similarly, we also have the bound:∑
τ≤2−k−1

2kτ2
∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲
∑

τ≤2−k−1

2kτ2
∣∣ log(2kτ)∣∣2 · ∥∥∥∥Pk∇τ

(
∇MΦ0

)
Y

log 2kτ

∥∥∥∥2
L2

+
∑

τ≤2−k−1

2k
∥∥∥∥Pk

(
∇MΦ0

)
Y

log 2kτ

∥∥∥∥2
L2

≲
∑

τ≤2−k−1

2kτ2
∣∣ log(2kτ)∣∣2 · ∥∥∥∥Pk∇τ

(
∇MΦ0

)
Y

log 2kτ
−Rk∇MO∂τ

(
1

log 2kτ

)∥∥∥∥2
L2

+

+
∑

τ≤2−k−1

2k
∥∥Rk∇MO

∥∥2
L2 +

∑
τ≤2−k−1

2k
∥∥∥∥Pk

(
∇MΦ0

)
Y

log 2kτ

∥∥∥∥2
L2

≲
∥∥O∥∥2

HM+1 +

∫ τ

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .

Next, we have the bound: ∑
τ≤2−k−1

2kτ
∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲
∑

τ≤2−k−1

22k
∥∥∥∥Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

∥∥∥∥2
L2

+
∑

τ≤2−k−1

2k
∥∥Rk∇MO

∥∥2
L2

≲
∥∥O∥∥2

HM+1 +

∫ τ

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .
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As a result, we obtain the following bound for the sum in (7.26):∑
k≥0

2kE2
k ≲

∥∥O∥∥2
HM+1 +

∫ τ

0
(τ ′)2

∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
H1/2+ (7.27)

+

∫ τ

0
(τ ′)2

∥∥∇(
∇MΦ0

)
Y

∥∥2
H1/2 +

∫ τ

0
τ ′
∥∥∇(

∇MΦ0

)
Y

∥∥2
L2 +

∫ τ

0
τ ′
∥∥(∇MΦ0

)
Y

∥∥2
H1/2 .

Step 3. Bounding the negative frequencies. In order to prove (7.7), we also need to deal

with the negative frequencies. According to [KR06, Theorem 5.5], for any k < 0 we also have

∥Pk∇F∥L2 ≲ 2k∥F∥L2 . Thus, we have:∑
k<0

2kτ2
∥∥Pk∇

(
∇MΦ0

)
Y

∥∥2
L2 + τ

∥∥Pk∇
(
∇MΦ0

)
Y

∥∥2
L2 ≲

∑
k<0

2kτ
∥∥(∇MΦ0

)
Y

∥∥2
L2

≲ τ
∥∥C∥∥2

L2 + τ
∥∥∇(

∇M−1Φ0

)
Y

∥∥2
L2 ,∑

k<0

2kτ
∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲ τ

∥∥C∥∥2
L2 + τ

∥∥∇(
∇M−1Φ0

)
Y

∥∥2
L2 ,

∑
k<0

2kτ2
∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲ τ2
∥∥∇τC

∥∥2
L2 +

∑
k<0

2kτ2
∥∥[∇,∇τ ]

(
∇M−1Φ0

)
Y

∥∥2
L2 +

∑
k<0

23kτ2
∥∥∇τ

(
∇M−1Φ0

)
Y

∥∥2
L2 .

We proved that for the negative frequencies we have:∑
k<0

2kτ2
∥∥Pk∇

(
∇MΦ0

)
Y

∥∥2
L2 + τ

∥∥Pk∇
(
∇MΦ0

)
Y

∥∥2
L2+

+2kτ
∥∥Pk

(
∇MΦ0

)
Y

∥∥2
L2 + 2kτ2

∥∥Pk∇τ

(
∇MΦ0

)
Y

∥∥2
L2

≲ τ2
∥∥∇τC

∥∥2
L2 + τ

∥∥C∥∥2
L2 + τ

∥∥(∇M−1Φ0

)
Y

∥∥2
H1 + τ2

∥∥∇τ

(
∇M−1Φ0

)
Y

∥∥2
L2

≲
∥∥O∥∥2

HM+1 +

∫ τ

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2 .

Step 4. The proof of (7.7) and (7.8). We obtain that:

τ2
∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
H1/2 + τ

∥∥(∇MΦ0

)
Y

∥∥2
H1/2 + τ2

∥∥∇(
∇MΦ0

)
Y

∥∥2
H1/2 + τ

∥∥∇(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲ τ
∥∥(∇MΦ0

)
Y

∥∥2
L2 +

∑
k≥0

2kE2
k +

∥∥O∥∥2
HM+1 +

∫ τ

0

∥∥τ ′∇τ

(
∇MΦ0

)
Y

∥∥2
L2

≲
∥∥O∥∥2

HM+1 +

∫ τ

0
(τ ′)2

∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
H1/2 + (τ ′)2

∥∥∇(
∇MΦ0

)
Y

∥∥2
H1/2+

+τ ′
∥∥∇(

∇MΦ0

)
Y

∥∥2
L2 + τ ′

∥∥(∇MΦ0

)
Y

∥∥2
H1/2 .
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By Gronwall, we obtain (7.7). Next, we notice that for any k ≥ 0 using the high frequency

estimate we get:∑
τ>2−k−1

∥∥Pk∇
(
∇MΦ0

)
Y

∥∥2
L2 ≲

∥∥C∥∥2
L2 +

∥∥∇(
∇M−1Φ0

)
Y

∥∥2
L2 +

∑
τ>2−k−1

2kτ
∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲
(
1 + | log τ |2

)∥∥O∥∥2
HM+1 +

∫ τ

0
(τ ′)2

∥∥∇τ

(
∇MΦ0

)
Y

∥∥2
H1/2 +

∫ τ

0
(τ ′)2

∥∥∇(
∇MΦ0

)
Y

∥∥2
H1/2+

+

∫ τ

0
τ ′
∥∥∇(

∇MΦ0

)
Y

∥∥2
L2 +

∫ τ

0
τ ′
∥∥(∇MΦ0

)
Y

∥∥2
H1/2 ≲

(
1 + | log τ |2

)∥∥O∥∥2
HM+1 .

As before, we also have for any k ≥ 0:∑
τ≤2−k−1

∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

≲
∑

τ≤2−k−1

∥∥∇Rk∇MO
∥∥2
L2 +

∑
τ≤2−k−1

| log τ |2
∥∥∥∥∇(

Pk

(
∇MΦ0

)
Y

log 2kτ
− Rk∇MO

log 2kτ

)∥∥∥∥2
L2

≲
(
1 + | log τ |2

)∥∥O∥∥2
HM+1 .

We get the same bound for
∑

τ≤2−k−1

∥∥Pk∇
(
∇MΦ0

)
Y

∥∥2
L2 by commutation. For the negative

frequencies we have: ∑
k<0

∥∥Pk∇
(
∇MΦ0

)
Y

∥∥2
L2 ≲

∥∥(∇MΦ0

)
Y

∥∥2
L2 ≲

≲
∥∥C∥∥2

L2 +
∥∥∇(

∇M−1Φ0

)
Y

∥∥2
L2 ≲

(
1 + | log τ |2

)∥∥O∥∥2
HM+1 .

This completes the proof of (7.8).

7.4 Top order Estimates for the Regular Components

We prove top order estimates for the regular quantities
(
∇MΦ0

)
J
,∇MΦ1, . . .∇MΦI as outlined

in Section 1.3.3. Similarly to the case of the singular component
(
∇MΦ0

)
Y
, the analysis requires

a precise understanding of the behavior of the Pk projections of each component. We treat

separately the low frequency regime τ ∈ (0, 2−k−1] in Section 7.4.1 and the high frequency regime

τ ∈ [2−k−1, 1] in Section 7.4.2. Finally, we combine the estimates in Section 7.4.3 to complete the

proof of Theorem 7.1.
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7.4.1 Low Frequency Regime Estimates

We prove a low frequency regime estimate for the regular components for each k ≥ 0

Pk

(
∇MΦ0

)
J
, Pk∇MΦ1, . . . , Pk∇MΦI . The main idea is to propagate for τ ∈ (0, 2−k−1] the

L2 bounds satisfied by the asymptotic data at I−, using ∇τ as a multiplier.

Proposition 7.11. For any k ≥ 0 and τ ≤ 2−k−1, we have the estimate:∥∥Pk∇τ

(
∇MΦ0

)
J

∥∥2
L2 +

∥∥∇Pk

(
∇MΦ0

)
J

∥∥2
L2 + 22k

∥∥Pk

(
∇MΦ0

)
J

∥∥2
L2+

+
I∑

i=1

(∥∥Pk∇τ∇MΦi

∥∥2
L2 +

∥∥∇Pk∇MΦi

∥∥2
L2 + 22k

∥∥Pk∇MΦi

∥∥2
L2

)
≲

≲
∥∥∇PkhM

∥∥2
L2 + 22k

∥∥PkhM
∥∥2
L2 +

I∑
i=1

∥∥∇Pk∇MΦ0
i

∥∥2
L2 +

I∑
i=1

22k
∥∥Pk∇MΦ0

i

∥∥2
L2+

+
I∑

i=1

∫ τ

0

(
1

23k
∥∥∇MΦi

∥∥2
H1 +

(τ ′)2

2k
∥∥∇τ∇MΦi

∥∥2
L2

)
dτ ′ +

∫ τ

0

(τ ′)2

2k
∥∥∇τ

(
∇MΦ0

)
J

∥∥2
L2dτ

′+

+

∫ τ

0

1

23k
∥∥(∇MΦ0

)
J

∥∥2
H1dτ

′ +

I∑
i=0

∫ τ

0

1

2k
∥∥PkF

i
M

∥∥2
L2dτ

′ +

∫ τ

0

1

2k
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥2
L2dτ

′.

Proof. We denote ξ0 =
(
∇MΦ0

)
J
and for 1 ≤ i ≤ I we denote ξi = ∇MΦi. We introduce the new

time variable t = 2kτ . Equations (5.13) and (7.5) with m = M can be written as follows for all

0 ≤ i ≤ I:

∇t

(
∇tξi

)
+

1

t
∇tξi −

4

22k
·∆ξi =

I∑
j=0

1

22k
· ψ∇ξj +

1

22k
· F i

M +
1

22k
· ψ∇

(
∇MΦ0

)
Y
.

For any k ≥ 0, we apply Pk to each equation:

∇t

(
Pk∇tξi

)
+

1

t
Pk∇tξi −

4

22k
·∆Pkξi =

I∑
j=0

1

22k
· ψ∇Pkξj +

I∑
j=0

1

22k
ψ[Pk,∇]ξj+

+
I∑

j=0

1

22k
[Pk, ψ]∇ξj +

1

22k
· PkF

i
M + [∇t, Pk]∇tξi +

1

22k
· Pk

(
ψ∇

(
∇MΦ0

)
Y

)
.

We contract each equation with Pk∇tξi and integrate by parts to obtain the energy estimate:

I∑
i=0

∥∥Pk∇tξi
∥∥2
L2 +

I∑
i=0

1

22k
∥∥∇Pkξi

∥∥2
L2 ≲

≲
I∑

i=0

1

22k
∥∥∇Pkξ

0
i

∥∥2
L2 +

I∑
i=0

∫ t

0

1

22k
∥∥∇Pkξi

∥∥
L2 ·

∥∥∇[Pk,∇t]ξi
∥∥
L2+
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+

I∑
i=0

∫ t

0

1

22k
∥∥∇Pkξi

∥∥
L2 ·

∥∥[∇,∇t]Pkξi
∥∥
L2 +

I∑
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∫ t

0

1
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0
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∥∥
L2 ·
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∥∥
L2+
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0

1

22k
∥∥Pk∇tξi
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(∥∥PkF
i
M

∥∥
L2 +

∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥
L2

)
dt′.

We note that we dropped the bulk term with a favorable sign in the above estimate. We use

Grönwall for t ∈
[
0, 1/2

]
:

I∑
i=0

∥∥Pk∇tξi
∥∥2
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0
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∥∥2
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0

∥∥[∇t, Pk]∇tξi
∥∥2
L2 +

I∑
i=0

∫ t

0

1

24k
∥∥PkFi

∥∥2
L2 +

∫ t

0

1

24k
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥2
L2 .

We use Lemma 6.3 in order to bound the commutation terms. Thus, we get:

I∑
i=0

∥∥Pk∇tξi
∥∥2
L2 +

I∑
i=0

1

22k
∥∥∇Pkξi

∥∥2
L2 ≲

I∑
i=0

1

22k
∥∥∇Pkξ

0
i

∥∥2
L2 +

I∑
i=0

∫ t

0

1

26k
∥∥ξi∥∥2H1+

+
I∑

i=0

∫ t

0

(t′)2

24k
∥∥∇tξi

∥∥2
L2 +

I∑
i=0

∫ t

0

1

24k
∥∥PkF

i
M

∥∥2
L2 +

∫ t

0

1

24k
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥2
L2 .

We change variables to τ and get for all τ ∈ [0, 2−k−1] :

I∑
i=0

∥∥Pk∇τξi
∥∥2
L2 +

∥∥∇Pkξi
∥∥2
L2 ≲

I∑
i=0

∥∥∇Pkξ
0
i

∥∥2
L2 +

I∑
i=0

∫ τ

0

1

23k
∥∥ξi∥∥2H1+

+
I∑

i=0

∫ τ

0

(τ ′)2

2k
∥∥∇τξi

∥∥2
L2 +

I∑
i=0

∫ τ

0

1

2k
∥∥PkF

i
M

∥∥2
L2 +

∫ τ

0

1

2k
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥2
L2 .

Next, using Lemma 7.1 and (6.22), we also have the bound for all τ ∈ [0, 2−k−1] :

I∑
i=0

∥∥Pkξi
∥∥2
L2 ≲

I∑
i=0

∥∥Pkξ
0
i

∥∥2
L2 +

I∑
i=0

2−k

∫ τ

0

∥∥∇τPkξi
∥∥2
L2 +

I∑
i=0

2k
∫ τ

0

∥∥Pkξi
∥∥2
L2

≲
I∑

i=0

∥∥Pkξ
0
i

∥∥2
L2 +

I∑
i=0

2−k

∫ τ

0

∥∥Pk∇τξi
∥∥2
L2+
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+

I∑
i=0

2−5k

∫ τ

0

∥∥ξi∥∥2H1 +

I∑
i=0

2k
∫ τ

0

∥∥Pkξi
∥∥2
L2 .

Using Grönwall and the previous estimate, we conclude that:

I∑
i=0

22k
∥∥Pkξi

∥∥2
L2 ≲

I∑
i=0

22k
∥∥Pkξ

0
i

∥∥2
L2 +

I∑
i=0

∥∥∇Pkξ
0
i

∥∥2
L2 +

I∑
i=0

∫ τ

0

1

23k
∥∥ξi∥∥2H1+

+

I∑
i=0

∫ τ

0

(τ ′)2

2k
∥∥∇τξi

∥∥2
L2 +

I∑
i=0

∫ τ

0

1

2k
∥∥PkF

i
M

∥∥2
L2 +

∫ τ

0

1

2k
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥2
L2 .

7.4.2 High Frequency Regime Estimates

We prove a high frequency regime estimate for Pk

(
∇MΦ0

)
J
, Pk∇MΦ1, . . . , Pk∇MΦI , for each

k ≥ 0. The idea of the proof is to use 2kτ∇τ as a multiplier for τ ∈ [2−k−1, 1]. As in the previous

section, our estimates are simplified by the presence of bulk terms with favorable signs. We point

out that the argument is entirely analogous to the proof of the high frequency regime estimate

for the singular component Pk

(
∇MΦ0

)
Y

in Section 7.3.2.

Proposition 7.12. For any k ≥ 0, τ ∈
[
2−k−1, 1

]
we have the estimate for the regular compo-

nents:

τ
∥∥Pk∇τ

(
∇MΦ0

)
J

∥∥2
L2 +

1

τ

∥∥Pk

(
∇MΦ0

)
J

∥∥2
L2 + τ

∥∥∇Pk

(
∇MΦ0

)
J

∥∥2
L2+

+
I∑

i=1

τ
∥∥Pk∇τ∇MΦi

∥∥2
L2 +

I∑
i=1

1

τ

∥∥Pk∇MΦi

∥∥2
L2 +

I∑
i=1

τ
∥∥∇Pk∇MΦi

∥∥2
L2 ≲

≲
1

2k

(∥∥Pk∇τ

(
∇MΦ0

)
J

∥∥2
L2 + 22k

∥∥Pk

(
∇MΦ0

)
J

∥∥2
L2 +

∥∥∇Pk

(
∇MΦ0

)
J

∥∥2
L2

)∣∣∣∣
τ=2−k−1

+

+

∫ τ

2−k−1

τ ′
∥∥P̃ k

(
∇MΦ0

)
J

∥∥2
L2 +

I∑
i=1

∫ τ

2−k−1

τ ′
∥∥P̃ k∇MΦi

∥∥2
L2

+
I∑

i=1

1

2k

(∥∥Pk∇τ∇MΦi

∥∥2
L2 + 22k

∥∥Pk∇MΦi

∥∥2
L2 +

∥∥∇Pk∇MΦi

∥∥2
L2

)∣∣∣∣
τ=2−k−1

+

∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇

(
∇MΦ0

)
J

∥∥2
L2 +

∫ τ

2−k−1

(τ ′)3
∥∥P̃ k∇τ

(
∇MΦ0

)
J

∥∥2
L2 +

∫ τ

2−k−1

τ ′

22k
∥∥(∇MΦ0

)
J

∥∥2
H1

+

I∑
i=1

∫ τ

2−k−1

(
(τ ′)3

∥∥P̃ k∇M+1Φi

∥∥2
L2 + (τ ′)3

∥∥P̃ k∇τ∇MΦi

∥∥2
L2

)
dτ ′
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+

I∑
i=1

∫ τ

2−k−1

(
τ ′

22k
∥∥∇MΦi

∥∥2
H1 +

(τ ′)3

22k
∥∥∇τ∇MΦi

∥∥2
L2

)
dτ ′

+

∫ τ

2−k−1

(τ ′)3

22k
∥∥∇τ

(
∇MΦ0

)
J

∥∥2
L2 +

∫ τ

2−k−1

τ ′
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥2
L2 +

I∑
i=0

∫ τ

2−k−1

τ ′
∥∥PkF

i
M

∥∥2
L2 .

Proof. We denote ξ0 =
(
∇MΦ0

)
J
and for 1 ≤ i ≤ I we denote ξi = ∇MΦi. We introduce the new

time variable t = 2kτ . As before, equations (5.13) and (7.5) with m = M can be written for all

0 ≤ i ≤ I:

∇t

(
∇tξi

)
+

1

t
∇tξi −

4

22k
·∆ξi =

I∑
j=0

1

22k
· ψ∇ξj +

1

22k
· F i

M +
1

22k
· ψ∇

(
∇MΦ0

)
Y
.

We multiply by
√
t to get for all 0 ≤ i ≤ I:

∇t

(
∇t(ξi

√
t)
)
+

1

4t2
ξi
√
t− 4

22k
·∆ξi

√
t =

I∑
j=0

1

22k
·ψ∇ξj

√
t+

1

22k
·F i

M

√
t+

1

22k
·ψ∇

(
∇MΦ0

)
Y

√
t.

For any k ≥ 0, we apply Pk to obtain the equations for all 0 ≤ i ≤ I:

∇t

(
Pk∇t(ξi

√
t)
)
+

1

4t2
Pkξi

√
t− 4

22k
∆Pkξi

√
t =

I∑
j=0

1

22k
ψ∇Pkξj

√
t+

I∑
j=0

1

22k
ψ[Pk,∇]ξj

√
t+

+
I∑

j=0

1

22k
[Pk, ψ]∇ξj

√
t+

Pk

(
F i
M

√
t+ ψ∇

(
∇MΦ0

)
Y

√
t
)

22k
+ [∇t, Pk]∇tξi

√
t

We contract each equation with Pk∇t(ξi
√
t) and integrate by parts to obtain the following energy

estimate: ∥∥Pk∇tξi
√
t
∥∥2
L2 +

1

t2
∥∥Pkξi

√
t
∥∥2
L2 +

1

22k
∥∥∇Pkξi

√
t
∥∥2
L2 +

∫ t

1/2

1

(t′)2
∥∥Pkξi

∥∥2
L2dt

′ ≲

≲

(∥∥Pk∇tξi
∥∥2
L2 +

∥∥Pkξi
∥∥2
L2 +

1

22k
∥∥∇Pkξi

∥∥2
L2

)∣∣∣∣
t=1/2

+

+

∫ t

1/2

∫
Sn

1

(t′)2
∣∣Pkξi

√
t′
∣∣ · ∣∣[Pk,∇t]ξi

√
t′
∣∣+ ∫ t

1/2

∫
Sn

1

22k
∣∣∇Pkξi

√
t′
∣∣ · ∣∣∇[Pk,∇t]ξi

√
t′
∣∣+

+

∫ t

1/2

∫
Sn

1

22k
∣∣∇Pkξi

√
t′
∣∣ · ∣∣[∇,∇t]Pkξi

√
t′
∣∣+ I∑

j=0

∫ t

1/2

∫
Sn

1

22k
∣∣Pk∇tξi

√
t′
∣∣ · ∣∣∇Pkξj

√
t′
∣∣+

+

I∑
j=0

∫ t

1/2

∫
Sn

1

22k
∣∣Pk∇tξi

√
t′
∣∣ · ∣∣[Pk,∇]ξj

√
t′
∣∣+ I∑

j=0

∫ t

1/2

∫
Sn

1

22k
∣∣Pk∇tξi

√
t′
∣∣ · ∣∣[Pk, ψ]∇ξj

√
t′
∣∣+

+

∫ t

1/2

∫
Sn

∣∣Pk∇tξi
√
t′
∣∣ · ∣∣[∇t, Pk]∇tξi

√
t′
∣∣+
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+

∫ t

1/2

∫
Sn

1

22k
∣∣Pk∇tξi

√
t′
∣∣ · ∣∣Pk

(
F i
M

√
t′ + ψ∇

(
∇MΦ0

)
Y

√
t′
)∣∣.

We point out that the bulk term with a favorable sign provides a significant simplification for our

analysis. On the other hand, in the analysis of the second model system the corresponding term

will create several complications. We use Grönwall for t ∈
[
1/2, 2k

]
, and the bounds in Lemma

6.4 to get for all 0 ≤ i ≤ I:∥∥Pk∇tξi
√
t
∥∥2
L2 +

1

t2
∥∥Pkξi

√
t
∥∥2
L2 +

1

22k
∥∥∇Pkξi

√
t
∥∥2
L2 ≲

≲

(∥∥Pk∇tξi
∥∥2
L2 +

∥∥Pkξi
∥∥2
L2 +

1

22k
∥∥∇Pkξi

∥∥2
L2

)∣∣∣∣
t=1/2

+

∫ t

1/2

1

22kt′
∥∥Pkξi

√
t′
∥∥
L2 ·

(∥∥P̃ kξi
√
t′
∥∥
L2 + 2−k

∥∥ξi√t′∥∥L2

)
+

+
I∑

j=0

∫ t

1/2

1

22k
∥∥Pk∇tξi

√
t′
∥∥
L2 ·

∥∥∇Pkξj
√
t′
∥∥
L2+

+

∫ t

1/2

t′

24k
∥∥∇Pkξi

√
t′
∥∥
L2 ·

(∥∥P̃ k∇ξi
√
t′
∥∥
L2 + 2−k

∥∥ξi√t′∥∥H1

)
+

+

I∑
j=0

∫ t

1/2

1

23k
∥∥Pk∇tξi

√
t′
∥∥
L2 ·

∥∥ξj√t′∥∥H1+

+

∫ t

1/2

t′

22k
∥∥Pk∇tξi

√
t′
∥∥
L2

(∥∥P̃ k∇tξi
√
t′
∥∥
L2 + 2−k

∥∥∇tξi
√
t′
∥∥
L2

)
+

+

∫ t

1/2

1

22k
∥∥Pk∇tξi

√
t′
∥∥
L2

∥∥PkF
i
M

√
t′
∥∥
L2 +

∫ t

1/2

1

22k
∥∥Pk∇tξi

√
t′
∥∥
L2

∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)√
t′
∥∥
L2

Once again we use Grönwall for t ∈
[
1/2, 2k

]
to get for all 0 ≤ i ≤ I:∥∥Pk∇tξi

√
t
∥∥2
L2 +

1

t2
∥∥Pkξi

√
t
∥∥2
L2 +

1

22k
∥∥∇Pkξi

√
t
∥∥2
L2 ≲

≲

(∥∥Pk∇tξi
∥∥2
L2 +

∥∥Pkξi
∥∥2
L2 +

1

22k
∥∥∇Pkξi

∥∥2
L2

)∣∣∣∣
t=1/2

+

+

∫ t

1/2

1

23k
∥∥P̃ kξi

√
t′
∥∥2
L2 +

∫ t

1/2

(t′)2

25k
∥∥P̃ k∇ξi

√
t′
∥∥2
L2 +

∫ t

1/2

(t′)2

23k
∥∥P̃ k∇tξi

√
t′
∥∥2
L2+

+

I∑
j=0

∫ t

1/2

1

23k
∥∥∇Pkξj

√
t′
∥∥2
L2 +

I∑
j=0

∫ t

1/2

1

25k
∥∥ξj√t′∥∥2H1 +

∫ t

1/2

(t′)2

25k
∥∥∇tξi

√
t′
∥∥2
L2+

+

∫ t

1/2

1

23k
∥∥PkF

i
M

√
t′
∥∥2
L2 +

∫ t

1/2

1

23k
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)√
t′
∥∥2
L2 .
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Finally, we sum the above estimates for all 0 ≤ i ≤ I to obtain:

I∑
i=0

t
∥∥Pk∇tξi

∥∥2
L2 +

I∑
i=0

1

t

∥∥Pkξi
∥∥2
L2 +

I∑
i=0

t

22k
∥∥∇Pkξi

∥∥2
L2 ≲

≲
I∑

i=0

(∥∥Pk∇tξi
∥∥2
L2 +

∥∥Pkξi
∥∥2
L2 +

1

22k
∥∥∇Pkξi

∥∥2
L2

)∣∣∣∣
t=1/2

+

I∑
i=0

∫ t

1/2

1

23k
∥∥P̃ kξi

√
t′
∥∥2
L2+

+
I∑

i=0

∫ t

1/2

(t′)2

25k
∥∥P̃ k∇ξi

√
t′
∥∥2
L2 +

I∑
i=0

∫ t

1/2

(t′)2

23k
∥∥P̃ k∇tξi

√
t′
∥∥2
L2 +

I∑
i=0

∫ t

1/2

1

25k
∥∥ξi√t′∥∥2H1+

+
I∑

i=0

∫ t

1/2

(t′)2

25k
∥∥∇tξi

√
t′
∥∥2
L2 +

I∑
i=0

∫ t

1/2

t′

23k
∥∥PkF

i
M

∥∥2
L2 +

∫ t

1/2

t′

23k
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥2
L2 .

We change variables to τ in order to obtain the conclusion.

7.4.3 The Proof of Theorem 7.1

In this section, we combine the low frequency regime and the high frequency regime estimates

for the regular components to establish top order estimates. Together with (7.7), (7.8), and the

lower order estimates, these complete the proof of Theorem 7.1.

We recall the definitions of EI , DI , and FI in the statement of Theorem 7.1:

EI(τ) =τ2
∥∥∇τ∇MΦ0

∥∥2
H1/2(Sτ )

+ τ2
∥∥∇MΦ0

∥∥2
H3/2(Sτ )

+

+
I∑

i=1

(
τ
∥∥∇τ∇MΦi

∥∥2
H1/2(Sτ )

+ τ
∥∥∇M+1Φi

∥∥2
H1/2(Sτ )

+
∥∥Φi

∥∥2
HM+1(Sτ )

)
,

DI =
∥∥O∥∥2

HM+1(Sn)
+
∥∥h∥∥2

HM+1(Sn)
+

I∑
i=1

∥∥Φ0
i

∥∥2
HM+1(Sn)

,

FI(τ) =

M∑
m=0

I∑
i=0

∫ τ

0

∥∥F i
m

∥∥2
L2(Sτ ′ )

dτ ′ +

I∑
i=0

∫ τ

0
τ ′
∥∥F i

M

∥∥2
H1/2(Sτ ′ )

dτ ′.

Proof of Theorem 7.1. Using (7.7), (7.8), and the lower order estimates in Propositions 7.2 and

7.3, we notice that in order to establish Theorem 7.1 it suffices to prove the estimate for all

τ ∈ (0, 1] :

τ
∥∥∇τ

(
∇MΦ0

)
J

∥∥2
H1/2 + τ

∥∥∇(∇MΦ0

)
J

∥∥2
H1/2 +

I∑
i=1

τ
∥∥∇τ∇MΦi

∥∥2
H1/2+

+
I∑

i=1

τ
∥∥∇M+1Φi

∥∥2
H1/2 +

∥∥(∇MΦ0

)
J

∥∥2
H1 +

I∑
i=1

∥∥∇MΦi

∥∥2
H1
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≲
∥∥O∥∥2

HM+1 +
∥∥h∥∥2

HM+1 +

I∑
i=1

∥∥Φ0
i

∥∥2
HM+1 +

I∑
i=0

∫ τ

0

∥∥F i
M

∥∥2
L2 + τ ′

∥∥F i
M

∥∥2
H1/2dτ

′.

For the rest of the proof we show this estimate. The first step is to combine the high frequency

regime estimate in Proposition 7.12 with the low frequency regime estimate in Proposition 7.11.

We denote ξ0 =
(
∇MΦ0

)
J
and ξi = ∇MΦi for 1 ≤ i ≤ I. Using the high frequency regime

estimate in Proposition 7.12, we get that for k ≥ 0 and τ ∈
[
2−k−1, 1

]
:

I∑
i=0

2kτ
∥∥Pk∇τξi

∥∥2
L2 +

I∑
i=0

2k

τ

∥∥Pkξi
∥∥2
L2 +

I∑
i=0

2kτ
∥∥∇Pkξi

∥∥2
L2 ≲

≲
I∑

i=0

(∥∥Pk∇τξi
∥∥2
L2 + 22k

∥∥Pkξi
∥∥2
L2 +

∥∥∇Pkξi
∥∥2
L2

)∣∣∣∣
τ=2−k−1

+
I∑

i=0

∫ τ

2−k−1

2kτ ′
∥∥P̃ kξi

∥∥2
L2

+
I∑

i=0

∫ τ

2−k−1

2k(τ ′)3
∥∥P̃ k∇ξi

∥∥2
L2 +

I∑
i=0

∫ τ

2−k−1

2k(τ ′)3
∥∥P̃ k∇τξi

∥∥2
L2 +

I∑
i=0

∫ τ

2−k−1

τ ′

2k
∥∥ξi∥∥2H1

+

I∑
i=0

∫ τ

2−k−1

(τ ′)3

2k
∥∥∇τξi

∥∥2
L2 +

I∑
i=0

∫ τ

2−k−1

2kτ ′
∥∥PkF

i
M

∥∥2
L2 +

∫ τ

2−k−1

2kτ ′
∥∥Pk

(
ψ∇

(
∇MΦ0

)
Y

)∥∥2
L2 .

We use the low frequency regime estimate in Proposition 7.11 and the bound (7.8) for the singular

component. Thus, we get for k ≥ 0 and τ ∈
[
2−k−1, 1

]
the following high frequency regime

estimate:
I∑

i=0

2kτ
∥∥Pk∇τξi

∥∥2
L2 +

I∑
i=0

2k

τ

∥∥Pkξi
∥∥2
L2 +

I∑
i=0

2kτ
∥∥∇Pkξi

∥∥2
L2 ≲

≲
I∑

i=0

∥∥∇Pkξ
0
i

∥∥2
L2 +

I∑
i=0

22k
∥∥Pkξ

0
i

∥∥2
L2 + 2−k

∥∥O∥∥2
HM+1 +

I∑
i=0

∫ 2−k−1

0

1

23k
∥∥ξi∥∥2H1+

+

I∑
i=0

∫ 2−k−1

0

(τ ′)2

2k
∥∥∇τξi

∥∥2
L2 +

I∑
i=0

∫ 2−k−1

0

1

2k
∥∥PkF

i
M

∥∥2
L2 +

I∑
i=0

∫ τ

2−k−1

τ ′

2k
∥∥ξi∥∥2H1

+
I∑

i=0

∫ τ

2−k−1

(
2kτ ′

∥∥P̃ kξi
∥∥2
L2 + 2k(τ ′)3

∥∥P̃ k∇ξi
∥∥2
L2 + 2k(τ ′)3

∥∥P̃ k∇τξi
∥∥2
L2

)
dτ ′

+

I∑
i=0

∫ τ

2−k−1

(τ ′)3

2k
∥∥∇τξi

∥∥2
L2 +

I∑
i=0

∫ τ

2−k−1

2kτ ′
∥∥PkF

i
M

∥∥2
L2 +

∫ τ

2−k−1

2kτ ′
∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 .

The second step is to prove a bound for the sum of the non-negative frequencies. We define

the following energy for all k ≥ 0:

2kE2
k(τ) =

I∑
i=0

2kτ
∥∥Pk∇τξi

∥∥2
L2 +

I∑
i=0

2k
∥∥Pkξi

∥∥2
L2 +

I∑
i=0

2kτ
∥∥∇Pkξi

∥∥2
L2 +

I∑
i=0

∥∥∇Pkξi
∥∥2
L2 .
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Using the singular component high frequency regime estimate, we get that for all k ≥ 0:∑
τ>2−k−1

∫ τ

2−k−1

2kτ ′
∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2 ≲

∫ τ

0

∑
τ ′>2−k−1

2kτ ′
∥∥∇Pk

(
∇MΦ0

)
Y

∥∥2
L2dτ

′ ≲
∥∥O∥∥2

HM+1 .

As a result, the above high frequency regime estimate implies the bound:∑
τ>2−k−1

2kE2
k ≲

∥∥O∥∥2
HM+1 +

I∑
i=0

∥∥ξ0i ∥∥2H1 +

I∑
i=0

∫ τ

0

∥∥ξi∥∥2H1 +

I∑
i=0

∫ τ

0
(τ ′)2

∥∥∇τξi
∥∥2
H1/2+

+

I∑
i=0

∫ τ

0
(τ ′)2

∥∥∇ξi∥∥2H1/2 +

∫ τ

0
τ ′
∥∥ξi∥∥2H1/2 +

I∑
i=0

∑
k≥0

∫ τ

0

(
2kτ ′ + 2−k

)∥∥PkF
i
M

∥∥2
L2 .

The low frequency estimates in Proposition 7.3 and (7.8) imply the bound:∑
τ≤2−k−1

2kE2
k ≲

∥∥O∥∥2
HM+1 +

I∑
i=0

∥∥ξ0i ∥∥2H1+

+

I∑
i=0

∫ τ

0

∥∥ξi∥∥2H1 +

I∑
i=0

∫ τ

0
(τ ′)2

∥∥∇τξi
∥∥2
L2 +

I∑
i=0

∑
k≥0

∫ τ

0

1

2k
∥∥PkF

i
M

∥∥2
L2 .

As a result, we completed the second step of the proof and showed that:∑
k≥0

2kE2
k ≲

∥∥O∥∥2
HM+1 +

I∑
i=0

∥∥ξ0i ∥∥2H1 +
I∑

i=0

∫ τ

0

∥∥ξi∥∥2H1 +
I∑

i=0

∫ τ

0
(τ ′)2

∥∥∇τξi
∥∥2
H1/2+

+

I∑
i=0

∫ τ

0
(τ ′)2

∥∥∇ξi∥∥2H1/2 +

I∑
i=0

∫ τ

0

∥∥F i
M

∥∥2
L2 + τ ′

∥∥F i
M

∥∥2
H1/2dτ

′.

The final step of the proof is dealing with the negative frequencies k < 0. We remark that

we can repeat the proof of Proposition 7.3 for m = M and use (7.8) in order to deal with the

singular component. Thus, to get:

I∑
i=0

∥∥∇τξi
∥∥2
L2 +

I∑
i=0

∥∥ξi∥∥2H1 ≲
∥∥O∥∥2

HM+1 +

I∑
i=0

∥∥ξ0i ∥∥2H1 +

I∑
i=0

∫ τ

0

∥∥F i
M

∥∥2
L2dτ

′.

We notice that by [KR06], we have that ∥Pk∇F∥L2 ≲ 2k∥F∥L2 for any k < 0. We obtain the

following bound for the negative frequencies:

I∑
i=0

∑
k<0

(
2kτ

∥∥Pk∇τξi
∥∥2
L2 + 2k

∥∥Pkξi
∥∥2
L2 + 2kτ

∥∥∇Pkξi
∥∥2
L2 +

∥∥∇Pkξi
∥∥2
L2

)
≲

I∑
i=0

∥∥ξi∥∥2L2 +
∥∥∇τξi

∥∥2
L2

≲
∥∥O∥∥2

HM+1 +
I∑

i=0

∥∥ξ0i ∥∥2H1 +

I∑
i=0

∫ τ

0

∥∥F i
M

∥∥2
L2dτ

′.
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To conclude the proof of Theorem 7.1, we combine the estimates proved for non-negative

frequencies and negative frequencies. We then apply Grönwall to obtain:

I∑
i=0

τ
∥∥∇τξi

∥∥2
H1/2 +

I∑
i=0

∥∥ξi∥∥2H1 +
I∑

i=0

τ
∥∥∇ξi∥∥2H1/2 ≲

≲
∥∥O∥∥2

HM+1 +
I∑

i=0

∥∥ξ0i ∥∥2H1 +
I∑

i=0

∫ τ

0

∥∥F i
M

∥∥2
L2 + τ ′

∥∥F i
M

∥∥2
H1/2 .

8 Estimates for the Second Model System

An essential part of our argument is to prove estimates on the second model system (5.14), in

terms of the initial data at {τ = 1}. This system includes the commuted Bianchi system, where

Φ0 and Φi correspond to the commuted curvature components ∇
n−4
2

4 α and ∇
n−4
2

4 ΨG.

In the present section, we prove in Theorem 8.1 the main estimates for the system (5.14).

This section is based on [Cic24, Section 9] and [Cic26, Section 4]. We encourage the reader to

return to Section 1.3.3 of the introduction for an outline of the proof.

Theorem 8.1. Let M > N be large enough. We assume that Φ0, . . . ,ΦI satisfy the second model

system (5.14) on the hypersurface {u = −1}× {τ ∈ (0, 1)}×Sn of the spacetime
(
M, g

)
obtained

in Theorem 3.1.

For all τ ∈ (0, 1], we denote by EII(τ) the energy of the solution at time τ :

EII(τ) =τ
∥∥Φ0

∥∥2
HM+1/2(Sτ )

+ τ2
∥∥Φ0

∥∥2
HM+3/2(Sτ )

+ τ2
∥∥∇τ∇MΦ0

∥∥2
H1/2(Sτ )

+ (8.1)

+
M−1∑
m=0

τ2
∥∥∇τ∇mΦ0

∥∥2
L2(Sτ )

+

∫ 1

τ
τ ′
∥∥Φ0

∥∥2
HM+1dτ

′ +
I∑

i=1

∥∥Φi

∥∥2
HM+3/2(Sτ )

+

+

I∑
i=1

M∑
m=0

(∥∥∇τ∇mΦi

∥∥2
H1/2(Sτ )

+

∫ 1

τ

1

τ ′
∥∥∇τ∇mΦi

∥∥2
H1/2dτ

′
)
.

We define the initial data norm and the inhomogeneous norm as:

DII =
I∑

i=0

∥∥Φi

∥∥2
HM+3/2(S1)

+

I∑
i=0

∥∥∇τΦi

∥∥2
HM+1/2(S1)

, FII(τ) =
I∑

i=0

M∑
m=0

∫ 1

τ
τ ′
∥∥F i

m

∥∥2
H1/2(Sτ ′ )

dτ ′.

The solution of the second model system satisfies the estimate for τ ∈ (0, 1] and a constant CII > 0:

EII(τ) ≤ CIIDII + CIIFII(τ), (8.2)
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where the constant CII depends on M > N , the bound on ∥ψ∥HM+1

∣∣
τ=1

, and the bounds satisfied

by the background
(
M, g

)
according to Theorem 3.1.

Moreover, the asymptotic data at I− given by Φ0
i , O, and h satisfies the estimates:

∥∥O∥∥2
HM+1(Sn)

+

I∑
i=1

∥∥Φ0
i

∥∥2
HM+1(Sn)

≤ CIIDII + CIIFII(0), (8.3)

∥∥h∥∥2
HM+1(Sn)

≤ CII ·
(
DII + FII(0) +

∥∥h∥∥2
L2(Sn)

)
. (8.4)

We outline the structure of the rest of the section. In Section 8.1, we prove estimates for

the regular quantities Φ1, . . . ,ΦI which satisfy (5.14) and decouple from the singular quantity

Φ0. We prove (1.44) and (1.45) in Proposition 8.1. In Section 8.2, we prove the preliminary

bound (1.46) in Proposition 8.2. In Section 8.3, we prove the low frequency regime estimates in

Propositions 8.3 and 8.4. In Section 8.4, we prove the preliminary high frequency regime estimate

in Proposition 8.5. We improve this in Section 8.5 to obtain the high frequency regime estimate

in Proposition 8.6. Combining the previous estimates in Section 8.6, we complete the proof of

the main estimate (8.2) in Theorem 8.1. Finally, we establish the estimates (8.3) and (8.4) for

the asymptotic data at I− in Section 8.7. We prove (1.48) in Proposition 8.7 and (1.49) in

Proposition 8.8.

We point out that the main difficulty in our argument is dealing with the top order quantity

ξ = ∇MΦ0. For this part we use as a guideline the toy problem considered in [Cic24, Section 9],

where we studied the equation satisfied by ξ = ∇MΦ0, but we dropped the terms F ′
M = F 0

M +∑I
i=1 ψ∇M+1Φi for simplicity.

8.1 Estimates for the Regular Quantities

In this section, we prove the main estimates for all the regular quantities Φi, with 1 ≤ i ≤ I :

Proposition 8.1. For all 0 ≤ m ≤M and 1 ≤ i ≤ I we have:∥∥∇τ∇mΦi

∥∥2
H1/2 +

∥∥∇mΦi

∥∥2
H3/2 +

∫ 1

τ

1

τ ′
∥∥∇τ∇mΦi

∥∥2
H1/2dτ

′ ≲

≲
I∑

j=1

(∥∥Φj

∥∥2
Hm+3/2

∣∣
τ=1

+
∥∥∇τΦj

∥∥2
Hm+1/2

∣∣
τ=1

+

m∑
k=0

∫ 1

τ
τ ′
∥∥F j

k

∥∥2
H1/2dτ

′
)

≲ DII + FII(τ).

Remark 8.1. As pointed out in Section 1.3.3 of the Introduction, we recall that the second model

system (5.14) has a favorable structure for proving estimates backwards in time for the regular
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quantities Φ1, . . . ,ΦI . In particular, when using the ∇τ multiplier we obtain good bulk terms,

allowing us to prove top order estimates.

Proof. For the purpose of this proof we fix 0 ≤ m ≤M and we denote ξi = ∇mΦi.We can rewrite

(5.14) for all 1 ≤ i ≤ I :

∇τ

(
∇τξi

)
− 1

τ
∇τξi − 4∆ξi =

I∑
j=1

ψ∇ξj + F i
m. (8.5)

Preliminary estimates. We first prove the following preliminary estimates for all 1 ≤ i ≤ I :∥∥∇τ∇mΦi

∥∥2
L2 +

∥∥∇mΦi

∥∥2
H1 +

∫ 1

τ

1

τ ′
∥∥∇τ∇mΦi

∥∥2
L2dτ

′ ≲

≲
I∑

j=1

(∥∥Φj

∥∥2
Hm+1

∣∣
τ=1

+
∥∥∇τΦj

∥∥2
Hm

∣∣
τ=1

+

∫ 1

τ
τ ′
∥∥F j

m

∥∥2
L2

)
.

To prove this, we contract each equation (8.5) by ∇τξi. Using Lemma 7.1, we obtain the energy

estimate: ∥∥∇τξi
∥∥2
L2 +

∥∥∇ξi∥∥2L2 +

∫ 1

τ

1

τ ′
∥∥∇τξi

∥∥2
L2dτ

′ ≲
(∥∥ξi∥∥2H1 +

∥∥∇τξi
∥∥2
L2

)∣∣∣
τ=1

+

+

∫ 1

τ
τ ′
∥∥∇ξi∥∥L2

∥∥[∇,∇4]ξi
∥∥
L2dτ

′ +

I∑
j=1

∫ 1

τ

∥∥∇ξj∥∥L2

∥∥∇τξi
∥∥
L2 +

∫ 1

τ

∥∥∇τξi
∥∥
L2

∥∥F i
m

∥∥
L2dτ

′.

We use Cauchy-Schwarz, Grönwall, and the bulk term to obtain:∥∥∇τξi
∥∥2
L2 +

∥∥∇ξi∥∥2L2 +

∫ 1

τ

1

τ ′
∥∥∇τξi

∥∥2
L2dτ

′ ≲
(∥∥ξi∥∥2H1 +

∥∥∇τξi
∥∥2
L2

)∣∣∣
τ=1

+

+

∫ 1

τ
(τ ′)2

∥∥ξi∥∥2L2dτ
′ +

I∑
j=1

∫ 1

τ

∥∥∇ξj∥∥2L2dτ
′ +

∫ 1

τ
τ ′
∥∥F i

m

∥∥2
L2dτ

′.

On the other hand, we also have the bound:∥∥ξi∥∥2L2 ≲
∥∥ξi∥∥2L2

∣∣∣
τ=1

+

∫ 1

τ

∥∥ξi∥∥L2

∥∥∇τξi
∥∥
L2dτ

′ ≲
∥∥ξi∥∥2L2

∣∣∣
τ=1

+

∫ 1

τ

∥∥ξi∥∥2L2dτ
′ +

∫ 1

τ

∥∥∇τξi
∥∥2
L2dτ

′.

We sum the last two inequalities for all 1 ≤ i ≤ I :

I∑
i=1

∥∥∇τξi
∥∥2
L2 +

I∑
i=1

∥∥ξi∥∥2H1 +

I∑
i=1

∫ 1

τ

1

τ ′
∥∥∇τξi

∥∥2
L2dτ

′ ≲
I∑

i=1

(∥∥ξi∥∥2H1 +
∥∥∇τξi

∥∥2
L2

)∣∣∣
τ=1

+

+
I∑

i=1

∫ 1

τ

∥∥ξi∥∥2H1dτ
′ +

I∑
i=1

∫ 1

τ

∥∥∇τξi
∥∥2
L2dτ

′ +

I∑
i=1

∫ 1

τ
τ ′
∥∥F i

m

∥∥2
L2dτ

′.
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We use Grönwall to complete the proof of the above preliminary estimate. For the data terms

at τ = 1 we also use the commutation formula (6.12) and the assumption on the background

spacetime ∥ψ∥HM+1(S1) ≤ C2.

The main estimates. For each k ≥ 0, we apply Pk to equation (8.5) to obtain:

∇τ

(
Pk∇τξi

)
− 1

τ
Pk∇τξi − 4∆Pkξi =

I∑
j=1

Pk

(
ψ∇ξj

)
+ PkF

i
m + [∇τ , Pk]∇τξi.

We contract each equation by Pk∇τξi, in order to obtain the energy estimate:∥∥Pk∇τξi
∥∥2
L2 +

∥∥∇Pkξi
∥∥2
L2 +

∫ 1

τ

1

τ ′
∥∥Pk∇τξi

∥∥2
L2dτ

′ ≲
(∥∥∇Pkξi

∥∥2
L2 +

∥∥Pk∇τξi
∥∥2
L2

)∣∣∣
τ=1

+

+

∫ 1

τ
τ ′
∥∥∇Pkξi

∥∥
L2

∥∥∇[Pk,∇4]ξi
∥∥
L2dτ

′ +

∫ 1

τ
τ ′
∥∥∇Pkξi

∥∥
L2

∥∥[∇,∇4]Pkξi
∥∥
L2dτ

′

+

I∑
j=1

∫ 1

τ

∥∥Pk(ψ∇ξj)
∥∥
L2

∥∥Pk∇τξi
∥∥
L2 +

∫ 1

τ

∥∥Pk∇τξi
∥∥
L2

∥∥PkF
i
m

∥∥
L2dτ

′+

+

∫ 1

τ

∥∥Pk∇τξi
∥∥
L2

∥∥[∇τ , Pk]∇τξi
∥∥
L2dτ

′.

We use Cauchy-Schwarz and Grönwall to obtain:∥∥Pk∇τξi
∥∥2
L2 +

∥∥∇Pkξi
∥∥2
L2 +

∫ 1

τ

1

τ ′
∥∥Pk∇τξi

∥∥2
L2dτ

′ ≲
(∥∥∇Pkξi

∥∥2
L2 +

∥∥Pk∇τξi
∥∥2
L2

)∣∣∣
τ=1

+

+

∫ 1

τ
(τ ′)2

∥∥∇[Pk,∇4]ξi
∥∥2
L2dτ

′ +

∫ 1

τ
(τ ′)2

∥∥Pkξi
∥∥2
L2dτ

′ +

I∑
j=1

∫ 1

τ

∥∥[Pk, ψ]∇ξj
∥∥2
L2dτ

′+

+

I∑
j=1

∫ 1

τ

∥∥Pk∇ξj
∥∥2
L2dτ

′ +

∫ 1

τ
τ ′
∥∥PkF

i
m

∥∥2
L2dτ

′ +

∫ 1

τ
(τ ′)3

∥∥[∇4, Pk]∇τξi
∥∥2
L2dτ

′.

We use Lemma 6.3 and Lemma 6.4 to get:∥∥Pk∇τξi
∥∥2
L2 +

∥∥∇Pkξi
∥∥2
L2 +

∫ 1

τ

1

τ ′
∥∥Pk∇τξi

∥∥2
L2dτ

′ ≲

≲
(∥∥∇Pkξi

∥∥2
L2 +

∥∥Pk∇τξi
∥∥2
L2

)∣∣∣
τ=1

+

∫ 1

τ
(τ ′)2

∥∥P̃ k∇ξi
∥∥2
L2dτ

′ +

∫ 1

τ
(τ ′)2

∥∥Pkξi
∥∥2
L2dτ

′+

+

I∑
j=1

∫ 1

τ
2−2k

∥∥ξj∥∥2H1dτ
′ +

I∑
j=1

∫ 1

τ

∥∥Pk∇ξj
∥∥2
L2dτ

′ +

∫ 1

τ
τ ′
∥∥PkF

i
m

∥∥2
L2dτ

′+

+

∫ 1

τ
(τ ′)3

∥∥P̃ k∇τξi
∥∥2
L2dτ

′ +

∫ 1

τ
2−2k(τ ′)3

∥∥∇τξi
∥∥2
L2dτ

′.
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We multiply each inequality by 2k and sum for all 1 ≤ i ≤ I :

I∑
i=1

2k
∥∥Pk∇τξi

∥∥2
L2 +

I∑
i=1

2k
∥∥∇Pkξi

∥∥2
L2 +

I∑
i=1

∫ 1

τ

2k

τ ′
∥∥Pk∇τξi

∥∥2
L2dτ

′ ≲

≲
I∑

i=1

2k
(∥∥∇Pkξi

∥∥2
L2 +

∥∥Pk∇τξi
∥∥2
L2

)∣∣∣
τ=1

+

+
I∑

i=1

2k
∫ 1

τ
(τ ′)2

∥∥P̃ k∇ξi
∥∥2
L2dτ

′ +
I∑

i=1

2k
∫ 1

τ
(τ ′)2

∥∥Pkξi
∥∥2
L2dτ

′ +
I∑

i=1

∫ 1

τ
2−k

∥∥ξi∥∥2H1dτ
′+

+
I∑

i=1

2k
∫ 1

τ
τ ′
∥∥PkF

i
m

∥∥2
L2dτ

′ +
I∑

i=1

2k
∫ 1

τ
(τ ′)3

∥∥P̃ k∇τξi
∥∥2
L2dτ

′ +
I∑

i=1

∫ 1

τ
2−k(τ ′)3

∥∥∇τξi
∥∥2
L2dτ

′.

We then sum for all k ≥ 0, using the preliminary estimate as well to obtain:

I∑
i=1

∥∥∇τξi
∥∥2
H1/2 +

I∑
i=1

∥∥ξi∥∥2H3/2 +
I∑

i=1

∫ 1

τ

1

τ ′
∥∥∇τξi

∥∥2
H1/2dτ

′ ≲
I∑

i=1

(∥∥ξi∥∥2H3/2 +
∥∥∇τξi

∥∥2
H1/2

)∣∣∣
τ=1

+

+
I∑

i=1

∫ 1

τ

∥∥ξi∥∥2H3/2dτ
′ +

I∑
i=1

∫ 1

τ
τ ′
∥∥F i

m

∥∥2
H1/2dτ

′ +
I∑

i=1

∫ 1

τ
(τ ′)3

∥∥∇τξi
∥∥2
H1/2dτ

′.

We use Grönwall and we bound the initial data term at τ = 1 as before (using C2) to obtain the

conclusion.

8.2 Preliminary Estimates for the Singular Quantities

For every 0 ≤ m ≤M , we write the equation (5.14) for ∇mΦ0 as:

∇τ

(
∇τ∇mΦ0

)
+

1

τ
∇τ∇mΦ0 − 4∆∇mΦ0 = ψ∇m+1Φ0 + F ′

m, (8.6)

where we denote F ′
m = ψ

∑I
i=1∇m+1Φi+F

0
m.We prove the preliminary estimate (1.46) as outlined

in Section 1.3.3 of the Introduction:

Proposition 8.2. For all 0 ≤ m ≤M and τ ∈ [0, 1] we have the estimates:∥∥τ∇τ∇mΦ0

∥∥2
L2 +

∥∥τ∇m+1Φ0

∥∥2
L2 + τ

∥∥∇mΦ0

∥∥2
L2 +

∫ 1

τ
τ ′
∥∥∇m+1Φ0

∥∥2
L2dτ

′ ≲

≲

(∥∥Φ0

∥∥2
Hm+3/2 +

∥∥∇τΦ0

∥∥2
Hm+1/2

)∣∣∣∣
τ=1

+

∫ 1

τ
(τ ′)2

∥∥F ′
m

∥∥2
L2dτ

′.

Proof. For the purpose of this proof, we denote ξm = ∇mΦ0. We can rewrite equation (8.6) as:

∇τ

(
τ∇τξm

)
− 4τ∆ξm = τψ∇ξm + τF ′

m.
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Using Lemma 7.1, we obtain the energy estimate:∥∥τ∇τξm
∥∥2
L2 +

∥∥τ∇ξm∥∥2
L2 +

∫ 1

τ
τ ′
∥∥∇ξm∥∥2

L2dτ
′ ≲

(∥∥ξm∥∥2
H1 +

∥∥∇τξm
∥∥2
L2

)∣∣∣
τ=1

+

∫ 1

τ
τ ′
∥∥∇ξm∥∥

L2

(
τ ′
∥∥∇τξm

∥∥
L2 + (τ ′)2

∥∥[∇,∇4]ξm
∥∥
L2

)
dτ ′ +

∫ 1

τ
(τ ′)2

∥∥F ′
m

∥∥2
L2dτ

′.

Using Grönwall, we obtain: ∥∥τ∇τξm
∥∥2
L2 +

∥∥τ∇ξm∥∥2
L2 +

∫ 1

τ
τ ′
∥∥∇ξm∥∥2

L2dτ
′ ≲

(∥∥ξm∥∥2
H1 +

∥∥∇τξm
∥∥2
L2

)∣∣∣
τ=1

+

∫ 1

τ
(τ ′)4

∥∥ξm∥∥2
L2 +

∫ 1

τ
(τ ′)2

∥∥F ′
m

∥∥2
L2 .

Similarly, we have the estimate:∥∥ξm∥∥2
L2 ≲ ∥ξm

∥∥2
L2

∣∣∣
τ=1

+

∫ 1

τ

∥∥ξm∥∥
L2

∥∥∇τξm
∥∥
L2dτ

′.

In particular, this implies:

τ4
∥∥ξm∥∥2

L2 ≲ ∥ξm
∥∥2
L2

∣∣∣
τ=1

+

∫ 1

τ
(τ ′)4

∥∥∇τξm
∥∥2
L2dτ

′,

which gives in the above inequality:∥∥τ∇τξm
∥∥2
L2 +

∥∥τ∇ξm∥∥2
L2 +

∫ 1

τ
τ ′
∥∥∇ξm∥∥2

L2dτ
′ ≲

(∥∥ξm∥∥2
H1 +

∥∥∇τξm
∥∥2
L2

)∣∣∣
τ=1

+

+

∫ 1

τ
(τ ′)4

∥∥∇τξm
∥∥2
L2dτ

′ +

∫ 1

τ
(τ ′)2

∥∥F ′
m

∥∥2
L2dτ

′.

By Grönwall, we obtain:∥∥τ∇τξm
∥∥2
L2 +

∥∥τ∇ξm∥∥2
L2 +

∫ 1

τ
τ ′
∥∥∇ξm∥∥2

L2dτ
′ ≲

(∥∥ξm∥∥2
H1 +

∥∥∇τξm
∥∥2
L2

)∣∣∣
τ=1

+

∫ 1

τ
(τ ′)2

∥∥F ′
m

∥∥2
L2 .

Using this, we also have:

τ
∥∥ξm∥∥2

L2 ≲ ∥ξm
∥∥2
L2

∣∣∣
τ=1

+

∫ 1

τ
τ ′
∥∥ξm∥∥

L2 ·
∥∥∇τξm

∥∥
L2

≲ ∥ξm
∥∥2
L2

∣∣∣
τ=1

+

∫ 1

τ

√
τ ′
∥∥ξm∥∥2

L2 +

∫ 1

τ
(τ ′)3/2

∥∥∇τξm
∥∥2
L2

≲
(∥∥ξm∥∥2

H1 +
∥∥∇τξm

∥∥2
L2

)∣∣∣
τ=1

+

∫ 1

τ
(τ ′)2

∥∥F ′
m

∥∥2
L2dτ

′ +

∫ 1

τ

√
τ ′
∥∥ξm∥∥2

L2dτ
′.

We obtain the conclusion using Grönwall and bounding the initial data term at τ = 1.
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8.3 Low Frequency Regime Estimates

For the rest of Section 8, we denote the top order term ξ = ∇MΦ0. We write (5.14) as:

∇τ

(
∇τξ

)
+

1

τ
∇τξ − 4∆ξ = ψ∇ξ + F ′

M , (8.7)

where we denote F ′
M = ψ

∑I
i=1∇M+1Φi + F 0

M .

As outlined in Section 1.3.3 of the Introduction, we consider X = 2x+1 to be a large constant

(so x > 0 is large as well), to be chosen later depending only on M,C0, C2. We consider the

following regimes:

• Negative frequencies k < 0;

• Low frequency regime 0 ≤ k < x for all τ ∈ [0, 1];

• Low frequency regime k ≥ x for τ ∈ [0, X2−k−1];

• High frequency regime k ≥ x for τ ∈ [X2−k−1, 1].

Notation. In addition to our previous notation convention, we write A ≲X B for some quantities

A,B > 0 if there exists a constant C > 0 depending only on the constants M,C0, C2 and X, such

that A ≤ CB. Otherwise, if we write A ≲ B then the implicit constant C is independent of X.

In order to deal with the negative frequencies, we can simply use the preliminary estimate

(1.46). Similarly, we have the following bound in the low frequency regime 0 ≤ k < x:

Proposition 8.3. For 0 ≤ k < x, we have the low frequency regime estimate for all τ ∈ [0, 1]:∥∥τPk∇τξ
∥∥2
L2 +

∥∥τ∇Pkξ
∥∥2
L2 ≲X 2−3kDII + 2−3k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′.

Proof. Since 0 ≤ k < x, we have using the preliminary estimate in Proposition 8.2:∥∥τ∇Pkξ
∥∥2
L2 +

∥∥τPk∇τξ
∥∥2
L2 ≲X 2−3k

(∥∥τξ∥∥2
L2 +

∥∥τ∇τξ
∥∥2
L2

)
≲X 2−3kDII + 2−3k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′.

We prove the main estimate in the low frequency regime k ≥ x for τ ∈ [0, X2−k−1]. The idea

is to prove a similar estimate to (1.46) for Pkξ. We note that we follow the argument for the toy

problem in [Cic24, Section 9], while keeping track of the inhomogeneous terms.
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Proposition 8.4. For any 0 ≤ τ < X2−k−1 ≤ 1 we have the low frequency regime estimate:∥∥τPk∇τξ
∥∥2
L2 +

∥∥τ∇Pkξ
∥∥2
L2 ≲ X22−2k

(∥∥Pk∇τξ
∥∥2
L2 +

∥∥∇Pkξ
∥∥2
L2

)∣∣∣
τ=X2−k−1

+ CX2−3kDII+

+ CX2−k

∫ X2−k−1

τ
(τ ′)2

∥∥PkF
′
M

∥∥2
L2dτ

′ + CX2−3k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′.

Proof. We apply Pk to (8.7) to obtain for any k ≥ x:

∇τ

(
τPk∇τξ

)
− 4τ∆Pkξ = τPk

(
ψ∇ξ

)
+ τPkF

′
M + [∇τ , Pk]τ∇τξ.

We contract the equation with τPk∇τξ and integrate by parts to obtain the following energy

estimate: ∥∥τPk∇τξ
∥∥2
L2 +

∥∥τ∇Pkξ
∥∥2
L2 ≲

≲ X22−2k
(∥∥Pk∇τξ

∥∥2
L2 +

∥∥∇Pkξ
∥∥2
L2

)∣∣∣
X2−k−1

+

∫ X2−k−1

τ
(τ ′)3

∥∥∇Pkξ
∥∥
L2 ·

∥∥∇[Pk,∇4]ξ
∥∥
L2dτ

′+

+

∫ X2−k−1

τ
(τ ′)3

∥∥∇Pkξ
∥∥
L2 ·

∥∥[∇,∇4]Pkξ
∥∥
L2dτ

′ +

∫ X2−k−1

τ
(τ ′)2

∥∥Pk∇τξ
∥∥
L2 ·

∥∥Pk

(
ψ∇ξ

)∥∥
L2dτ

′+

+

∫ X2−k−1

τ
(τ ′)2

∥∥Pk∇τξ
∥∥
L2 ·

∥∥[Pk,∇4]τ
′∇τξ

∥∥
L2dτ

′ +

∫ X2−k−1

τ
(τ ′)2

∥∥Pk∇τξ
∥∥
L2 ·

∥∥PkF
′
M

∥∥
L2dτ

′.

We point out that similarly to the proof of Proposition 8.2, we obtain a bulk term with a favorable

sign, which we drop. We use Lemma 6.3 to bound the commutation terms:∥∥τPk∇τξ
∥∥2
L2 +

∥∥τ∇Pkξ
∥∥2
L2 ≲

≲ X22−2k
(∥∥Pk∇τξ

∥∥2
L2 +

∥∥∇Pkξ
∥∥2
L2

)∣∣∣
X2−k−1

+

∫ X2−k−1

τ
(τ ′)3

∥∥∇Pkξ
∥∥
L2

∥∥ξ∥∥
H1

+

∫ X2−k−1

τ
(τ ′)2

∥∥Pk∇τξ
∥∥
L2

∥∥∇Pkξ
∥∥
L2dτ

′ +

∫ X2−k−1

τ
(τ ′)22−k

∥∥Pk∇τξ
∥∥
L2

∥∥ξ∥∥
H1dτ

′+

+

∫ X2−k−1

τ
(τ ′)2

∥∥Pk∇τξ
∥∥
L2

∥∥τ ′∇τξ
∥∥
L2dτ

′ +

∫ X2−k−1

τ
(τ ′)2

∥∥Pk∇τξ
∥∥
L2

∥∥PkF
′
M

∥∥
L2dτ

′.

Using Cauchy-Schwarz, we obtain the bound:∥∥τPk∇τξ
∥∥2
L2 +

∥∥τ∇Pkξ
∥∥2
L2 ≲ X22−2k

(∥∥Pk∇τξ
∥∥2
L2 +

∥∥∇Pkξ
∥∥2
L2

)∣∣∣
X2−k−1

+

+

∫ X2−k−1

τ

2k

X

∥∥τ ′∇Pkξ
∥∥2
L2dτ

′ +

∫ X2−k−1

τ

2k

X

∥∥τ ′Pk∇τξ
∥∥2
L2dτ

′ + CX

∫ X2−k−1

τ
2−3k(τ ′)2

∥∥ξ∥∥2
H1+

+CX

∫ X2−k−1

τ
2−k(τ ′)4

∥∥∇τξ
∥∥2
L2dτ

′ + 2−kCX

∫ X2−k−1

τ
(τ ′)2

∥∥PkF
′
M

∥∥2
L2dτ

′.
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Using the Grönwall inequality for τ ≤ X2−k−1 ≤ 1 we get:∥∥τ∇Pkξ
∥∥2
L2 +

∥∥τPk∇τξ
∥∥2
L2 ≲

≲ X22−2k
(∥∥Pk∇τξ

∥∥2
L2 +

∥∥∇Pkξ
∥∥2
L2

)∣∣∣
X2−k−1

+ CX

∫ X2−k−1

τ
2−3k(τ ′)2

∥∥ξ∥∥2
H1

+CX

∫ X2−k−1

τ
2−k(τ ′)4

∥∥∇τξ
∥∥2
L2 + 2−kCX

∫ X2−k−1

τ
(τ ′)2

∥∥PkF
′
M

∥∥2
L2 .

Finally, we use the above estimate to complete the proof.

8.4 High Frequency Regime Estimates

In this section, we prove a high frequency regime estimate for the top order term ξ = ∇MΦ0.

The proof is similar to that of Proposition 7.10, but in the current case the bulk term has an

unfavorable sign, which creates several complications in Section 8.5. Moreover, it is essential that

the implicit constant in the estimate obtained is independent of the parameter X.

Proposition 8.5. ξ satisfies the high frequency regime estimate for any τ ∈
[
X2−k−1, 1

]
:

2kτ
∥∥Pk∇τξ

∥∥2
L2 +

2k

τ

∥∥Pkξ
∥∥2
L2 + 2kτ

∥∥∇Pkξ
∥∥2
L2 ≲

≲

(
2k
∥∥Pk∇τξ

∥∥2
L2 + 2k

∥∥Pkξ
∥∥2
L2 + 2k

∥∥∇Pkξ
∥∥2
L2

)∣∣∣∣
τ=1

+

∫ 1

τ

2k

(τ ′)2
∥∥Pkξ

∥∥2
L2 +

∫ 1

τ
2kτ ′

∥∥P̃ kξ
∥∥2
L2 +

∫ 1

τ
2k(τ ′)3

∥∥P̃ k∇ξ
∥∥2
L2 +

∫ 1

τ
2k(τ ′)3

∥∥P̃ k∇τξ
∥∥2
L2+

+

∫ 1

τ

τ ′

2k
∥∥ξ∥∥2

H1dτ
′ +

∫ 1

τ

(τ ′)3

2k
∥∥∇τξ

∥∥2
L2dτ

′ +

∫ 1

τ
2kτ ′

∥∥PkF
′
M

∥∥2
L2dτ

′.

Proof. We introduce the new time variable t = X−12kτ ∈ [1/2, X−12k]. The equation (8.7)

becomes:

∇t

(
∇tξ

)
+

1

t
∇tξ − 4

X2

22k
·∆ξ = X2

22k
· ψ∇ξ + X2

22k
· F ′

M .

We multiply by
√
t to get:

∇t

(
∇t(ξ

√
t)
)
+

1

4t2
ξ
√
t− 4

X2

22k
·∆ξ

√
t =

X2

22k
· ψ∇ξ

√
t+

X2

22k
· F ′

M

√
t.

We apply Pk to the equation:

∇t

(
Pk∇t(ξ

√
t)
)
+

1

4t2
Pkξ

√
t− 4

X2

22k
∆Pkξ

√
t =

X2

22k
ψ∇Pkξ

√
t+

X2

22k
ψ[Pk,∇]ξ

√
t+
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+
X2

22k
[Pk, ψ]∇ξ

√
t+

X2PkF
′
M

√
t

22k
+ [∇t, Pk]∇tξ

√
t.

We contract the equation with Pk∇t(ξ
√
t) and integrate by parts. We notice that using the

analogue of Lemma 7.1 for the new time variable t does not introduce any constants that depend

on X. We obtain the energy estimate:∥∥Pk∇tξ
√
t
∥∥2
L2 +

1

t2
∥∥Pkξ

√
t
∥∥2
L2 +

X2

22k
∥∥∇Pkξ

√
t
∥∥2
L2 ≲

≲

(
X−12k

∥∥Pk∇tξ
∥∥2
L2 +

X

2k
∥∥Pkξ

∥∥2
L2 +

X

2k
∥∥∇Pkξ

∥∥2
L2

)∣∣∣∣
t=X−12k

+

∫ X−12k

t

1

(t′)2
∥∥Pkξ

∥∥2
L2dt

′

+

∫ X−12k

t

∫
Sn

1

(t′)2
∣∣Pkξ

√
t
∣∣ · ∣∣[Pk,∇t]ξ

√
t′
∣∣dt′ + ∫ X−12k

t

∫
Sn

X2

22k
∣∣∇Pkξ

√
t′
∣∣ · ∣∣∇[Pk,∇t]ξ

√
t′
∣∣dt′

+

∫ X−12k

t

∫
Sn

X2

22k
∣∣∇Pkξ

√
t′
∣∣ · ∣∣[∇,∇t]Pkξ

√
t′
∣∣dt′ + ∫ X−12k

t

∫
Sn

X2

22k
∣∣Pk∇tξ

√
t′
∣∣ · ∣∣∇Pkξ

√
t′
∣∣dt′

+

∫ X−12k

t

∫
Sn

X2

22k
∣∣Pk∇tξ

√
t′
∣∣ · ∣∣[Pk,∇]ξ

√
t′
∣∣dt′ + ∫ X−12k

t

∫
Sn

X2

22k
∣∣Pk∇tξ

√
t′
∣∣ · ∣∣[Pk, ψ]∇ξ

√
t′
∣∣dt′

+

∫ X−12k

t

∫
Sn

X2

22k
∣∣Pk∇tξ

√
t′
∣∣ · ∣∣PkF

′
M

√
t′
∣∣dt′ + ∫ X−12k

t

∫
Sn

∣∣Pk∇tξ
√
t′
∣∣ · ∣∣[∇t, Pk]∇tξ

√
t′
∣∣dt′.

We use Lemma 6.4, and Grönwall for t ∈
[
1/2, X−12k

]
(to deal with the fifth and sixth error

terms): ∥∥Pk∇tξ
√
t
∥∥2
L2 +

1

t2
∥∥Pkξ

√
t
∥∥2
L2 +

X2

22k
∥∥∇Pkξ

√
t
∥∥2
L2 ≲

≲

(
X−12k

∥∥Pk∇tξ
∥∥2
L2 +

X

2k
∥∥Pkξ

∥∥2
L2 +

X

2k
∥∥∇Pkξ

∥∥2
L2

)∣∣∣∣
t=X−12k

+

∫ X−12k

t

1

(t′)2
∥∥Pkξ

∥∥2
L2dt

′+

+

∫ X−12k

t

X2

22kt′
∥∥Pkξ

√
t′
∥∥
L2 ·

(∥∥P̃ kξ
√
t′
∥∥
L2 + 2−k

∥∥ξ√t′∥∥
L2

)
dt′+

+

∫ X−12k

t

X4t′

24k
∥∥∇Pkξ

√
t′
∥∥
L2 ·

(∥∥P̃ k∇ξ
√
t′
∥∥
L2 + 2−k

∥∥ξ√t′∥∥
H1

)

+

∫ X−12k

t

X2

23k
∥∥Pk∇tξ

√
t′
∥∥
L2 ·

∥∥ξ√t′∥∥
L2

+

∫ X−12k

t

X2

23k
∥∥Pk∇tξ

√
t′
∥∥
L2 ·

∥∥∇ξ√t′∥∥
L2dt

′ +

∫ X−12k

t

X2

22k
∥∥Pk∇tξ

√
t′
∥∥
L2

∥∥PkF
′
M

√
t′
∥∥
L2dt

′+

+

∫ X−12k

t

X2t′

22k
∥∥Pk∇tξ

√
t′
∥∥
L2

(∥∥P̃ k∇tξ
√
t′
∥∥
L2 + 2−k

∥∥∇tξ
√
t′
∥∥
L2

)
dt′.
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We use Grönwall for t ∈
[
1/2, X−12k

]
to get:∥∥Pk∇tξ

√
t
∥∥2
L2 +

1

t2
∥∥Pkξ

√
t
∥∥2
L2 +

X2

22k
∥∥∇Pkξ

√
t
∥∥2
L2 ≲

≲

(
X−12k

∥∥Pk∇tξ
∥∥2
L2 +

X

2k
∥∥Pkξ

∥∥2
L2 +

X

2k
∥∥∇Pkξ

∥∥2
L2

)∣∣∣∣
t=X−12k

+

∫ X−12k

t

1

(t′)2
∥∥Pkξ

∥∥2
L2dt

′+

+

∫ X−12k

t

X3

23k
∥∥P̃ kξ

√
t′
∥∥2
L2 +

∫ X−12k

t

X5(t′)2

25k
∥∥P̃ k∇ξ

√
t′
∥∥2
L2 +

∫ X−12k

t

X3(t′)2

23k
∥∥P̃ k∇tξ

√
t′
∥∥2
L2+

+

∫ X−12k

t

X3t′

25k
∥∥ξ∥∥2

H1dt
′ +

∫ X−12k

t

X3(t′)3

25k
∥∥∇tξ

∥∥2
L2dt

′ +

∫ X−12k

t

X3t′

23k
∥∥PkF

′
M

∥∥2
L2dt

′.

We change variables to τ and we obtain the conclusion.

8.5 Improved High Frequency Estimates

The goal of this section is to improve the high frequency regime estimate of Proposition 8.5 in

order to prove estimates in the high frequency regime only in terms of data and the inhomogeneous

terms.

Proposition 8.6. We denote by 1k,τ the characteristic function of {1 ≥ τ ≥ X2−k−1}, and we

denote:

ak(τ) := τ
∥∥Pk∇τξ

∥∥2
L2 +

1

τ

∥∥Pkξ
∥∥2
L2 + τ

∥∥∇Pkξ
∥∥2
L2 .

We have the improved high frequency estimate for any τ ∈ (0, 1]:∑
τ≥X2−k−1

2kak(τ)1k,τ ≲ DII +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′. (8.8)

The rest of this section is dedicated to the proof of this proposition. We follow the detailed

outline of the proof from Section 1.3.3 of the Introduction, and we divide the proof into multiple

steps. We note that the proof is very similar to the toy problem considered in [Cic24, Section 9],

but in the current case we also need to keep track of the inhomogeneous terms.

Throughout the proof we use the schematic notation {dk}k≥0 for data terms at τ = 1 which

satisfy: ∑
k≥0

dk ≲ DII .
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Consequences of Proposition 8.5. The starting point is the preliminary high frequency

regime estimate in Proposition 8.5. Using the above notation, we have for all τ ∈ [X2−k−1, 1]:

2kak(τ)1k,τ ≲ 2kak(1) + 1k,τ

∫ 1

τ

2k

(τ ′)2
∥∥Pkξ

∥∥2
L2dτ

′+

+1k,τ

∫ 1

τ
ek(τ

′) + 1k,τ

∫ 1

τ
ek(τ

′) +

∫ 1

τ
2kτ ′

∥∥PkF
′
M

∥∥2
L2 ,

where we define the energies:

ek = 2kτ3
∥∥P̃ k∇ξ

∥∥2
L2 + 2kτ3

∥∥P̃ k∇τξ
∥∥2
L2 ,

ek = 2kτ
∥∥P̃ kξ

∥∥2
L2 +

τ

2k
∥∥ξ∥∥2

H1 +
τ3

2k
∥∥∇τξ

∥∥2
L2 .

The error term containing ek is similar to the error terms with different projection operators

of Section 7, as explained in Section 1.3.3. We deal with these terms towards the end of our

argument, when summing the estimates obtained for all k ≥ x. In the meantime we simply keep

track of these terms, similarly to the inhomogeneous terms.

On the other hand, we can already bound the error terms containing ek using the preliminary

estimate in Proposition 8.2. We can bound the first term in ek by the second term, using the

finite band property for LP projections. We then apply (1.46) to get:∫ 1

τ
ek(τ

′)dτ ′ ≲X dk + 2−k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′.

As a consequence, we proved that for all τ ∈ [X2−k−1, 1] we have the high frequency regime

estimate:

2kak(τ)1k,τ ≲ CXdk + 1k,τ

∫ 1

τ

2k

(τ ′)2
∥∥Pkξ

∥∥2
L2+

+1k,τ

∫ 1

τ
ek(τ

′) + CX2−k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2 +

∫ 1

τ
2kτ ′

∥∥PkF
′
M

∥∥2
L2 .

Applying the refined Poincaré inequality. According to Section 1.3.3 of the Introduction,

the second error term in the above estimate causes significant challenges. We also explained in

Section 1.3.3 that we could not bound this term directly using the finite band property for LP

projections. Instead, we use the refined Poincaré inequality for LP projections (6.28). As a result,

we have for all τ ∈ [X2−k−1, 1] and δ > 0:∫ 1

τ

2k

(τ ′)2
∥∥Pkξ

∥∥2
L2dτ

′ ≲
1

δ

∫ 1

τ

2−k

(τ ′)2
∥∥∇Pkξ

∥∥2
L2dτ

′+

148



+ δ

∫ 1

τ

1

(τ ′)2

k−1∑
l=0

2−8k+7l
∥∥∇Plξ

∥∥2
L2dτ

′ +
1

δ

∫ 1

τ

2−3k

(τ ′)2
∥∥ξ∥∥2

L2dτ
′.

The last term in this inequality is bounded using the preliminary estimate (1.46):∫ 1

τ

2−3k

(τ ′)2
∥∥ξ∥∥2

L2dτ
′ ≲X 2−kDII + 2−k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′.

As a result, there exist constants C ′, CX , CX,δ > 0 such that for all k ≥ x and τ ∈ [X2−k−1, 1]:

2kak(τ) ≤ CX,δdk +
C ′

δ

∫ 1

τ

2−2k

(τ ′)3
· 2kak(τ ′)dτ ′ + C ′δ

∫ 1

τ

1

(τ ′)2

k−1∑
l=0

2−8k+7l
∥∥∇Plξ

∥∥2
L2dτ

′+

+CX,δ

∫ 1

τ
ek(τ

′)dτ ′ + CX,δ2
−k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′ + CX,δ

∫ 1

τ
2kτ ′

∥∥PkF
′
M

∥∥2
L2dτ

′.

We can deal with the second error term by using Grönwall for τ ∈ [X2−k−1, 1]. We compute:

exp

(
C ′

δ

∫ 1

τ

2−2k

(τ ′)3
dτ ′

)
≤ exp

(
C ′

δ
· 1

X2

)
≤ 2,

where we fix X > 0 large enough, depending on C ′ and δ, such that:

C ′

δ
· 1

X2
≤ log(2). (8.9)

Therefore, we have for all τ ∈ [X2−k−1, 1]:

2kak(τ) ≤Cδdk + 2C ′δ

∫ 1

τ

1

(τ ′)2

k−1∑
l=0

2−8k+7l
∥∥∇Plξ

∥∥2
L2+

+Cδ

∫ 1

τ
ek(τ

′) + Cδ

∫ 1

τ
2−k(τ ′)2

∥∥F ′
M

∥∥2
L2 + 2kτ ′

∥∥PkF
′
M

∥∥2
L2 .

Bounding the low frequency regime error terms. As a consequence of the refined Poincaré

inequality, the second term in the above has both a low frequency regime and a high frequency

regime part. We want to separate these two, and apply the low frequency regime estimates in

Section 8.3. This process creates a sum of discrete error terms which pose additional difficulties.

We notice that we can write:

1k,τ

∫ 1

τ

1

(τ ′)3

k−1∑
l=0

2−8k+7lτ ′
∥∥∇Plξ

∥∥2
L2dτ

′ ≤ 1k,τ

∫ 1

τ

1

(τ ′)3

k−1∑
l=x

2−8k+6l · 2lal(τ ′)1l,τ ′dτ ′+

+1k,τ

∫ 1

τ

1

(τ ′)4

x−1∑
l=0

2−8k+7l
∥∥τ ′∇Plξ

∥∥2
L2dτ

′ + 1k,τ

∫ 1

τ

1

(τ ′)4

∑
τ ′<X2−l−1≤1

2−8k+7l
∥∥τ ′∇Plξ

∥∥2
L2dτ

′,
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where the first term is in the high frequency regime and the last two terms are in the low frequency

regime. We use Proposition 8.3 to obtain:

1k,τ

∫ 1

τ

1

(τ ′)4

x−1∑
l=0

2−8k+7l
∥∥τ ′∇Plξ

∥∥2
L2 ≲XDII · 1k,τ

2−8k

τ7
+ 1k,τ

2−8k

τ7

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2

≲X dk + 2−k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2 .

Similarly, we use Proposition 8.4 to obtain:

1k,τ

∫ 1

τ

1

(τ ′)4

∑
τ ′<X2−l−1≤1

2−8k+7l
∥∥τ ′∇Plξ

∥∥2
L2dτ

′ =

= 1k,τ
∑

τ<X2−l−1≤1

∫ X2−l−1

τ

1

(τ ′)4
2−8k+7l

∥∥τ ′∇Plξ
∥∥2
L2dτ

′

≲ 1k,τX
∑

τ<X2−l−1≤1

2−8k+6l

τ3
al(X2−l−1) + CXDII · 1k,τ

2−8k

τ7
+

+CX1k,τ
2−8k

τ7

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′ + CX1k,τ
2−8k

τ7

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

We notice that in the above estimate the last term is obtained by bounding:∑
τ<X2−l−1≤1

∫ X2−l−1

τ

1

(τ ′)4
2−8k+6l

∫ X2−l−1

τ ′
τ̃2
∥∥PlF

′
M

∥∥2
L2dτ̃dτ

′

≲X

∑
τ<X2−l−1≤1

1

τ3
2−8k+4l

∫ 1

τ
τ̃2l

∥∥PlF
′
M

∥∥2
L2dτ̃ .

As a result, we proved that there exist constants C ′′, Cδ > 0 such that for all τ ∈ [X2−k−1, 1]:

2kak(τ) ≤ Cδdk + C ′′δ · 1k,τ
∫ 1

τ

1

(τ ′)3

k−1∑
l=x

2−8k+6l · 2lal(τ ′)1l,τ ′dτ ′+

+C ′′δX1k,τ
∑

τ<X2−l−1≤1

2−8k+6l

τ3
al(X2−l−1) + Cδ

∫ 1

τ
ek(τ

′)dτ ′ + Cδ

∫ 1

τ
2kτ ′

∥∥PkF
′
M

∥∥2
L2dτ

′

+Cδ2
−k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′ + Cδ2
−k

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

Grönwall-like inequality. Our next goal is to deal with the second term in the above estimate

using a suitable Grönwall-like inequality. We set-up the problem in order to isolate this error

term. We consider δ > 0 to be small enough, so that:

C ′′δ <
1

10
. (8.10)
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We introduce some notation for the error terms on the right hand side of the above estimate:

Sk(τ) = 1k,τC
′′δX

∑
τ<X2−l−1≤1

2−8k+6l

τ3
al(X2−l−1),

Ek(τ) = 1k,τCδ

∫ 1

τ
ek(τ

′)dτ ′,

Ik(τ) = 1k,τCδ2
−k

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′ + 1k,τCδ

∫ 1

τ
2kτ ′

∥∥PkF
′
M

∥∥2
L2dτ

′,

Ak(τ) = Cδdk + Sk(τ) + Ek(τ) + Ik(τ).

Using this notation, we have that for all k ≥ x and τ ∈ [X2−k−1, 1]:

2kak(τ)1k,τ ≤ Ak(τ) +
1

10
· 1k,τ

∫ 1

τ

1

(τ ′)3

k−1∑
l=x

2−8k+6l · 2lal(τ ′)1l,τ ′dτ ′. (8.11)

This motivates us to prove the following Grönwall-like lemma:

Lemma 8.1. We consider the functions u,A, b, c : N × [0, 1] → [0,∞), which for all k ≥ x, τ ∈

(0, 1] satisfy the inequality:

u(k, τ) ≤ A(k, τ) + b(k)

∫ 1

τ

k−1∑
l=x

c(l, τ ′)u(l, τ ′)dτ ′ (8.12)

Then, we have that for all k ≥ x, τ ∈ (0, 1]:

u(k, τ) ≤ A(k, τ) + b(k)

∫ 1

τ

k−1∑
l=x

c(l, τ ′)A(l, τ ′)

k−1∏
j=l+1

(
1 +

∫ τ ′

τ
b(j)c(j, τ ′′)dτ ′′

)
dτ ′. (8.13)

Proof. We prove this by induction on k. In the case k = x, we have from (8.12) that u(x, τ) ≤

A(x, τ) as desired. Next, we assume that (8.13) holds for x, x+1, . . . , k and we prove it for k+1.

We have:

u(k + 1, τ) ≤ A(k + 1, τ) + b(k + 1)

∫ 1

τ

k∑
l=x

c(l, τ ′)u(l, τ ′)dτ ′ ≤ A(k + 1, τ)+

+b(k + 1)

∫ 1

τ

k∑
l=x

c(l, τ ′)

{
A(l, τ ′) + b(l)

∫ 1

τ ′

l−1∑
i=x

c(i, τ ′′)A(i, τ ′′)

l−1∏
j=i+1

(
1 +

∫ τ ′′

τ ′
b(j)c(j, τ̃)

)
dτ ′′

}

≤ A(k + 1, τ) + b(k + 1)

∫ 1

τ

k∑
l=x

c(l, τ ′)A(l, τ ′)dτ ′+

+b(k + 1)

∫ 1

τ

∫ 1

τ ′

k∑
l=x

l−1∑
i=x

{
c(l, τ ′)b(l)c(i, τ ′′)A(i, τ ′′)

l−1∏
j=i+1

(
1 +

∫ τ ′′

τ ′
b(j)c(j, τ̃)dτ̃

)}
dτ ′′dτ ′
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≤ A(k + 1, τ) + b(k + 1)

∫ 1

τ

k∑
l=x

c(l, τ ′)A(l, τ ′)dτ ′+

+b(k + 1)

∫ 1

τ

∫ τ ′′

τ

k−1∑
i=x

k∑
l=i+1

{
c(l, τ ′)b(l)c(i, τ ′′)A(i, τ ′′)

l−1∏
j=i+1

(
1 +

∫ τ ′′

τ ′
b(j)c(j, τ̃)dτ̃

)}
dτ ′dτ ′′

≤ A(k + 1, τ) + b(k + 1)

∫ 1

τ

k∑
l=x

c(l, τ ′)A(l, τ ′)dτ ′+

+b(k + 1)

∫ 1

τ

k−1∑
i=x

c(i, τ ′′)A(i, τ ′′)

{∫ τ ′′

τ

k∑
l=i+1

c(l, τ ′)b(l)
l−1∏

j=i+1

(
1 +

∫ τ ′′

τ ′
b(j)c(j, τ̃)dτ̃

)
dτ ′

}
dτ ′′

≤ A(k + 1, τ) + b(k + 1)

∫ 1

τ

k∑
l=x

c(l, τ ′)A(l, τ ′)dτ ′+

+b(k + 1)

∫ 1

τ

k∑
i=x

c(i, τ ′′)A(i, τ ′′)

{∫ τ ′′

τ

k∑
l=i+1

c(l, τ ′)b(l)
l−1∏

j=i+1

(
1 +

∫ τ ′′

τ
b(j)c(j, τ̃)dτ̃

)
dτ ′

}
dτ ′′

We conclude, since we have:

1 +
k∑

l=i+1

∫ τ ′′

τ
c(l, τ ′)b(l)dτ ′ ·

l−1∏
j=i+1

(
1 +

∫ τ ′′

τ
b(j)c(j, τ̃)dτ̃

)
=

k∏
j=i+1

(
1 +

∫ τ ′′

τ
b(j)c(j, τ̃)dτ̃

)
.

Consequences of Lemma 8.1. We use the Grönwall lemma established above for the inequal-

ity (8.11).

Corollary 8.1. For all k ≥ x and τ ∈ [X2−k−1, 1], we have the high frequency regime estimate:

2kak(τ)1k,τ ≲ Ak(τ) + 2−7k

∫ 1

τ

k−1∑
l=0

25l

(τ ′)3
·Al(τ

′)1l,τ ′dτ
′ (8.14)

Proof. We apply Lemma 8.1 for the inequality (8.11), where:

u(k, τ) = 2kak(τ)1k,τ , b(k) =
1

10
· 2−8k, c(k, τ) = τ−326k1k,τ .

From (8.13) we obtain for τ ∈ [X2−k−1, 1]:

2kak(τ)1k,τ ≤ Ak(τ) + 2−8k

∫ 1

τ

k−1∑
l=x

Al(τ
′) · 1

(τ ′)3
26l1l,τ ′

k−1∏
j=l+1

(
1 +

∫ τ ′

τ
b(j)c(j, τ ′′)dτ ′′

)
dτ ′.

In order to bound the above, we first note that:∫ τ ′

τ
b(j)c(j, τ ′′)dτ ′′ =

1

10
· 2−2j

∫ τ ′

τ

1j,τ ′′

(τ ′′)3
dτ ′′ ≤ min

(
X−2, 2−2jτ−2

)
≤ min

(
1, 2−2jτ−2

)
.
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In this bound we used the good control of the constant in the definition of b(k), obtained using

the smallness of δ in (8.10). As a result, we obtain for all τ ∈ [X2−k−1, 1]:

k−1∏
j=l+1

(
1 +

∫ τ ′

τ
b(j)c(j, τ ′′)dτ ′′

)
≤

k−1∏
j=l+1

(
min

(
2, 1 + 2−2jτ−2

))
≲ 1 + 2−lτ−1,

where we bounded the terms with 2−j < τ using the inequality x+ 1 ≤ ex. Finally, we conclude

by noticing that:

2−8k26l · 2−lτ−1 ≤ 2−7k25l · 2
−k

τ
≤ 2−7k25l · 2

X
≤ 2−7k25l.

We use the definition of Ak(τ) to compute the new error terms obtained on the RHS of (8.14).

For the data terms we compute:

dk + 2−7k

∫ 1

τ

k−1∑
l=x

25l

(τ ′)3
dl1l,τ ′dτ

′ ≲δ dk +
k−1∑
l=x

25(l−k)dl ≲δ dk.

In this inequality, we used the fact that
∑

k

∑
l 2

−5|k−l|dl ≲ DII , so the term
∑

l 2
−5|k−l|dl can be

written schematically as dk. We will use similar bounds implicitly for the rest of the proof.

Additionally, we have the following bound for the discrete error terms Sk :

Sk(τ) + 2−7k

∫ 1

τ

k−1∑
l=x

25l

(τ ′)3
Sl(τ

′)1l,τ ′dτ
′ ≲

≲ Sk(τ) + δX2−7k

∫ 1

τ

k−1∑
l=x

∑
τ ′<X2−m−1≤1

2−3l+6m

(τ ′)6
am(X2−m−1)1l,τ ′dτ

′

≲ Sk(τ) + δX2−7k
k−1∑
l=x

∑
τ<X2−m−1

x≤m≤l

∫ X2−m−1

X2−l−1

2−3l+6m

(τ ′)6
am(X2−m−1)dτ ′

≲ Sk(τ) +
δ

X4
2−7k

k−1∑
l=x

∑
τ<X2−m−1

x≤m≤l

22l+6mam(X2−m−1) ≲
δ

X2
2−5k

∑
τ<X2−m−1≤1

26mam(X2−m−1).

Discrete Grönwall inequality. We deal with the sum of discrete error terms obtained in

(8.14) using the discrete Grönwall inequality. We first write the estimate in a convenient form by

defining:

S̃k(τ) :=
δ

X2
2−5k

∑
τ<X2−m−1≤1

26mam(X2−m−1),
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Ẽk(τ) := Ek(τ) + 2−7k

∫ 1

τ

k−1∑
l=x

25l

(τ ′)3
El(τ

′)1l,τ ′dτ
′,

Ĩk(τ) := Ik(τ) + 2−7k

∫ 1

τ

k−1∑
l=x

25l

(τ ′)3
Il(τ

′)1l,τ ′dτ
′.

Thus, (8.14) implies that for all τ ∈ [X2−k−1, 1]:

2kak(τ)1k,τ ≲ Cδdk + S̃k(τ) + CδẼk(τ) + Cδ Ĩk(τ). (8.15)

In particular, there exist constants C ′′′, Cδ > 0 such that for any k ≥ x :

2kak(X2−k−1) ≤ Cδdk + CδẼk(X2−k−1) + Cδ Ĩk(X2−k−1) + C ′′′ δ

X2
2−5k

k−1∑
m=x

26mam(X2−m−1).

We fix the parameters X, δ > 0 satisfying (8.9), (8.10), and :

C ′′′ δ

X2
<

1

10
. (8.16)

We also introduce the notation:

bk = Cδdk + CδẼk(X2−k−1) + Cδ Ĩk(X2−k−1).

Using this notation, we have for any k ≥ x :

2kak(X2−k−1) ≤ bk +
1

10
2−5k

k−1∑
m=x

25m · 2mam(X2−m−1).

We apply the discrete Grönwall inequality according to [Jon64]:

2kak(X2−k−1) ≤ bk +
1

10
2−5k

k−1∑
m=x

(
25mbm ·

k−1∏
j=m+1

(
1 + 1/10 · 2−5j · 25j

))
≲ bk + 2−4k

k−1∑
m=x

24mbm.

As a consequence, we have the following bound for all k ≥ x:

2kak(X2−k−1) ≲δdk + Ẽk(X2−k−1) + Ĩk(X2−k−1) (8.17)

+
k−1∑
m=x

2−4k+4m
(
Ẽm(X2−m−1) + Ĩm(X2−m−1)

)
.

Notation. We used the parameters X > 0 and δ > 0 to apply Grönwall-like inequalities in

the above proof. We now fixed these parameters (depending on M,C0, C2), so we return to our

usual notation convention that we write A ≲ B if there exists a constant C > 0 depending only

on the constants M,C0, C2 such that A ≤ CB.
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Consequences of the discrete Grönwall inequality. We use the estimate (8.17) in the high

frequency regime estimate (8.15). From (8.17) we obtain for all τ ∈ [X2−k−1, 1]:

S̃k(τ) ≲
∑

τ<X2−m−1≤1

2−5k+5mdm +
∑

τ<X2−m−1≤1

2−4k+4m
(
Ẽm(X2−m−1) + Ĩm(X2−m−1)

)

≲
∑

τ<X2−m−1≤1

2−5k+5mdm +
∑

τ<X2−m−1≤1

2−4k+4m
(
Em(X2−m−1) + Im(X2−m−1)

)
,

where the second bound follows by:∑
τ<X2−m−1≤1

2−4k+4m · 2−7m
m−1∑
l=x

∫ 1

X2−l−1

25l

(τ ′)3
El(τ

′)dτ ′ ≲
∑

τ<X2−l−1≤1

2−4k+4lEl(X2−l−1),

and we have a similar inequality for the inhomogeneous terms Il. We also bound the remaining

terms of (8.15):

Ẽk(τ) = Ek(τ) + 2−7k

∫ 1

τ

k−1∑
l=x

25l

(τ ′)3
El(τ

′)1l,τ ′dτ
′ ≲ Ek(τ) + 2−2kτ−2

∑
l≥x

∫ 1

τ
el(τ

′)dτ ′

≲ Ek(τ) + 2−2kτ−2

∫ 1

τ
(τ ′)3

(∥∥ξ∥∥2
H3/2 +

∥∥∇τξ
∥∥2
H1/2

)
dτ ′,

Ĩk(τ) = Ik(τ) + 2−7k

∫ 1

τ

k−1∑
l=x

25l

(τ ′)3
Il(τ

′)1l,τ ′dτ
′ ≲ Ik(τ) + 2−2kτ−2

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

We combine these estimates and we obtain that (8.15) implies for all τ ∈ [X2−k−1, 1]:

2kak(τ)1k,τ ≲ dk+
∑

τ<X2−m−1≤1

2−5k+5mdm+
∑

τ<X2−m−1≤1

2−4k+4m
(
Em(X2−m−1)+Im(X2−m−1)

)

+Ek(τ) + Ik(τ) + 2−2kτ−2

∫ 1

τ
(τ ′)3

(∥∥ξ∥∥2
H3/2 +

∥∥∇τξ
∥∥2
H1/2

)
dτ ′ + 2−2kτ−2

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

Summing the high frequency estimates. For each τ ∈ (0, 1], we sum the above high fre-

quency regime estimates for all k ≥ x such that X2−k−1 ≤ τ :∑
τ≥X2−k−1

2kak(τ) ≲ DII +
∑

τ<X2−m−1≤1

(
Em(X2−m−1) + Im(X2−m−1)

)
+

+
∑

τ≥X2−k−1

(
Ek(τ) + Ik(τ)

)
+

∫ 1

τ
(τ ′)3

(∥∥ξ∥∥2
H3/2 +

∥∥∇τξ
∥∥2
H1/2

)
dτ ′ +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

Additionally, we have the estimates:∑
τ≥X2−k−1

Ek(τ) +
∑

τ<X2−m−1≤1

Em(X2−m−1) ≲
∑
k≥x

∫ 1

τ
ek(τ

′)
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≲
∫ 1

τ
(τ ′)3

(∥∥ξ∥∥2
H3/2 +

∥∥∇τξ
∥∥2
H1/2

)
dτ ′,

∑
τ≥X2−k−1

Ik(τ) +
∑

τ<X2−m−1≤1

Im(X2−m−1) ≲
∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

Therefore, we obtain the following high frequency regime estimate:∑
τ≥X2−k−1

2kak(τ) ≲ DII +

∫ 1

τ
(τ ′)3

(∥∥ξ∥∥2
H3/2 +

∥∥∇τξ
∥∥2
H1/2

)
dτ ′ +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′. (8.18)

Proof of Proposition 8.6. The final step in the proof of the optimal high frequency regime

estimate (8.8) consists of bounding the second error term on the RHS of (8.18).

We first notice that we have the estimate for all τ ∈ (0, 1]:

τ3
(∥∥ξ∥∥2

H3/2 +
∥∥∇τξ

∥∥2
H1/2

)
≲ τ3

(∥∥ξ∥∥2
H1 +

∥∥∇τξ
∥∥2
L2

)
+

∑
k≥x

τ32k
(∥∥∇Pkξ

∥∥2
L2 +

∥∥Pk∇τξ
∥∥2
L2

)
≲ τ3

(∥∥ξ∥∥2
H1 +

∥∥∇τξ
∥∥2
L2

)
+

∑
τ<X2−k−1≤1

τ32k
(∥∥∇Pkξ

∥∥2
L2 +

∥∥Pk∇τξ
∥∥2
L2

)
+ τ2

∑
τ≥X2−k−1

2kak(τ)

≲ τ3
(∥∥ξ∥∥2

H1 +
∥∥∇τξ

∥∥2
L2

)
+

∑
τ<X2−k−1≤1

τ2
(∥∥∇Pkξ

∥∥2
L2 +

∥∥Pk∇τξ
∥∥2
L2

)
+ τ2

∑
τ≥X2−k−1

2kak(τ)

≲ τ2
(∥∥ξ∥∥2

H1 +
∥∥∇τξ

∥∥2
L2

)
+ τ2

∑
τ≥X2−k−1

2kak(τ).

We use the preliminary estimates in Proposition 8.2 and (8.18) to get:

τ3
(∥∥ξ∥∥2

H3/2 +
∥∥∇τξ

∥∥2
H1/2

)
≲ DII +

∫ 1

τ
(τ ′)3

(∥∥ξ∥∥2
H3/2 +

∥∥∇τξ
∥∥2
H1/2

)
dτ ′ +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

Using Grönwall, we proved that for all τ ∈ (0, 1]:

τ3
(∥∥ξ∥∥2

H3/2 +
∥∥∇τξ

∥∥2
H1/2

)
≲ DII +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′. (8.19)

Finally, we use this estimate in (8.18) to obtain the optimal high frequency estimate (8.8).

8.6 The Main Estimate in Theorem 8.1

In this section, we prove the main estimate (8.2) in Theorem 8.1. For this, we first establish the

following top order estimate for the singular component Φ0 :

E0
II(τ) ≲ DII +

M∑
m=0

∫ 1

τ
τ ′
∥∥F ′

m

∥∥2
H1/2dτ

′, (8.20)
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where we define the top order energy for the singular component:

E0
II(τ) := τ

∥∥Φ0

∥∥2
HM+1/2 + τ2

∥∥Φ0

∥∥2
HM+3/2 + τ2

∥∥∇τ∇MΦ0

∥∥2
H1/2+

+

M−1∑
m=0

τ2
∥∥∇τ∇mΦ0

∥∥2
L2 +

∫ 1

τ
τ ′
∥∥Φ0

∥∥2
HM+1dτ

′.

Using Propositions 8.2, 8.4 and the estimate (8.8), we have the bound for all τ ∈ (0, 1]:

τ2
(∥∥ξ∥∥2

H3/2 +
∥∥∇τξ

∥∥2
H1/2

)
≲ τ2

(∥∥ξ∥∥2
H1 +

∥∥∇τξ
∥∥2
L2

)
+

∑
k≥x

τ22k
(∥∥∇Pkξ

∥∥2
L2 +

∥∥Pk∇τξ
∥∥2
L2

)
≲ τ2

(∥∥ξ∥∥2
H1 +

∥∥∇τξ
∥∥2
L2

)
+

∑
τ<X2−k−1≤1

τ22k
(∥∥∇Pkξ

∥∥2
L2 +

∥∥Pk∇τξ
∥∥2
L2

)
+ τ

∑
τ≥X2−k−1

2kak(τ)

≲ DII +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′ +
∑

τ<X2−k−1≤1

2kak(X2−k−1).

We use the bound (8.17) for 2kak(X2−k−1) to get:∑
τ<X2−k−1≤1

2kak(X2−k−1) ≲ DII +
∑

τ<X2−k−1≤1

Ẽk(X2−k−1) +
∑

τ<X2−k−1≤1

Ĩk(X2−k−1)

≲ DII +
∑

τ<X2−k−1≤1

Ek(X2−k−1) +
∑

τ<X2−k−1≤1

Ik(X2−k−1) ≲ DII +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

We note that we used (8.19) in the last inequality. As a result, we proved that:

τ2
(∥∥ξ∥∥2

H3/2 +
∥∥∇τξ

∥∥2
H1/2

)
≲ DII +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

As usual, we also get for all τ ∈ (0, 1]:

τ
∥∥ξ∥∥2

H1/2 ≲ DII +

∫ 1

τ
τ ′
∥∥ξ∥∥

H1/2 ·
∥∥∇τξ

∥∥
H1/2dτ

′

≲ DII +

∫ 1

τ

√
τ ′
∥∥ξ∥∥2

H1/2dτ
′ +

∫ 1

τ
(τ ′)3/2

∥∥∇τξ
∥∥2
H1/2dτ

′

≲ DII +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′ +

∫ 1

τ

√
τ ′
∥∥ξ∥∥2

H1/2dτ
′.

Applying Grönwall, we proved that:

τ2
∥∥ξ∥∥2

H3/2 + τ2
∥∥∇τξ

∥∥2
H1/2 + τ

∥∥ξ∥∥2
H1/2 ≲ DII +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

We recall that ξ = ∇MΦ0. Combining the above estimate with the preliminary estimates in

Proposition 8.2, we proved (8.20).
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Proof of (8.2). We use the estimates for the regular quantities in Section 8.1 and the top order

estimate for the singular quantities (8.20) to get:

EII(τ) ≲ DII + FII(τ) +
M∑

m=0

∫ 1

τ
τ ′
∥∥F ′

m

∥∥2
H1/2dτ

′.

We also recall our notation F ′
m = ψ

∑I
i=1∇m+1Φi+F

0
m. Using again the estimates for the regular

quantities proved in Section 8.1, we conclude.

8.7 Estimates for the Asymptotic Quantities

In this section we prove the estimates (8.3) and (8.4) for the asymptotic quantities O, h, and Φ0
i

with 1 ≤ i ≤ I, in order to complete the proof of Theorem 8.1. We notice that the estimates for

the regular quantities in Proposition 8.1 already imply the bound (1.45) for Φ0
i with 1 ≤ i ≤ I.

As a result, we only need to prove the estimates (1.48) and (8.4) for O and h.

Proposition 8.7. The obstruction tensor O satisfies the estimate (1.48):∥∥O∥∥2
HM+1 ≲ DII + FII(0).

Proof. As a consequence of the preliminary estimates in Proposition 8.2, we obtain for all 0 ≤

m ≤M :∥∥∇mO
∥∥2
L2 ≲

(∥∥Φ0

∥∥2
Hm+3/2 +

∥∥∇τΦ0

∥∥2
Hm+1/2

)∣∣∣∣
τ=1

+

∫ 1

0
(τ ′)2

∥∥F ′
m

∥∥2
L2dτ

′ ≲ DII + FII(0),

so it remains to prove the above bound for
∥∥∇M+1O

∥∥2
L2 .

For any k ≥ x and 0 ≤ τ < X2−k−1 ≤ 1, the low frequency regime estimate in Proposition 8.4

implies:

22k
∥∥τPk∇τ∇MΦ0

∥∥2
L2 ≲ 2kak(X2−k−1) + 2−kDII+

+2k
∫ 1

τ
(τ ′)2

∥∥PkF
′
M

∥∥2
L2dτ

′ + 2−k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′.

Using the expansion of ∇τ∇MΦ0 at I−, we get that for all k ≥ x :

22k
∥∥Pk∇MO

∥∥2
L2 ≲ 2kak(X2−k−1) + 2−kDII + 2k

∫ 1

0
(τ ′)2

∥∥PkF
′
M

∥∥2
L2dτ

′ + 2−k

∫ 1

0
(τ ′)2

∥∥F ′
M

∥∥2
L2 .

Together with our previous estimate for ∥O∥HM , we obtain that:∥∥∇MO
∥∥2
H1 ≲ DII + FII(0) +

∑
k≥x

2kak(X2−k−1).
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We complete the proof since we already proved in Section 8.6:∑
k≥x

2kak(X2−k−1) ≲ DII +

∫ 1

0
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′ ≲ DII + FII(0).

In order to prove the estimate (8.4) for h, we first prove that it can be reduced to the proof of

(1.49). We recall the notation hM = ∇Mh− 2(log∇)∇MO, and notice that we have the bounds:∥∥h∥∥2
HM+1 ≲

∥∥h∥∥2
L2 +

∥∥[(log∇),∇M
]
O
∥∥2
H1 +

∥∥∇hM
∥∥2
L2

≲
∥∥h∥∥2

L2 + C
(∥∥ /Riem0

∥∥2
HM

)∥∥O∥∥2
HM +

∑
k≥x

22k
∥∥PkhM

∥∥2
L2 +

∥∥hM∥∥2
L2

≲
∥∥h∥∥2

HM + C
(∥∥ /Riem0

∥∥2
HM

)∥∥O∥∥2
HM +

∑
k≥x

22k
∥∥PkhM

∥∥2
L2 ,

where we used the proof of Lemma 7.2 to bound the commutator term. We use the interpolation

inequalities of [KR06, Proposition 7.7] and the weighted AM-GM inequality for the first term to

obtain: ∥∥h∥∥2
HM+1 ≲

∥∥h∥∥2
L2 + C

(∥∥ /Riem0

∥∥2
HM

)∥∥O∥∥2
HM +

∑
k≥x

22k
∥∥PkhM

∥∥2
L2 .

To deal with the first term, we use the bound in Lemma 6.7:∥∥h∥∥2
HM+1 ≲

∥∥h∥∥2
L2 + C

(∥∥ /Riem0

∥∥2
HM

)∥∥O∥∥2
HM +

∑
k≥x

22k
∥∥PkhM

∥∥2
L2 .

Using the already established bound for O, we showed that it suffices to prove (1.49):∑
k≥x

22k
∥∥PkhM

∥∥2
L2 ≲ DII + FII(0).

We recall our notation ξ = ∇MΦ0 and we consider the renormalized quantities for all k ≥ x:

ξk = Pkξ − τ log(2kτ)Pk∇τξ.

Using the expansion for ξ at I−, we get:

lim
τ→0

ξk = lim
τ→0

(
Pk∇MΦ0 − τ log(2kτ)Pk∇τ∇MΦ0

)
= Pk∇Mh− 2 log(2k)Pk∇MO.

Recalling the definition of the operator Rk in (6.30), we can write:

Pk∇Mh− 2 log(2k)Pk∇MO = PkhM + 2Pk(log∇)∇MO − 2 log(2k)Pk∇MO = PkhM +Rk∇MO.
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Thus, we obtain using (6.33):

22k
∥∥PkhM

∥∥2
L2 ≲ 22k lim

τ→0

∥∥ξk∥∥2L2 + 22k
∥∥Rk∇MO

∥∥2
L2 ≲ 22k lim

τ→0

∥∥ξk∥∥2L2 +
∥∥P k∇MO

∥∥2
H1 .

Summing for all k ≥ x, we get that:∑
k≥x

22k
∥∥PkhM

∥∥2
L2 ≲

∥∥O∥∥2
HM+1 +

∑
k≥x

22k lim
τ→0

∥∥ξk∥∥2L2 .

According to the above estimate and (1.48), in order to prove (1.49) we need to establish the

following result:

Proposition 8.8. We have the following estimate:∑
k≥x

22k lim
τ→0

∥∥ξk∥∥2L2 ≲ DII + FII(0).

As a result, (8.4) holds, completing the proof of Theorem 8.1.

Proof. Using (8.7) as in the proof of Proposition 8.4, we get that ξk satisfies the equation on

τ ∈ (0, X2−k−1]:

∇τξk = [∇τ , Pk]ξ − log(2kτ)∇τ

(
τPk∇τξ

)
=

= τ [∇4, Pk]ξ − log(2kτ)
(
4τ∆Pkξ + τPk

(
ψ∇ξ

)
+ τ [∇4, Pk]τ∇τξ + τPkF

′
M

)
.

We contract by ξk to obtain the energy estimate:

22k
∥∥ξk∥∥2L2 ≲

(
22k

∥∥Pkξ
∥∥2
L2 +

∥∥Pk∇τξ
∥∥2
L2

)∣∣∣
τ=X2−k−1

+

∫ X2−k−1

τ
2k
∥∥ξk∥∥L2 · 2kτ ′

∥∥[∇4, Pk]ξ
∥∥
L2+

+

∫ X2−k−1

τ
2k
∥∥ξk∥∥L2 · |2kτ ′ log(2kτ ′)| ·

∥∥∆Pkξ
∥∥
L2+

+

∫ X2−k−1

τ
2k
∥∥ξk∥∥L2 · |2kτ ′ log(2kτ ′)| ·

∥∥Pk

(
ψ∇ξ

)∥∥
L2+

+

∫ X2−k−1

τ
2k
∥∥ξk∥∥L2 · |2kτ ′ log(2kτ ′)| ·

∥∥[∇4, Pk]τ
′∇τξ

∥∥
L2+

+

∫ X2−k−1

τ
2k
∥∥ξk∥∥L2 · |2kτ ′ log(2kτ ′)| ·

∥∥PkF
′
M

∥∥
L2 .

We use Lemma 6.3, Grönwall, and the notation in Section 8.5 to obtain:

22k
∥∥ξk∥∥2L2 ≲ 2kak(X2−k−1) +

∫ X2−k−1

τ
2k(τ ′)2

∥∥ξ∥∥2
L2 +

∫ X2−k−1

τ
2k(τ ′)2| log(2kτ ′)|2

∥∥∆Pkξ
∥∥2
L2

+

∫ X2−k−1

τ
2−k(τ ′)2| log(2kτ ′)|2

∥∥ξ∥∥2
H1 +

∫ X2−k−1

τ
2k(τ ′)2| log(2kτ ′)|2

∥∥∇Pkξ
∥∥2
L2
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+

∫ X2−k−1

τ
2k(τ ′)2| log(2kτ ′)|2

∥∥τ ′∇τξ
∥∥2
L2 +

∫ X2−k−1

τ
2k(τ ′)2| log(2kτ ′)|2

∥∥PkF
′
M

∥∥2
L2 .

We use the preliminary estimates in Proposition 8.2 to get:

22k
∥∥ξk∥∥2L2 ≲ 2−kDII + 2kak(X2−k−1)+

+

∫ X2−k−1

τ
2k(τ ′)2| log(2kτ ′)|2

∥∥∆Pkξ
∥∥2
L2dτ

′ + 2−k

∫ 1

τ
(τ ′)2

∥∥F ′
M

∥∥2
L2dτ

′ +

∫ 1

τ
τ ′
∥∥PkF

′
M

∥∥2
L2dτ

′.

Using the finite band property of the LP projections for Pk = P 2
k, we have the bound:∫ X2−k−1

τ
2k(τ ′)2| log(2kτ ′)|2

∥∥∆Pkξ
∥∥2
L2dτ

′ ≲
∫ X2−k−1

τ
23k(2kτ ′)2| log(2kτ ′)|2

∥∥P kξ
∥∥2
L2dτ

′. (8.21)

Once we established the above estimate for 2k∥ξk∥L2 , the idea of the proof is to decompose

the error term in (8.21) into its low frequency and high frequency regime parts, in order to use

our previous estimates. For each τ ′ ∈ [τ,X2−k−1] we have:

∥∥P kξ
∥∥
L2(τ

′) ≲
∑
l<x

∥∥P 2
l P kξ

∥∥
L2 +

k−1∑
l=x

∥∥P 2
l P kξ

∥∥
L2 +

∑
l≥k

τ ′<X2−l−1

∥∥P 2
l P kξ

∥∥
L2 +

∑
l≥k

1l,τ ′
∥∥P 2

l P kξ
∥∥
L2 .

(8.22)

The first three terms in (8.22) are in the low frequency regime, and the last term is in the high

frequency regime.

We bound the first term in (8.22) using the L2 almost orthogonality of the LP projections:∑
l<x

∥∥P 2
l P kξ

∥∥
L2(τ

′) ≲
∑
l<x

2−5k+5l
∥∥Plξ

∥∥
L2(τ

′) ≲ 2−5k
∥∥ξ∥∥

L2(τ
′).

The corresponding term in (8.21) is bounded using Proposition 8.2:∫ X2−k−1

τ
2−6k(2kτ ′)| log(2kτ ′)|2 · τ ′

∥∥ξ∥∥2
L2dτ

′ ≲ 2−kDII + 2−kFII(τ).

For the second term in (8.22) we use Cauchy-Schwarz and we consider a projection operator

with P k = P̃
2

k:( k−1∑
l=x

∥∥P 2
l P̃

2

kξ
∥∥
L2(τ

′)

)2

≲
k−1∑
l=x

2−5(k−l)
∥∥P̃ kPlξ

∥∥2
L2(τ

′) ≲
k−1∑
l=x

2−2k2−5(k−l)
∥∥∇Plξ

∥∥2
L2(τ

′)

≲
1

(τ ′)2

k−1∑
l=x

2−2k2−5(k−l)
(
2−2l · 2lal(X2−l−1) + 2−3lDII + 2−3lFII(τ

′)
)
,
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where we used Proposition 8.4 in the second line. The corresponding term in (8.21) is bounded

by: ∫ X2−k−1

τ

k−1∑
l=x

2k| log(2kτ ′)|22−3(k−l)

(
2lal(X2−l−1) + 2−lDII + 2−lFII(τ

′)

)
dτ ′ ≲

≲ 2−kDII + 2−kFII(τ) +

k−1∑
l=x

2−3(k−l) · 2lal(X2−l−1).

For the third term in (8.22), we have similarly from Proposition 8.4:( ∑
l≥k

τ ′<X2−l−1

∥∥P 2
l P̃

2

kξ
∥∥
L2(τ

′)

)2

≲
∑
l≥k

τ ′<X2−l−1

2−5(l−k)
∥∥P̃ kPlξ

∥∥2
L2(τ

′)

≲
∑
l≥k

τ ′<X2−l−1

2−2k2−5(l−k)
∥∥∇Plξ

∥∥2
L2(τ

′)

≲
1

(τ ′)2

∑
l≥k

τ ′<X2−l−1

2−2k2−5(l−k)
(
2−2l · 2lal(X2−l−1) + 2−3lDII + 2−3lFII(τ

′)
)
.

As a result, the corresponding term in (8.21) is bounded using Proposition 8.4:∑
l≥k

τ<X2−l−1

∫ X2−l−1

τ
2k| log(2kτ ′)|22−7(l−k)

(
2lal(X2−l−1) + 2−lDII + 2−lFII(τ

′)
)
dτ ′ ≲

≲
∑
l≥k

τ<X2−l−1

(
2lal(X2−l−1) + 2−lDII + 2−lFII(τ)

)
·
∫ X2−l−1

τ
2k| log(2kτ ′)|22−7(l−k)dτ ′ ≲

≲ 2−kDII + 2−kFII(τ) +
∑
l≥k

2−7(l−k) · 2lal(X2−l−1).

For the high frequency regime fourth term in (8.22), we have using our notation in Section

8.5: (∑
l≥k

1l,τ ′
∥∥P 2

l P kξ
∥∥
L2(τ

′)

)2

≲
∑
l≥k

1l,τ ′2
−5(l−k)

∥∥Plξ
∥∥2
L2(τ

′) ≲ τ ′
∑
l≥k

1l,τ ′2
−5(l−k)al(τ

′).

The corresponding term in (8.21) is bounded in Lemma 8.2 at the end of the section.

We combine the previous bounds and we get from (8.21) that for all τ ∈ (0, X2−k−1]:

22k
∥∥ξk∥∥2L2 ≲ dk + τ626kDII + 2kak(X2−k−1) +

∑
l≥x

2−3|k−l| · 2lal(X2−l−1)

+
(
2−k + τ626k

)
FII(τ) +

∑
l≥k

2−6(l−k)

∫ 1

τ
2lτ ′

∥∥PlF
′
M

∥∥2
L2dτ

′ + Ẽk(X2−k−1) + Ĩk(X2−k−1)+
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+
∑

τ<X2−m−1≤1

2−4|k−m|
(
Em(X2−m−1) + Im(X2−m−1)

)
+
∑
l≥k

2−6(l−k)

∫ 1

τ
el(τ

′)dτ ′.

We take the limit τ → 0 and sum for all k ≥ x :∑
k≥x

(
22k lim

τ→0

∥∥ξk∥∥2L2

)
≲ DII + FII(0) +

∑
k≥x

2kak(X2−k−1)

+
∑
k≥x

(
Ẽk(X2−k−1) + Ĩk(X2−k−1)

)
+

∫ 1

0
(τ ′)3

(∥∥ξ∥∥2
H3/2 +

∥∥∇τξ
∥∥2
H1/2

)
dτ ′.

For the last three terms, we use the estimates in Section 8.5 and we obtain the conclusion.

We conclude the section by proving the additional estimate used in the previous proof:

Lemma 8.2. We have the bound for all τ ∈ (0, X2−k−1]:∫ X2−k−1

τ
2k(2kτ ′)3| log(2kτ ′)|2

∑
l≥k

1l,τ ′2
−6(l−k) · 2lal(τ ′)dτ ′ ≲

≲ dk + τ626k ·
(
DII + FII(τ)

)
+

∑
τ<X2−m−1≤1

2−4|k−m|
(
Em(X2−m−1) + Im(X2−m−1)

)
+

+Ẽk(X2−k−1) + Ĩk(X2−k−1) +
∑
l≥k

2−6(l−k)

(∫ 1

τ
el(τ

′)dτ ′ +

∫ 1

τ
2lτ ′

∥∥PlF
′
M

∥∥2
L2dτ

′
)
+ 2−kFII(τ).

Proof. We use the estimate (8.15) as a starting point. We also use the bound on S̃l in Section 8.5,

and the definitions of Ẽl and Ĩl. Thus, we have for all τ ∈ [X2−l−1, 1]:

2lal(τ)1l,τ ≲ dl + S̃l(τ) + Ẽl(τ) + Ĩl(τ)

≲ dl +
∑

τ<X2−m−1≤1

2−5l+5mdm +
∑

τ<X2−m−1≤1

2−4l+4m
(
Em(X2−m−1) + Im(X2−m−1)

)
+

+El(τ) + Il(τ) + 2−7l

∫ 1

τ

l−1∑
m=x

25m

(τ ′)3

(
Em(τ ′) + Im(τ ′)

)
1m,τ ′dτ

′.

We use this bound to obtain a total of 8 error terms that control our main integral. We notice

that the first two terms can be dealt with in a straightforward way. For the third and fourth

terms we compute that:∫ X2−k−1

τ
2k

∑
l≥k

∑
τ ′<X2−m−1≤1

1l,τ ′2
−6(l−k)2−4l+4m

(
Em(X2−m−1) + Im(X2−m−1)

)
dτ ′ ≲

≲
∑

τ<X2−m−1≤1

2−4|k−m|
(
Em(X2−m−1) + Im(X2−m−1)

)
,
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where we used the fact that l ≥ m and l ≥ k in the first line. For the fifth and sixth terms we

have: ∫ X2−k−1

τ
2k

∑
l≥k

1l,τ ′2
−6(l−k)

(
El(τ

′) + Il(τ
′)
)
dτ ′ ≲

≲
∑
l≥k

2−6(l−k)

(∫ 1

τ
el(τ

′)dτ ′ +

∫ 1

τ
2lτ ′

∥∥PlF
′
M

∥∥2
L2dτ

′
)
+ 2−k

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′.

For the seventh and eight terms we can write:∫ X2−k−1

τ
2k

∑
l≥k

1l,τ ′2
−6(l−k) ·

(
2−7l

∫ 1

τ ′

l−1∑
m=x

25m

(τ ′′)3

(
Em(τ ′′) + Im(τ ′′)

)
1m,τ ′′

)
≲ I + II + III,

where we introduce the notation:

I =

∫ X2−k−1

τ
2k

∑
l≥k

1l,τ ′2
−6(l−k) · 2−7l

k−1∑
m=x

(∫ 1

τ ′

25m

(τ ′′)3

(
Em(τ ′′) + Im(τ ′′)

)
1m,τ ′′dτ

′′
)
dτ ′,

II =

∫ X2−k−1

τ
2k

∑
l≥k

1l,τ ′2
−6(l−k) · 2−7l

∑
τ<X2−m−1≤1

k≤m<l

(∫ 1

τ ′

25m

(τ ′′)3

(
Em(τ ′′) + Im(τ ′′)

)
1m,τ ′′

)
,

III =

∫ X2−k−1

τ
2k

∑
l≥k

1l,τ ′2
−6(l−k) · 2−7l

∑
τ>X2−m−1

m<l

(∫ 1

τ ′

25m

(τ ′′)3

(
Em(τ ′′) + Im(τ ′′)

)
dτ ′′

)
dτ ′.

We first notice that in the inner integral of I we have τ ′′ ≥ X2−m−1 > X2−k−1. Thus, we have

the bound:

I ≲ 2−7k
k−1∑
m=x

(∫ 1

X2−k−1

25m

(τ ′′)3

(
Em(τ ′′) + Im(τ ′′)

)
1m,τ ′′dτ

′′
)

≲ Ẽk(X2−k−1) + Ĩk(X2−k−1),

where in the second inequality we used the definitions of Ẽk and Ĩk. Next, we have the bound:

II ≲
∫ X2−k−1

τ
2k

∑
l≥k

1l,τ ′2
6k−13l

∑
τ<X2−m−1≤1

k≤m<l

[[
Em(X2−m−1) + Im(X2−m−1)

] ∫ 1

τ ′

25m

(τ ′′)3
1m,τ ′′

]

≲
∫ X2−k−1

τ
2k

∑
l≥k

1l,τ ′2
6k−13l

∑
τ<X2−m−1≤1

k≤m<l

27m
(
Em(X2−m−1) + Im(X2−m−1)

)
dτ ′

≲
∑

τ<X2−m−1≤X2−k−1

27m
(
Em(X2−m−1) + Im(X2−m−1)

)
·
∑
l>m

26k−13l

≲
∑

τ<X2−m−1≤X2−k−1

2−6|m−k|
(
Em(X2−m−1) + Im(X2−m−1)

)
,

where we used again τ ′′ ≥ X2−m−1 to compute the inner integral in the first line.
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Finally, we notice that the last error term III must vanish as τ → 0, since the inner sum

would be empty. We prove a bound consistent with this expectation:

III ≲
∑

τ>X2−m−1

(∫ 1

τ

25m

(τ ′′)3

(
Em(τ ′′) + Im(τ ′′)

)
dτ ′′

)
·
∫ X2−k−1

τ
2k

∑
m<l

2−6(l−k) · 2−7ldτ ′

≲ 26k
∑

τ>X2−m−1

2−8m

(∫ 1

τ

1

(τ ′)3

(
Em(τ ′) + Im(τ ′)

)
dτ ′

)

≲
∫ 1

τ

(
τ ′
∥∥F ′

M

∥∥2
H1/2 + (τ ′)3

∥∥ξ∥∥2
H3/2 + (τ ′)3

∥∥∇τξ
∥∥2
H1/2

)
dτ ′ · τ−226k

∑
τ>X2−m−1

2−8m

≲ τ626k
(
DII +

∫ 1

τ
τ ′
∥∥F ′

M

∥∥2
H1/2dτ

′
)

≲ τ626k
(
DII + FII(τ)

)
.

Collecting all the bounds proved for the error terms, we conclude the proof.
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Chapter 4

The Scattering Map

9 Estimates from {v = 0} to {v = −u}

In this section we prove optimal estimates on the smooth spacetime (M, g) obtained in Theorem

3.1 in terms of the asymptotic data at {u = −1, v = 0}. Using the ambient metric construction,

in the original (n + 1)-dimensional formulation these correspond to proving estimates at finite

times in terms of the asymptotic data at I−. This section is based on [Cic24, Section 8].

We first introduce the notion of asymptotic data set at {u = −1, v = 0}:

Definition 9.1. Let
(
/g0, h

)
be smooth straight initial data at {u = −1, v = 0}. We define the

corresponding asymptotic data set at {u = −1, v = 0} by:

Σ
(
/g0, h

)
:=

{
/g0,

{
∇l

4ψ : 0 ≤ l ≤ n− 4

2

}
,

{
∇l

4Ψ
G : 0 ≤ l ≤ n− 4

2

}
,

{
∇l

4α : 0 ≤ l ≤ n− 6

2

}
,O, h

}
,

where we have that for all admissible l the tensors ∇l
4ψ,∇l

4Ψ
G,∇l

4α, and O are defined in terms

of /g0 by the compatibility relations in the Fefferman-Graham expansion as in [RSR18, Propo-

sition 4.3], and we define h = h − 2(log∇)O. We also denote by ΣMinkowski = Σ
(
/gSn , 0

)
the

Minkowski data set.
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ForM > 0 large enough, we define the asymptotic data norm of orderM , measuring closeness

to the Minkowski data:∥∥∥Σ(/g0, h)∥∥∥2M =
∥∥/g∗0∥∥2H̊M+1 +

1∑
k=0

∥∥∇M+1+k∇
n−4
2

−k

4 ψ∗∥∥2
H1/2 +

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4ψ

∗∥∥2
Hm+1+

+

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4Ψ

G
∥∥2
Hm+1 +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4α

∥∥2
Hm+1 +

∥∥O∥∥2
HM+1 +

∥∥h∥∥2
HM+1 ,

where H̊M+1 is the Sobolev space with respect to /gSn , and the other Sobolev spaces are defined

with respect to /g.

For every ϵ > 0 small enough, we denote the set of ϵ−small asymptotic data by:

BM
ϵ

(
ΣMinkowski

)
=

{
Σ
(
/g0, h

)
:
(
/g0, h

)
smooth straight initial data,

∥∥Σ∥∥
M
< ϵ

}
.

Remark 9.1. For
(
/g0, h

)
asymptotic data at {u = 0, v = 1}, the precise notion of asymptotic data

norm is obtained via the transformation (u, v) → (−v,−u) in the above definition. In particular,

we notice that we replace ΨG, α,O, h by ΨG, α,O, h, and all ∇4 derivatives by ∇3 derivatives.

However, in view of the compatibility relations, the quantities in Σ
(
/g0, h

)
are expressed in terms

of
(
/g0, h

)
using the same formulas as the ones satisfied by Σ

(
/g0, h

)
in terms of

(
/g0, h

)
.

The main result of this section is the following estimate:

Theorem 9.1. For any M > 0 large enough and ϵ > 0 small enough we consider the smooth

straight initial data
(
/g0, h

)
such that Σ

(
/g0, h

)
∈ BM

ϵ

(
ΣMinkowski

)
. The smooth spacetime (M, g)

obtained in Theorem 3.1 with asymptotic initial data given by
(
/g0, h

)
satisfies the following esti-

mate on S(−1,1) :

Ξ2
M :=

n−4
2∑

i+j=0

M+n−4
2

−i−j∑
m=0

∥∥∇i
3∇

j
4Ψ

∥∥2
Hm+1 +

n−4
2∑

i+j=0

∥∥∇M∇i
3∇

j
4Ψ

∥∥2
H3/2

+

n−2
2∑

i+j=0

∥∥∇M∇i
3∇

j
4Ψ

∥∥2
H1/2 +

∥∥/g∗∥∥2HM+1 +

1∑
k=0

∑
i+j=n−4

2
−k

∥∥∇M+1+k∇i
3∇

j
4ψ

∗∥∥2
H1/2

+

n−4
2∑

i+j=0

M+n−4
2

−i−j∑
m=0

∥∥∇i
3∇

j
4ψ

∗∥∥2
Hm+1 ≲

∥∥∥Σ(/g0, h)∥∥∥2M .
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We remark that by self-similarity, this result follows from the corresponding estimates along

{u = −1}, where we replace all ∇3 derivatives by ∇4. We restrict our analysis to {u = −1} for

the rest of the section.

We briefly outline the structure of the argument for the rest of the section. The idea of the

proof is to define suitable norms in Section 9.1 for the curvature components and Ricci coefficients,

which we then estimate one at a time in Sections 9.2 and 9.3. Finally, we combine our estimates

to complete the proof of Theorem 9.1 in Section 9.4.

We further outline the steps of our proof in more detail to assist the reader throughout

the section. We define the top order curvature norms T in (9.1) and S in (9.2). We estimate

these in Corollary 9.1 in Section 9.2 as a consequence of Theorem 7.1. We define the lower order

curvature norms L in (9.3) and Ml in (9.4). We estimate these in Propositions 9.1 and 9.2 in

Section 9.2. We define the Ricci coefficients norm R in (9.5) and estimate it in Proposition 9.3 in

Section 9.2. The estimates outlined so far introduce certain nonlinear error terms. We estimate

these in Propositions 9.4 and 9.5 in Section 9.3. A key part in controlling the error terms is the

estimate (9.10) for the lower order pointwise norms P in (9.6) and SP in (9.7), which follows from

Section 3. In Section 9.4 we combine all these estimates to complete the proof of Theorem 9.1.

9.1 Norms

Following the above outline, we define the following norms on
{
u = −1, 0 ≤ v ≤ 1

}
:

• Top order energy T = T (−1, v):

T = v2
∥∥∇4∇M∇

n−4
2

4 Ψ
∥∥2
H1/2 + v

∥∥∇M∇
n−4
2

4 Ψ
∥∥2
H3/2 +

∥∥∇n−4
2

4 ΨG
∥∥2
HM+1 . (9.1)

• Mildly singular top order energy S = S(−1, v):

S =
∥∥∇n−4

2
4 α

∥∥2
HM+1 . (9.2)

• Lower order energy L = L(−1, v):

L =

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥∇l+1

4 Ψ
∥∥2
Hm +

∥∥∇l
4Ψ

∥∥2
Hm+1 . (9.3)

• Fractional lower order energy Ml = Ml(−1, v) for any 0 ≤ l ≤ n−6
2 :

Ml =
∥∥∇M∇l

4Ψ
∥∥2
H5/2 . (9.4)
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• Ricci coefficients norm R = R(−1, v):

R =
1∑

k=0

∥∥∇M+1+k∇
n−4
2

−k

4 ψ∗∥∥2
H1/2 +

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4ψ

∗∥∥2
Hm+1 . (9.5)

• Lower order pointwise norm P = P(−1, v) for N ′ = M
2 + n

4 :

P =

n−6
2∑

l=0

N ′∑
m=0

∥∥∇m∇l
4Ψ

∥∥2
L∞ +

n−4
2∑

l=0

N ′∑
m=0

∥∥∇m∇l
4ψ

∗∥∥2
L∞ . (9.6)

• Mildly singular pointwise norm SP = SP(−1, v):

SP =
N ′∑

m=0

∥∥∇m∇
n−4
2

4 Ψ
∥∥2
L∞ +

N ′∑
m=0

∥∥∇m∇
n−2
2

4 ψ∗∥∥2
L∞ . (9.7)

• Initial data norm D:

D =
∥∥∥Σ(/g0, h)∥∥∥2M . (9.8)

9.2 Estimates for the Norms

We start with some preliminary estimates for the pointwise norms P and SP which follow from

the estimates of Section 3. Since
∥∥/g∗0∥∥H̊M+1 < ϵ, we get by (3.48) that:∑

m≤M+1

∥∥Lm
θ /g

∗
0

∥∥
L2(Sn)

≲ ϵ. (9.9)

Additionally, since
∥∥O∥∥

HM+1 < ϵ we also have that
∥∥(log∇)O

∥∥
HM ≲ ϵ. Thus,

∥∥h∥∥
HM+1 < ϵ

implies that
∥∥h∥∥

HM ≲ ϵ, so the smallness condition (3.1) holds. As a result, we can apply

Propositions 3.1 and 3.2 for N1, N2 = N ′ = M
2 + n

4 to get that:

P ≤ ϵ, SP ≤ ϵ
(
1 + | log(v)|2

)
. (9.10)

The bounds for the top order energies T and S rely on the refined estimates in Theorem 7.1.

Once we established these, we can bound the remaining norms L,M, and R using standard

estimates.

As a consequence of Theorem 7.1, we obtain the following estimates for the top order energies:

Corollary 9.1. The top order energy T and the mildly singular top order energy S satisfy the

estimates for 0 ≤ v ≤ 1 :

T ≲ D +
M∑

m=0

∫ v

0
v′−

1
2

∥∥∥ErrΨm,n−4
2

∥∥∥2
L2
dv′ +

∫ v

0

∥∥∥ErrΨM,n−4
2

∥∥∥2
H1/2

dv′, (9.11)
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S ≲
(
1 + | log v|2

)
D +

M∑
m=0

∫ v

0
v′−

1
2

∥∥∥ErrΨm,n−4
2

∥∥∥2
L2
dv′ +

∫ v

0

∥∥∥ErrΨM,n−4
2

∥∥∥2
H1/2

dv′. (9.12)

Proof. We recall that according to Section 5 and Remark 5.4:

Φ0 = ∇
n−4
2

4 α, Φi = ∇
n−4
2

4 ΨG, F 0
m = ErrΨ

m,n−4
2

, F i
m = ErrΨ

m,n−4
2

satisfy the first model system as defined in (5.13) and also [Cic26, Definition 1.1]. The bounds

on the background
(
M, g

)
required in [Cic26, Theorem 1.1] follow by Theorem 3.1. We also have

that
∥∥ /Riem(/g0)

∥∥
HM ≲ D ≲ 1, so we can apply Theorem 7.1 with an implicit constant depending

only on M . We change coordinates to v = τ2 to obtain:

v2
∥∥∇4∇M∇

n−4
2

4 α
∥∥2
H1/2 + v

∥∥∇M∇
n−4
2

4 α
∥∥2
H3/2 ≲

∥∥O∥∥2
HM+1 +

∥∥h∥∥2
HM+1

+
∥∥∇n−4

2
4 ΨG

0

∥∥2
HM+1 +

M∑
m=0

∫ v

0
v′−

1
2

∥∥∥ErrΨm,n−4
2

∥∥∥2
L2
dv′ +

∫ v

0

∥∥∥ErrΨM,n−4
2

∥∥∥2
H1/2

dv′.

∥∥∇n−4
2

4 α
∥∥2
HM+1 ≲

(
1 + | log v|2

)∥∥O∥∥2
HM+1 +

∥∥h∥∥2
HM+1 +

∥∥∇n−4
2

4 ΨG
0

∥∥2
HM+1+

+

M∑
m=0

∫ v

0
v′−

1
2

∥∥∥ErrΨm,n−4
2

∥∥∥2
L2
dv′ +

∫ v

0

∥∥∥ErrΨM,n−4
2

∥∥∥2
H1/2

dv′.

v
3
2

∥∥∇4∇M∇
n−4
2

4 ΨG
∥∥2
H1/2 +

√
v
∥∥∇M∇

n−4
2

4 ΨG
∥∥2
H3/2 +

∥∥∇n−4
2

4 ΨG
∥∥2
HM+1 ≲

∥∥O∥∥2
HM+1 +

∥∥h∥∥2
HM+1

+
∥∥∇n−4

2
4 ΨG

0

∥∥2
HM+1 +

M∑
m=0

∫ v

0
v′−

1
2

∥∥∥ErrΨm,n−4
2

∥∥∥2
L2
dv′ +

∫ v

0

∥∥∥ErrΨM,n−4
2

∥∥∥2
H1/2

dv′.

Using the notation (9.8) for the initial data norm D, we obtain the conclusion.

We prove the following result for the lower order energy L defined in (9.3):

Proposition 9.1. The lower order energy L satisfies the estimate for 0 ≤ v ≤ 1 :

L ≲ D + ϵR+

∫ v

0

(
R+ T + S

)
dv′ +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0

∥∥∥ErrΨm,l

∥∥∥2
L2
dv′. (9.13)

Proof. We recall that by (5.11), for every 0 ≤ l ≤ n−6
2 and 0 ≤ m ≤M + n−4

2 − l we have that all

curvature components Ψ satisfy the commuted equation:

v∇2
4∇m∇l

4Ψ+

(
3 + l − n

2

)
∇4∇m∇l

4Ψ− 4∆∇m∇l
4Ψ =

∑
µ

ψ∇m+1∇l
4Ψµ + ErrΨml.
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We contract each equation with ∇4∇m∇l
4Ψ, then sum over all m, l in the admissible range and

all curvature components Ψ to obtain:

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥∇4∇m∇l

4Ψ
∥∥2
L2 +

∥∥∇∇l
4Ψ

∥∥2
Hm ≲ D +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0

∥∥∇4∇m∇l
4Ψ

∥∥2
L2+

+

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0

∥∥[∇,∇4]∇m∇l
4Ψ

∥∥2
L2 +

∥∥∇m+1∇l
4Ψ

∥∥2
L2 +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0

∥∥ErrΨml

∥∥2
L2 .

We also have the estimate:∥∥∇l
4Ψ

∥∥2
L2 ≲ D +

∫ v

0

∥∥∇l+1
4 Ψ

∥∥2
L2 ≲ . . . ≲ D +

∫ v

0

∥∥∇n−4
2

4 Ψ
∥∥2
L2 ≲ D +

∫ v

0
T + S.

We use the commutation formulas in Lemma 2.7 and Gronwall to obtain:
n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥∇4∇m∇l

4Ψ
∥∥2
L2 +

∥∥∇l
4Ψ

∥∥2
Hm+1 ≲

≲ D +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0
T + S +

∥∥∇m∇l+1
4 Ψ

∥∥2
L2 +

∥∥ψ∇l
4Ψ

∥∥2
Hm +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0

∥∥ErrΨml

∥∥2
L2 .

Once again, we use Gronwall and bound the other terms using T ,S, and R:

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥∇4∇m∇l

4Ψ
∥∥2
L2 +

∥∥∇l
4Ψ

∥∥2
Hm+1 ≲

≲ D +

∫ v

0

(
T + S +R

)
+

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0

∥∥ErrΨml

∥∥2
L2 .

Using this bound and the lower order pointwise estimate (9.10), we get:

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥ψ∇l

4Ψ
∥∥2
Hm ≲

≲

M+n−4
2∑

m=N ′

∥∥ψ∗∥∥2
Hm ·

n−6
2∑

l=0

∥∥∇l
4Ψ

∥∥2
WN′,∞ +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4Ψ

∥∥2
Hm ·

∥∥ψ∥∥2
WN′,∞

≲ ϵR+D +

∫ v

0

(
T + S +R

)
+

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0

∥∥ErrΨml

∥∥2
L2 .

We obtain the conclusion by using the commutation formulas in Lemma 2.7:

L ≲

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥ψ∇l

4Ψ
∥∥2
Hm +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥∇4∇m∇l

4Ψ
∥∥2
L2 +

∥∥∇l
4Ψ

∥∥2
Hm+1 .
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We prove the following result for the fractional lower order energy defined in (9.4):

Proposition 9.2. The fractional lower order energy Ml satisfies the estimate for any 0 ≤ l ≤ n−6
2

and 0 ≤ v ≤ 1 :

Ml ≲ T + S + L+R+
∥∥ErrΨM,l

∥∥2
H1/2 . (9.14)

Proof. We have the estimate for any 0 ≤ l ≤ n−6
2 :∥∥∇M∇l

4Ψ
∥∥2
H5/2 ≲

∥∥∇l
4Ψ

∥∥2
HM+2 +

∥∥∆∇M∇l
4Ψ

∥∥2
H1/2

≲ L+
∥∥v∇2

4∇M∇l
4Ψ

∥∥2
H1/2 +

∥∥∇4∇M∇l
4Ψ

∥∥2
H1/2 +

∥∥∇M+1∇l
4Ψ

∥∥2
H1/2 +

∥∥ErrΨM,l

∥∥2
H1/2

≲ L+
∥∥v∇4∇M∇l+1

4 Ψ
∥∥2
H

1
2
+
∥∥v∇4∇M

(
ψ∇l

4Ψ
)∥∥2

H
1
2
+
∥∥∇M∇l+1

4 Ψ
∥∥2
H

1
2

+
∥∥∇M

(
ψ∇l

4Ψ
)∥∥2

H
1
2
+
∥∥ErrΨM,l

∥∥2
H

1
2

≲ L+ T + S +R+
∥∥v∇4∇M∇l+1

4 Ψ
∥∥2
H1/2 +

∥∥v∇4∇M
(
ψ∇l

4Ψ
)∥∥2

H1/2 +
∥∥ErrΨM,l

∥∥2
H1/2 .

For l = n−6
2 , we have the bound by (9.1):∥∥v∇4∇M∇

n−4
2

4 Ψ
∥∥2
H1/2 ≲ T .

For 0 ≤ l ≤ n−8
2 , we have:∥∥v∇4∇M∇l+1

4 Ψ
∥∥2
H1/2 ≲

∥∥v∇M∇l+2
4 Ψ

∥∥2
H1/2 +

∥∥v∇M
(
ψ∇l+1

4 Ψ
)∥∥2

H1/2 ≲ T + S + L+R.

So far, we proved that:

Ml ≲ T + S + L+R+
∥∥v∇4∇M

(
ψ∇l

4Ψ
)∥∥2

H1/2 +
∥∥ErrΨM,l

∥∥2
H1/2 .

We can conclude since we also have the bounds using the null structure equations in Proposi-

tion 2.4: ∥∥v∇4∇M
(
ψ∇l

4Ψ
)∥∥2

H1/2 ≲
∥∥v∇M∇4

(
ψ∇l

4Ψ
)∥∥2

H1/2 +
∥∥v∇M

(
ψ2∇l

4Ψ
)∥∥2

H1/2 ≲

≲
∥∥v∇M

(
ψ∇l+1

4 Ψ
)∥∥2

H1/2 +
∥∥v∇M

(
(Ψ + ψψ)∇l

4Ψ
)∥∥2

H1/2 + L+R ≲ T + S + L+R.

We prove the following result for the Ricci coefficients norm R defined in (9.5):
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Proposition 9.3. The Ricci coefficients norm R satisfies the estimate for any 0 ≤ v ≤ 1 :

R ≲ D +

∫ v

0

(
(v′)−1/2T + S + L+R+ (v′)1/2Mn−6

2

)
dv′. (9.15)

Proof. For every 0 ≤ l ≤ n−4
2 and 0 ≤ m ≤ M + n−4

2 − l, the Ricci coefficients ψ∗ satisfy the

commuted equation:

∇4∇m+1∇l
4ψ

∗ = ∇m+1∇l
4Ψ+∇m+1∇l

4

(
ψψ∗)+ [∇4,∇m+1]∇l

4ψ
∗. (9.16)

We obtain the estimate:
n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4ψ

∗∥∥2
Hm+1 ≲ D+

+

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∫ v

0

∥∥∇l
4Ψ

∥∥2
Hm+1 +

∥∥∇l
4

(
ψψ∗)∥∥2

Hm+1 +
∥∥ψ∇l

4ψ
∗∥∥2

Hm+1

≲ D +

∫ v

0

(
T + S + L+R

)
dv′.

Using the LP projections in Section 6 and Gronwall, we also obtain the following fractional

estimate:∥∥∇M+1∇
n−4
2

4 ψ∗∥∥2
H1/2 ≲ D +

∫ v

0
T + S + L+R+

∫ v

0
(v′)1/2

∥∥∇4∇M+1∇
n−4
2

4 ψ∗∥∥2
H1/2

≲ D +

∫ v

0
T + S + L+R+

M+1∑
m=0

∫ v

0

∥∥∇m∇
n−4
2

4

(
ψψ∗)∥∥2

H1/2 + (v′)1/2
∥∥∇m∇

n−4
2

4 Ψ
∥∥2
H1/2

≲ D +

∫ v

0

T
(v′)1/2

+ S + L+R.

Similarly, we also get the estimate:∥∥∇M+2∇
n−6
2

4 ψ∗∥∥2
H1/2 ≲ D +

∫ v

0
T + S + L+R+

∫ v

0
(v′)1/2

∥∥∇4∇M+2∇
n−6
2

4 ψ∗∥∥2
H1/2

≲ D +

∫ v

0
T + S + L+R+

M+2∑
m=0

∫ v

0

∥∥∇m∇
n−6
2

4

(
ψψ∗)∥∥2

H1/2 + (v′)1/2
∥∥∇m∇

n−6
2

4 Ψ
∥∥2
H1/2

≲ D +

∫ v

0
T + S + L+R+ (v′)1/2Mn−6

2
.
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9.3 Error Term Estimates

In this section, we bound the error terms that appear in the above estimates in terms of the norms

introduced in Section 9.1. We notice that similarly to Section 3, these do not create significant

difficulties since we commuted the equations with a high number of angular derivatives. We recall

that for any 0 ≤ l ≤ n−4
2 and 0 ≤ m ≤M + n−4

2 − l we have:

ErrΨml = vF(m)(l+1)(l+m+1)(Ψ) + vF(m+1)(l)(l+m+1)(Ψ) + F(2+m)(l−1)(l+m+1)(Ψ) + F(m)(l)(m+l)(Ψ)

+F lot
(m+1)(l)(m+l+1)(Ψ) +∇m∇l

4

(
Ψ ·ΨG

)
+

∑
i+2j=m

∇i
(

/Riem
j+1 · ∇l

4Ψ
)
+∇m∇l

4∇
(
ψψ

)
+∇m∇l

4∇
(
ψψψ

)
.

We also recall the error term notation in Definition 2.4:

Fmlp(Ψ) =
∑

i+j+k≤p
i≤l,k≤m

∇k∇i
4

(
ψj+1Ψ

)
.

We start with a general result for the error terms Fmlp :

Lemma 9.1. For any 0 ≤ s ≤ 1, l ≤ n−2
2 , m ≤M + n

2 , p = m+ l we have the estimate:∥∥Fmlp(Ψ)
∥∥2
Hs ≲

(
1 + | log(v)|2

)
·
∑
i≤l

∑
k≤m

∥∥∇k∇i
4Ψ

∥∥2
Hs +

∥∥∇k∇i
4ψ

∗∥∥2
Hs . (9.17)

Similarly, for any 0 ≤ s ≤ 1, l ≤ n−4
2 , m ≤M + n

2 , p = m+ l we have the estimate:∥∥Fmlp(Ψ)
∥∥2
Hs ≲

∑
i≤l

∑
k≤m

∥∥∇k∇i
4Ψ

∥∥2
Hs +

∥∥∇k∇i
4ψ

∗∥∥2
Hs . (9.18)

Proof. Using the definition of Fmlp, we get that for all 0 ≤ s ≤ 1, l ≤ n−2
2 , m ≤M+ n

2 , p = m+l:

∥∥Fmlp(Ψ)
∥∥2
Hs ≲

∑
i+j+k≤p
i≤l,k≤m

∥∥∇k∇i
4

(
ψj+1Ψ

)∥∥2
Hs ≲

∑
|i|+j+|k|≤p
|i|≤l,|k|≤m

∥∥∥∇k0∇i0
4 Ψ

j+1∏
q=1

∇kq∇iq
4 ψ

∥∥∥2
Hs
.

We use the fact that ∇∇i
4ψ = ∇∇i

4ψ
∗ to get:

∥∥Fmlp(Ψ)
∥∥2
Hs ≲

∑
|i|+j+|k|≤p
|i|≤l,|k|≤m

∥∥∥∇k0∇i0
4 Ψ · ∇k1∇i1

4 ψ
∗
j+1∏
q=2

∇kq∇iq
4 ψ

∥∥∥2
Hs

+
∑

|i|+j+|k|≤p
|i|≤l,|k|≤m

∥∥∥∇k∇i0
4 Ψ

j+1∏
q=1

∇iq
4 ψ

∥∥∥2
Hs
.
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The second term can be bounded using (9.10) for the P and SP pointwise norms:∑
|i|+j+|k|≤p
|i|≤l,|k|≤m

∥∥∥∇k∇i0
4 Ψ

j+1∏
q=1

∇iq
4 ψ

∥∥∥2
Hs

≲
(
1 + | log(v)|2

)
·
∑
i≤l

∑
k≤m

∥∥∇k∇i
4Ψ

∥∥2
Hs .

For the first term, we can assume that |k1| = max(|k1|, . . . , |kj+1|). In particular, we have |kq| <

1 + M
2 + n

4 for all 2 ≤ q ≤ j + 1, so we can control these factors using the lower order pointwise

norm P and the mildly singular pointwise norm SP. Thus, we get that the first term is bounded

by: (
1 + | log(v)|2

)
·

∑
|i|+j+|k|≤p
|i|≤l,|k|≤m

∥∥∥∇k0∇i0
4 Ψ · ∇kq1∇iq1

4 ψ∗
∥∥∥2
Hs

≲

≲
(
1 + | log(v)|2

)
·
∑
i≤l

∑
k≤m

∥∥∇k∇i
4Ψ

∥∥2
Hs +

∥∥∇k∇i
4ψ

∗∥∥2
Hs .

This completes the proof of (9.17). We remark that we can prove (9.18) by following the exact

same steps, but we only use the lower order pointwise norm P when l ≤ n−4
2 .

Proposition 9.4. For any 0 ≤ l ≤ n−4
2 , the error terms ErrΨM,l satisfy the estimate:∥∥ErrΨM,l

∥∥2
H1/2 ≲

(
1 + | log(v)|2

)(
T + S + L+R

)
. (9.19)

Proof. The proof of (9.19) will follow from the fractional lower order energy estimates (9.14), once

we prove the claim:∥∥ErrΨM,l

∥∥2
H1/2 ≲

(
1 + | log(v)|2

)(
T + S + L+R

)
+Ml−1. (9.20)

Using (9.17)-(9.18), the Bianchi equations in Proposition 2.6, and the null structure equations in

Proposition 2.4, we obtain:∥∥vF(M)(l+1)(l+M+1)(Ψ)
∥∥2
H1/2 ≲

(
1 + | log(v)|2

)
·
∑
i≤l+1

∑
k≤M

∥∥v∇k∇i
4Ψ

∥∥2
H1/2 +

∥∥v∇k∇i
4ψ

∗∥∥2
H1/2

≲ T +S+L+R+
(
1+ | log(v)|2

)
·
[ ∑
k≤M

∥∥v∇k∇
n−2
2

4 ψ∗∥∥2
H1/2 +

∥∥v∇M∇
n−2
2

4 Ψ
∥∥2
H1/2 +

∥∥v∇n−2
2

4 Ψ
∥∥2
H1

]

≲
(
1+ | log(v)|2

)(
T +S+L+R+

∑
k≤M

∥∥v∇k∇
n−4
2

4

(
Ψ+ψψ∗)∥∥2

H1/2 +
∥∥∇n−4

2
4

(
∇Ψ+ψΨ+Ψ

)∥∥2
H1

)
≲

(
1 + | log(v)|2

)(
T + S + L+R

)
.
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Similarly, we use (9.17)-(9.18) to get that:∥∥vF(M+1)(l)(l+M+1)(Ψ)
∥∥2
H1/2 ≲

∑
i≤l

∑
k≤M+1

∥∥v∇k∇i
4Ψ

∥∥2
H1/2 +

∥∥v∇k∇i
4ψ

∗∥∥2
H1/2

≲ L+R+
∑
k≤M

∥∥v∇k∇
n−4
2

4 ψ∗∥∥2
H3/2 +

∥∥v∇k∇
n−4
2

4 Ψ
∥∥2
H3/2 ≲ T + S + L+R.

We use the fractional lower order energy (9.4) and (9.18):∥∥F(M+2)(l−1)(l+M+1)(Ψ)
∥∥2
H1/2 ≲

∑
i≤l−1

∑
k≤M+2

∥∥∇k∇i
4Ψ

∥∥2
H1/2 +

∥∥∇k∇i
4ψ

∗∥∥2
H1/2

≲ L+R+
∑
k≤M

∥∥∇k∇l−1
4 ψ∗∥∥2

H5/2 +
∑
k≤M

∥∥∇k∇l−1
4 Ψ

∥∥2
H5/2 ≲ L+R+Ml−1.

Next, we have by (9.18):∥∥F(M)(l)(l+M)(Ψ)
∥∥2
H1/2 ≲

∑
i≤l

∑
k≤M

∥∥∇k∇i
4Ψ

∥∥2
H1/2 +

∥∥∇k∇i
4ψ

∗∥∥2
H1/2 ≲ T + S + L+R. (9.21)

We can prove a similar result to the Lemma 9.1 for the error terms F lot, and we obtain:∥∥F lot
(M+1)(l)(l+M+1)(Ψ)

∥∥2
H

1
2
≲

∑
i≤l

k≤M

∥∥∇k∇i
4Ψ

∥∥2
H

1
2
+

∑
i≤l−1

k≤M+1

∥∥∇k∇i
4Ψ

∥∥2
H

1
2
+

∑
i≤l

k≤M+1

∥∥∇k∇i
4ψ

∗∥∥2
H

1
2

≲ T + S + L+R.

We also use the definitions of the curvature norms (9.1)-(9.3) to get:∥∥∇M∇l
4

(
Ψ ·ΨG

)∥∥2
H1/2 ≲

(
1 + | log(v)|2

)(
T + S + L

)
. (9.22)

Using (9.22), (9.21), and the formula /Riem = Ψ+ψψ (implied by the constraint equation (2.19)),

we also obtain: ∑
i+2j=M

∥∥∇i
(

/Riem
j+1 · ∇l

4Ψ
)∥∥2

H1/2 ≲ T + S + L+R.

Finally, we use the commutation formula in Lemma 2.5 to get:∥∥∇M∇l
4∇

(
ψψψ

)∥∥2
H1/2 ≲ R+

∑
k≤M+1

∑
l≤n−4

2

∥∥∇k∇l
4ψ

∗∥∥2
H1/2 ≲ R.

Combining the estimates proved so far, we establish (9.20). Using (9.14), we get:∥∥ErrΨM,l

∥∥2
H1/2 ≲

(
1 + | log(v)|2

)(
T + S + L+R

)
+Ml−1

≲
(
1 + | log(v)|2

)(
T + S + L+R

)
+
∥∥ErrΨM,l−1

∥∥2
H1/2 .
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By induction, we obtain the conclusion, since:∥∥ErrΨM,l

∥∥2
H1/2 ≲

(
1+ | log(v)|2

)(
T +S+L+R

)
+
∥∥ErrΨM,0

∥∥2
H1/2 ≲

(
1+ | log(v)|2

)(
T +S+L+R

)

Proposition 9.5. For any 0 ≤ l ≤ n−4
2 and 0 ≤ m ≤M + n−4

2 − l, the error terms ErrΨm,l satisfy

the estimate: ∥∥ErrΨm,l

∥∥2
L2 ≲ (1 + | log(v)|2

)(
T + S + L+R

)
. (9.23)

Proof. As in the proof of Proposition 9.4, we use (9.17)-(9.18), the Bianchi equations in Proposi-

tion 2.6, and the null structure equations in Proposition 2.4:∥∥vF(m)(l+1)(l+m+1)(Ψ)
∥∥2
L2 ≲ (1 + | log(v)|2

) ∑
i≤l+1

∑
k≤m

∥∥v∇k∇i
4Ψ

∥∥2
L2 +

∥∥v∇k∇i
4ψ

∗∥∥2
L2 ≲

≲ (1 + | log(v)|2
)(

T + S + L+R+
∥∥v∇n−2

2
4 ψ∗∥∥2

HM +
∥∥v∇n−2

2
4 Ψ

∥∥2
HM

)
≲

≲ (1 + | log(v)|2
)(

T + S + L+R+
∥∥v∇n−4

2
4

(
Ψ+ ψψ∗)∥∥2

HM

)
+(1 + | log(v)|2

)(∥∥∇n−4
2

4

(
∇Ψ+ ψΨ

)∥∥2
L2 +

∥∥v∇4∇M∇
n−4
2

4 Ψ
∥∥2
L2

)
≲ (1 + | log(v)|2

)(
T + S + L+R

)
.

Since l ≤ n−4
2 , we use (9.18) to get the bound:∥∥vF(m+1)(l)(l+m+1)(Ψ)

∥∥2
L2 ≲

∑
i≤l

∑
k≤m+1

∥∥v∇k∇i
4Ψ

∥∥2
L2 +

∥∥v∇k∇i
4ψ

∗∥∥2
L2 ≲ T + S + L+R.

Similarly, we have that l− 1 ≤ n−6
2 , so we only need to use the lower order curvature norm L and

the Ricci coefficients norm R to bound:∥∥F(m+2)(l−1)(l+m+1)(Ψ)
∥∥2
L2 ≲

∑
i≤l−1

∑
k≤m+2

∥∥∇k∇i
4Ψ

∥∥2
L2 +

∥∥∇k∇i
4ψ

∗∥∥2
L2 ≲ L+R.

Analogously to (9.21), we use (9.18) to obtain:∥∥F(m)(l)(l+m)(Ψ)
∥∥2
L2 ≲

∑
i≤l

∑
k≤m

∥∥∇k∇i
4Ψ

∥∥2
L2 +

∥∥∇k∇i
4ψ

∗∥∥2
L2 ≲ T + S + L+R. (9.24)
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As in the proof of Proposition 9.4, we recall that we have a similar result to Lemma 9.1 for the

error terms F lot, which implies:∥∥F lot
(m+1)(l)(l+m+1)(Ψ)

∥∥2
L2 ≲

∑
i≤l
k≤m

∥∥∇k∇i
4Ψ

∥∥2
L2 +

∑
i≤l−1
k≤m+1

∥∥∇k∇i
4Ψ

∥∥2
L2 +

∑
i≤l

k≤m+1

∥∥∇k∇i
4ψ

∗∥∥2
L2

≲ T + S + L+R.

As in the proof of (9.22), we use the definitions of the curvature norms (9.1)-(9.3) to get the

bound: ∥∥∇m∇l
4

(
Ψ ·ΨG

)∥∥2
L2 ≲

(
1 + | log(v)|2

)(
T + S + L

)
. (9.25)

We use (9.24), (9.25), and the formula /Riem = Ψ+ψψ (implied by the constraint equation (2.19))

to get that: ∑
i+2j=m

∥∥∇i
(

/Riem
j+1 · ∇l

4Ψ
)∥∥2

L2 ≲ T + S + L+R.

Finally, to conclude the proof of (9.23), we use the commutation formulas in Lemma 2.5:∥∥∇m∇l
4∇

(
ψψψ

)∥∥2
L2 ≲ R.

9.4 The Proof of Theorem 9.1

We combine the estimates established in Sections 9.2 and 9.3 to complete the proof of Theorem 9.1:

Proof of Theorem 9.1. We use the estimates (9.11), (9.12), (9.13), (9.15) for the norms

T , S, L, and R, and the estimates (9.19), (9.23) for the error terms. Adding these together, we

obtain that for all v ≤ 1:

T +L+R+
1

1 + | log v|2
S ≲ D+ϵR+

∫ v

0

(
1+| log v′|2

)2
v′−

1
2

(
T +

1

1 + | log v′|2
S+L+R

)
dv′. (9.26)

We first take ϵ > 0 small enough to absorb the R term, then apply Gronwall’s inequality:

T + L+R+
1

1 + | log v|2
S ≲ D. (9.27)

By self-similarity, (9.27) implies the desired estimates for the Ricci coefficients and curvature

components in the statement of Theorem 9.1. To complete the proof of the theorem, we also

show that
∥∥/g∗∥∥2HM+1 ≲ D. We first need to prove this on the sphere S−1,0. Similarly to the
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derivation of (9.9), we use (3.48) to get:∑
m≤M+1

∥∥Lm
θ /g

∗
0

∥∥2
L2(Sn)

≲
∥∥/g∗0∥∥2H̊M+1 ≲ D.

We then use (3.48) for covariant derivatives with respect to /g0 and prove by induction on m ≤

M + 1 that: ∥∥∇m
/g
∗
0

∥∥2
L2 ≲ D.

The conclusion follows by using the metric equation Lv/g
∗ = ψ∗ and the estimate R ≲ D.

10 Estimates from {v = −u} to {v = 0}

In this section we consider the smooth straight self-similar vacuum spacetime (M, g) obtained

from small initial data on the sphere S(−1,1) and we prove optimal estimates on the induced

asymptotic data set Σ(/g0, h) at {u = −1, v = 0}. Using the ambient metric formulation, in the

original (n+1)-dimensional formulation these correspond to proving estimates on the asymptotic

data at I− in terms of initial data at a finite time. This section is based on [Cic24, Section 10].

Theorem 10.1. For any M > 0 large enough and ϵ > 0 small enough we consider the smooth

straight initial data on the sphere S(−1,1), with the initial data norm:

Ξ2
M =

n−4
2∑

i+j=0

M+n−4
2

−i−j∑
m=0

∥∥∇i
3∇

j
4Ψ

∥∥2
Hm+1 +

n−4
2∑

i+j=0

∥∥∇M∇i
3∇

j
4Ψ

∥∥2
H3/2 +

n−2
2∑

i+j=0

∥∥∇M∇i
3∇

j
4Ψ

∥∥2
H1/2

+

1∑
k=0

∑
i+j=n−4

2
−k

∥∥∇M+1+k∇i
3∇

j
4ψ

∗∥∥2
H1/2 +

n−4
2∑

i+j=0

M+n−4
2

−i−j∑
m=0

∥∥∇i
3∇

j
4ψ

∗∥∥2
Hm+1 +

∥∥/g∗∥∥2HM+1 .

We assume that the initial data satisfy the smallness assumption ΞM ≲ ϵ. We denote by (M, g)

the smooth vacuum spacetime obtained using Theorems 3.1, 3.2, and 4.1, with induced asymptotic

data (/g0, h) at S(−1,0). The corresponding asymptotic data set Σ(/g0, h) satisfies the estimate:∥∥Σ(/g0, h)∥∥M ≲ ΞM , (10.1)

where the asymptotic data norm of order
∥∥Σ∥∥2

M
is given in Definition 9.1.

We follow the strategy outlined in Section 1.3.3 of the introduction. Using self-similarity as

in Section 9, it suffices to work on the null hypersurface {u = −1}. The idea of the proof is to

define suitable norms in Section 10.1 for the curvature components and Ricci coefficients, which

179



we then estimate one at a time in Section 10.2. Finally, we combine the estimates to complete

the proof of Theorem 10.1 in Section 10.3.

Similarly to Section 9, we outline the steps of the proof in detail to assist the reader through-

out the section. We define the top order curvature norm T in (10.2), which we estimate in

Corollary 10.1 as a consequence of Theorem 8.1. We define the lower order curvature norms L in

(10.3) and Ml in (10.4), which we estimate in Propositions 10.1 and 10.2. We define the Ricci

coefficients norm R in (10.5) and estimate it in Proposition 10.3. As in Section 9, these estimates

introduce nonlinear error terms, which we estimate in Propositions 10.4 and 10.5 in Section 10.2.

Once again, in controlling the error terms we also use the estimate (10.9) for the lower order

pointwise norms P in (10.6) and SP in (10.7), which follows from Section 3. In Section 10.3 we

combine all these estimates to complete the proof of Theorem 10.1.

10.1 Norms

Following the above outline, we define the following norms on
{
u = −1, 0 ≤ v ≤ 1

}
:

• Top order energy T = T (−1, v):

T =v2
∥∥∇4∇M∇

n−4
2

4 α
∥∥2
H1/2 +

M∑
m=0

v
∥∥∇m∇

n−4
2

4 α
∥∥2
H3/2 +

M∑
m=0

√
v
∥∥∇m∇

n−4
2

4 α
∥∥2
H1/2+ (10.2)

+
M∑

m=0

∥∥∇m∇
n−4
2

4 ΨG
∥∥2
H3/2 +

M∑
m=0

v
∥∥∇4∇m∇

n−4
2

4 ΨG
∥∥2
H1/2 .

• Lower order energy L = L(−1, v):

L =

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥∇l+1

4 Ψ
∥∥2
Hm +

∥∥∇l
4Ψ

∥∥2
Hm+1 . (10.3)

• Fractional lower order energy Ml = Ml(−1, v) for any 0 ≤ l ≤ n−6
2 :

Ml =
∥∥∇M∇l

4Ψ
∥∥2
H5/2 . (10.4)

• Ricci coefficients norm R = R(−1, v):

R =

1∑
k=0

∥∥∇M+1+k∇
n−4
2

−k

4 ψ∗∥∥2
H1/2 +

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4ψ

∗∥∥2
Hm+1 . (10.5)
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• Lower order pointwise norm P = P(−1, v) for N ′ = M
2 + n

4 :

P =

n−6
2∑

l=0

N ′∑
m=0

∥∥∇m∇l
4Ψ

∥∥2
L∞ +

n−4
2∑

l=0

N ′∑
m=0

∥∥∇m∇l
4ψ

∗∥∥2
L∞ . (10.6)

• Mildly singular pointwise norm SP = SP(−1, v):

SP =
N ′∑

m=0

∥∥∇m∇
n−4
2

4 Ψ
∥∥2
L∞ +

N ′∑
m=0

∥∥∇m∇
n−2
2

4 ψ∗∥∥2
L∞ . (10.7)

• Initial data norm D at (u, v) = (−1, 1):

D :=

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4Ψ

∥∥2
Hm+1 +

n−4
2∑

l=0

∥∥∇M∇l
4Ψ

∥∥2
H3/2 +

n−2
2∑

l=0

∥∥∇M∇l
4Ψ

∥∥2
H1/2+ (10.8)

+
1∑

k=0

∑
l=n−4

2
−k

∥∥∇M+1+k∇l
4ψ

∗∥∥2
H1/2 +

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4ψ

∗∥∥2
Hm+1 +

∥∥/g∗∥∥2HM+1 .

We remark that using self-similarity, we can replace ∇3 derivatives with ∇4 derivatives. Thus,

we obtain that Ξ2
M ∼ D, so it suffices to consider D as the initial data norm.

10.2 Estimates for the Norms

We start with some preliminary estimates for the pointwise norms P and SP which follow from

the estimates of Section 3. Using Theorems 3.1, 4.1, and 3.2, we get that for N ′ = M
2 + n

4 we

have the estimates:

P ≤ ϵ, SP ≤ ϵ
(
1 + | log(v)|2

)
. (10.9)

The bound for the top order energy T follows from the refined estimates in Theorem 8.1. We

can then bound the remaining norms using standard estimates. We note that as in Section 9, the

nonlinear error terms ErrΨ do not create significant difficulties.

As a consequence of Theorem 8.1, we obtain the following estimate for the top order energy

(10.2):

Corollary 10.1. The top order energy T satisfies the estimate for 0 ≤ v ≤ 1 :

T ≲ D +

M∑
m=0

∫ 1

v

∥∥ErrΨ
m,n−4

2

∥∥2
H1/2dv

′. (10.10)

Proof. We recall that according to Section 5 and Remark 5.4:

Φ0 = ∇
n−4
2

4 α, Φi = ∇
n−4
2

4 ΨG, F 0
m = ErrΨ

m,n−4
2

, F i
m = ErrΨ

m,n−4
2
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satisfy the second model system as defined in (5.14) and also [Cic26, Definition 1.1]. The bounds on

the background
(
M, g

)
required in [Cic26, Theorem 1.2] follow by Theorem 3.1. Moreover, since

D ≲ ϵ2, we have in particular that ∥ψ∥HM+1(−1, 1) ≲ 1, so the implicit constant in Theorem 8.1

depends only on M. Thus, we apply Theorem 8.1 to obtain the following estimate:

M∑
m=0

√
v
∥∥∇m∇

n−4
2

4 α
∥∥2
H1/2 +

M∑
m=0

v
∥∥∇m∇

n−4
2

4 α
∥∥2
H3/2 + v2

∥∥∇4∇M∇
n−4
2

4 α
∥∥2
H1/2

+

∫ 1

v

∥∥∇n−4
2

4 α
∥∥2
HM+1dv

′ +

M∑
m=0

∥∥∇m∇
n−4
2

4 ΨG
∥∥2
H3/2

+
M∑

m=0

v
∥∥∇4∇m∇

n−4
2

4 ΨG
∥∥2
H1/2 +

M∑
m=0

∫ 1

v

∥∥∇4∇m∇
n−4
2

4 ΨG
∥∥2
H1/2dv

′ ≲

≲
M∑

m=0

(∥∥∇m∇
n−4
2

4 Ψ
∥∥2
H3/2 +

∥∥∇m∇
n−2
2

4 Ψ
∥∥2
H1/2

)∣∣∣∣
v=1

+
M∑

m=0

∫ 1

v

∥∥ErrΨ
m,n−4

2

∥∥2
H1/2dv

′.

We bound the initial data term using D to obtain the conclusion.

We prove the following result for the lower order energy L defined in (10.3):

Proposition 10.1. The lower order energy L satisfies the estimate for 0 ≤ v ≤ 1 :

L ≲ D + ϵR+

∫ 1

v
(v′)−1/2T dv′ +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ 1

v

∥∥∥ErrΨm,l

∥∥∥2
L2
dv′. (10.11)

Proof. As in the proof of Proposition 9.1 in Section 9, we contract (5.11) with 2∇4∇m∇l
4Ψ and

sum for all 0 ≤ l ≤ n−6
2 , 0 ≤ m ≤ M + n−4

2 − l, and every curvature component Ψ. We obtain a

good bulk term since n− 2l − 5 ≥ 1 :

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥∇4∇m∇l

4Ψ
∥∥2
L2 +

∥∥∇∇l
4Ψ

∥∥2
Hm +

∫ 1

v

∥∥∇4∇m∇l
4Ψ

∥∥2
L2dv

′

≲ D +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ 1

v

∥∥[∇,∇4]∇m∇l
4Ψ

∥∥2
L2 +

∥∥∇m+1∇l
4Ψ

∥∥2
L2dv

′ +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ 1

v

∥∥ErrΨm,l

∥∥2
L2 .

We also have the estimate:∥∥∇l
4Ψ

∥∥2
L2 ≲ D +

∫ 1

v

∥∥∇l+1
4 Ψ

∥∥2
L2 ≲ . . . ≲ D +

∫ 1

v

∥∥∇n−4
2

4 Ψ
∥∥2
L2 ≲ D +

∫ 1

v
(v′)−1/2T dv′.

We use the commutation formulas in Lemma 2.7 and Gronwall to obtain:

∑
l=0

n−6
2

M+n−4
2

−l∑
m=0

v
∥∥∇4∇m∇l

4Ψ
∥∥2
L2 +

∥∥∇l
4Ψ

∥∥2
Hm+1 (10.12)

182



≲ D +

∫ 1

v
(v′)−1/2T dv′ +

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ 1

v

∥∥ErrΨm,l

∥∥2
L2 .

Next, we use the commutation formulas in Lemma 2.7 to obtain:

L ≲

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

v
∥∥ψ∇l

4Ψ
∥∥2
Hm +D+

∫ 1

v
(v′)−1/2T dv′+

n−6
2∑

l=0

M+n−4
2

−l∑
m=0

∫ 1

v

∥∥ErrΨm,l

∥∥2
L2dv

′. (10.13)

Similarly to the proof of Proposition 9.1, we bound the first term in (10.13) by using the lower

order pointwise bound (10.9) and the bound in (10.12) for
∥∥∇l

4Ψ
∥∥2
Hm+1 in order to conclude

(10.11).

The bounds for the remaining terms are similar to Section 9. We notice that the norms

defined in Section 10.1 control the same terms as the norms of Section 9.1, the only difference

being the bound:
M∑

m=0

∥∥∇m∇
n−4
2

4 α
∥∥2
H1/2 ≲ v−1/2T . (10.14)

Due to the structure of the error terms it suffices to control only M + 1/2 angular derivatives of

∇
n−4
2

4 α in (10.14), since the terms with more angular derivatives also have better v weights. Thus,

the bound (10.14) replaces the use of the mildly singular top order energy (9.2) in Section 9. We

briefly explain the proofs for the remaining terms:

Proposition 10.2. The fractional lower order energy Ml satisfies the estimate for any 0 ≤ l ≤
n−6
2 and 0 ≤ v ≤ 1 :

Ml ≲ v−1/2T + L+R+
∥∥ErrΨM,l

∥∥2
H1/2 . (10.15)

Proof. As in the proof of Proposition 9.2 in Section 9, we have the estimate for any 0 ≤ l ≤ n−6
2 :∥∥∇M∇l

4Ψ
∥∥2
H5/2 ≲ L+

∥∥v∇4∇M∇l+1
4 Ψ

∥∥2
H1/2 +

∥∥v∇4∇M
(
ψ∇l

4Ψ
)∥∥2

H1/2+

+
∥∥∇M∇l+1

4 Ψ
∥∥2
H1/2 +

∥∥∇M
(
ψ∇l

4Ψ
)∥∥2

H1/2 +
∥∥ErrΨM,l

∥∥2
H1/2

≲ L+ v−1/2T +R+
∥∥v∇4∇M∇l+1

4 Ψ
∥∥2
H1/2 +

∥∥v∇4∇M
(
ψ∇l

4Ψ
)∥∥2

H1/2 +
∥∥ErrΨM,l

∥∥2
H1/2 .

Considering separately the cases l = n−6
2 and 0 ≤ l ≤ n−8

2 , the same proof as in Proposition 9.2

implies: ∥∥v∇4∇M∇l+1
4 Ψ

∥∥2
H1/2 ≲ v−1/2T + L+R.
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Finally, we conclude since we have the bound similarly to the proof of Proposition 9.2:∥∥v∇4∇M
(
ψ∇l

4Ψ
)∥∥2

H1/2 ≲
∥∥v∇M

(
ψ∇l+1

4 Ψ
)∥∥2

H1/2 +
∥∥v∇M

(
(Ψ + ψψ)∇l

4Ψ
)∥∥2

H1/2 + L+R

≲ v−1/2T + L+R.

Next, we follow the same steps as in Section 9 to prove the result for the Ricci coefficients R

defined in (10.5):

Proposition 10.3. The Ricci coefficients norm R satisfies the estimate for any 0 ≤ v ≤ 1 :

R ≲ D +

∫ 1

v

(
(v′)−1/2T + L+R+ (v′)1/2Mn−6

2

)
dv′. (10.16)

Proof. Using the commuted equations (9.16) for the Ricci coefficients ψ∗, we obtain the estimate:

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∥∥∇l
4ψ

∗∥∥2
Hm+1 ≲ D +

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∫ 1

v
(v′)1/2

∥∥∇l
4

(
ψψ∗)∥∥2

Hm+1dv
′

+

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∫ 1

v
(v′)1/2

∥∥ψ∇l
4

(
ψψ∗)∥∥2

Hm+1dv
′ +

n−4
2∑

l=0

M+n−4
2

−l∑
m=0

∫ 1

v
(v′)1/2

∥∥∇l
4Ψ

∥∥2
Hm+1dv

′

≲ D +

∫ 1

v

(
(v′)−1/2T + L+R

)
dv′.

As in the proof of Proposition 9.3, we use the LP projections in Section 6 and Gronwall to obtain

the following fractional estimate:∥∥∇M+1∇
n−4
2

4 ψ∗∥∥2
H1/2 ≲ D +

∫ 1

v

(
(v′)−1/2T + L+R

)
dv′ +

∫ v

0
(v′)1/2

∥∥∇4∇M+1∇
n−4
2

4 ψ∗∥∥2
H1/2

≲ D +

∫ 1

v

(
(v′)−1/2T + L+R

)
dv′ +

M+1∑
m=0

∫ 1

v

∥∥∇m∇
n−4
2

4

(
ψψ∗)∥∥2

H1/2 + (v′)1/2
∥∥∇m∇

n−4
2

4 Ψ
∥∥2
H1/2

≲ D +

∫ 1

v

(
(v′)−1/2T + L+R

)
dv′.

Similarly to Proposition 9.3, we also get the estimate in the case when n ≥ 6:∥∥∇M+2∇
n−6
2

4 ψ∗∥∥2
H1/2 ≲ D +

∫ 1

v

(
(v′)−1/2T + L+R

)
dv′ +

∫ v

0
(v′)1/2

∥∥∇4∇M+2∇
n−6
2

4 ψ∗∥∥2
H1/2

≲ D +

∫ 1

v

(
(v′)−1/2T + L+R

)
dv′ +

M+2∑
m=0

∫ v

0

∥∥∇m∇
n−6
2

4

(
ψψ∗)∥∥2

H1/2 + (v′)1/2
∥∥∇m∇

n−6
2

4 Ψ
∥∥2
H1/2
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≲ D +

∫ 1

v
(v′)−1/2T + L+R+ (v′)1/2Mn−6

2
.

For the rest of the section, we explain how to control the error terms from the above estimates.

Since the lower order pointwise norms P and SP satisfy the same bounds as in Section 9 (see

(9.10) and (10.9)), we get that Lemma 9.1 applies in the current situation. We adapt the proof

of Proposition 9.4 to prove the following result for the error terms:

Proposition 10.4. For any 0 ≤ l ≤ n−4
2 , 0 ≤ m ≤ M , the error terms ErrΨm,l satisfy the

estimate: ∥∥ErrΨm,l

∥∥2
H1/2 ≲

(
1 + | log(v)|2

)(
v−1/2T + L+R

)
. (10.17)

Proof. As in the proof of Proposition 9.4 in Section 9, the proof of (10.17) follows from the

fractional lower order energy estimate (10.15), once we prove the claim:∥∥ErrΨm,l

∥∥2
H1/2 ≲

(
1 + | log(v)|2

)(
v−1/2T + L+R

)
+Ml−1. (10.18)

However, the proof of this estimate follows the exact same steps as in the proof of Proposition 9.4

once we replace all the mildly singular norms S by v−1/2T using (10.14), so we omit repeating

the proof here. We then use the fractional lower order energy estimate (9.14) to obtain:∥∥ErrΨm,l

∥∥2
H1/2 ≲

(
1 + | log(v)|2

)(
v−1/2T + L+R

)
+Ml−1

≲
(
1 + | log(v)|2

)(
v−1/2T + L+R

)
+
∥∥ErrΨm,l−1

∥∥2
H1/2 .

By induction, we obtain that:∥∥ErrΨm,l

∥∥2
H1/2 ≲

(
1 + | log(v)|2

)(
v−1/2T + L+R

)
+
∥∥ErrΨm,0

∥∥2
H1/2

≲
(
1 + | log(v)|2

)(
v−1/2T + L+R

)
,

completing the proof of (10.17).

Similarly, we can repeat the proof of Proposition 9.5 and replace the mildly singular norms

S by v−1/2T using (10.14) in order to establish the following result for the remaining error terms:
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Proposition 10.5. For any for any 0 ≤ l ≤ n−4
2 and 0 ≤ m ≤ M + n−4

2 − l, the error terms

ErrΨm,l satisfy the estimate:∥∥ErrΨm,l

∥∥2
L2 ≲ (1 + | log(v)|2

)(
v−1/2T + L+R

)
. (10.19)

Proof. The proof follows the same steps as Proposition 9.5, so we omit repeating it here.

10.3 The Proof of Theorem 10.1

We combine the estimates established in Section 10.2 to complete the proof of Theorem 10.1:

Proof of Theorem 10.1. We use the estimates (10.10), (10.11), (10.16) for the norms T , L,

and R, and the estimates (10.17), (10.19) for the error terms. Adding these together, we obtain

that for all 0 ≤ v ≤ 1:

T + L+R ≲ D + ϵR+

∫ 1

v

(
1 + | log v′|2

)(
(v′)−1/2T + L+R

)
dv′. (10.20)

Taking ϵ > 0 small enough and using Gronwall’s inequality, we show that:

T + L+R ≲ D. (10.21)

By self-similarity, (10.21) implies the desired estimates for the Ricci coefficients and curvature

components in the statement of Theorem 10.1. In order to complete the proof of Theorem 10.1,

we prove the bound: ∥∥/g∗0∥∥2H̊M+1 +
∥∥O∥∥2

HM+1 +
∥∥h∥∥2

HM+1 ≲ D, (10.22)

Using the estimates on the asymptotic data in Theorem 8.3 we obtain:∥∥O∥∥2
HM+1 ≲ D +

M∑
m=0

∫ 1

0

∥∥∥ErrΨm,n−4
2

∥∥∥2
H1/2

dv.

We then use the estimates (10.17), (10.19) on the error terms and (10.21):∥∥O∥∥2
HM+1 ≲ D +

∫ 1

0

(
1 + | log(v)|2

)(
v−1/2T + L+R

)
dv ≲ D. (10.23)

Using the metric equation Lv/g
∗ = ψ∗ and the estimateR ≲ D, we obtain that

∥∥/g∗∥∥2HM+1 ≲ D.

We use this, together with the estimates in Proposition 3.8 and (3.48) in order to prove by

induction on m ≤ M + 1 that
∥∥Lm

θ /g
∗
0

∥∥2
L2(Sn)

≲ ϵ. In particular, this allows us to bound the

Christoffel symbols terms in (3.48) and prove:∑
m≤M+1

∥∥Lm
θ /g

∗
0

∥∥2
L2(Sn)

≲ D.
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We can then use (3.48) for covariant derivatives with respect to /gSn and prove by induction on

m ≤M + 1 that: ∥∥∇̊m
/g
∗
0

∥∥2
L2 ≲ D. (10.24)

In order to complete the proof of (10.22), we must bound
∥∥h∥∥

HM+1 . By Theorem 8.1 we get:

∥∥h∥∥2
HM+1 ≲ D +

∥∥h∥∥2
L2 + C

(∥∥ /Riem0

∥∥2
HM

)∥∥O∥∥2
HM +

M∑
m=0

∫ 1

0

∥∥∥ErrΨm,n−4
2

∥∥∥2
H1/2

dv ≲ D +
∥∥h∥∥2

L2 ,

where we used the constraint equation (2.19), the bound (10.23) for O, and the estimates (10.17),

(10.19) on the error terms. For the rest of the proof we prove a suitable lower order estimate for∥∥h∥∥2
L2 . As in the proof of Theorem 8.1, we define ξ = ∇

n−4
2

4 α and ξ = ξ−v log v∇4ξ. We compute

using (5.9):

∇4ξ = − log v · ∇4

(
v∇4ξ

)
= log v ·

(
∆∇

n−4
2

4 α+ ψ∇∇
n−4
2

4 Ψ+ ErrΨ
0,n−4

2

)
.

Therefore, we get using the estimates (10.10) and (10.19):∥∥h∥∥2
L2 = lim

v→0

∥∥ξ∥∥2
L2 ≲ D +

∫ 1

0
(log v)2 ·

(∥∥∇n−4
2

4 Ψ
∥∥2
H2 +

∥∥ErrΨ
0,n−4

2

∥∥2
L2

)
dv ≲ D.

This completes the proof of Theorem 10.1.

11 The Scattering Map

In this section, we follow the outline in Section 1.3.3 of the introduction and we put together

our previous results in order to complete the proof of the third statement in Theorem 1.3. This

section is based on [Cic24, Section 11]. For any M > 0 large enough and ϵ > 0 small enough

we consider smooth straight initial data
(
/g0, h

)
such that the corresponding asymptotic data

set satisfies Σ
(
/g0, h

)
∈ BM

ϵ

(
ΣMinkowski

)
. By Theorem 3.1 there exists a unique smooth straight

self-similar vacuum solution (M, g) in double null coordinates defined in {u < 0, v > 0} with

asymptotic initial data at {v = 0} given by
(
/g0, h

)
. Moreover, this induces smooth asymptotic

data
(
/g0, h

)
at {u = 0} by Theorem 4.1. The estimates in Theorem 9.1 imply that:

ΞM ≲
∥∥∥Σ(/g0, h)∥∥∥M .

We also have by Theorem 10.1 that the reverse inequality holds. We use this inequality for the

spacetime obtained by reversing the time orientation, namely by replacing (u, v) with (−v,−u).
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We obtain the estimate: ∥∥∥Σ(/g0, h)∥∥∥M ≲ ΞM ,

where Σ
(
/g0, h

)
is defined according to Remark 9.1. Therefore, there exists a constant CM > 0

depending only on M such that:∥∥∥Σ(/g0, h)∥∥∥M ≤ CM

∥∥∥Σ(/g0, h)∥∥∥M . (11.1)

We obtain that Σ
(
/g0, h

)
∈ BM

CM ϵ

(
ΣMinkowski

)
, so we can define the scattering map:

S : BM
ϵ

(
ΣMinkowski

)
→ BM

CM ϵ

(
ΣMinkowski

)
, S

(
Σ(/g0, h)

)
= Σ(/g0, h).

Using the uniqueness of scattering states statement from Theorem 3.1, we obtain that S is in-

jective. Moreover, we can apply the existence and uniqueness results, together with the esti-

mate (1.17) in the reverse time direction to obtain that BM
ϵ/CM

(
ΣMinkowski

)
⊂ S

(
BM

ϵ (ΣMinkowski)
)
.

Therefore, S is locally invertible at ΣMinkowski. Finally, the estimate (11.1) implies that S is locally

Lipschitz at ΣMinkowski.
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[BSB15] D. Baskin and A. Sá Barreto, Radiation fields for semilinear wave equations, Trans.

Amer. Math. Soc. 367 (2015), no. 6, 3873–3900.

[BW14] D. Baskin and F. Wang, Radiation fields on Schwarzschild spacetime, Comm. Math.

Phys. 331 (2014), no. 2, 477–506.

[Cic23] S. Cicortas, Scattering for the wave equation on de Sitter space in all even spatial

dimensions, arXiv e-prints (2023), arXiv:2309.07342.

[Cic24] , Nonlinear scattering theory for asymptotically de Sitter vacuum solutions in

all even spatial dimensions, arXiv e-prints (2024), arXiv:2410.01558.

[Cic26] , Systems of wave equations on asymptotically de Sitter vacuum spacetimes in

all even spatial dimensions, Journal of Functional Analysis 290 (2026), no. 11, 111414.

189

https://arxiv.org/abs/2309.07342
https://arxiv.org/abs/2410.01558


[DHR24] M. Dafermos, G. Holzegel, and I. Rodnianski, A scattering theory construction of

dynamical vacuum black holes, J. Differential Geom. 126 (2024), no. 2, 633–740.

[DRSR18] M. Dafermos, I. Rodnianski, and Y. Shlapentokh-Rothman, A scattering theory for the

wave equation on Kerr black hole exteriors, Ann. Sci. Éc. Norm. Supér. (4) 51 (2018),
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837196

[FG12] C. Fefferman and C.R. Graham, The ambient metric, Annals of Mathematics Studies,

vol. 178, Princeton University Press, Princeton, NJ, 2012. MR 2858236

[Fri83] H. Friedrich, Cauchy problems for the conformal vacuum field equations in general

relativity, Comm. Math. Phys. 91 (1983), no. 4, 445–472.

[Fri86] , On the existence of n-geodesically complete or future complete solutions of

Einstein’s field equations with smooth asymptotic structure, Comm. Math. Phys. 107

(1986), no. 4, 587–609.

[Fri91] , On the global existence and the asymptotic behavior of solutions to the

Einstein-Maxwell-Yang-Mills equations, J. Differential Geom. 34 (1991), no. 2, 275–

345.

[FS24] G. Fournodavlos and V. Schlue, Stability of the expanding region of Kerr de Sitter

spacetimes, arXiv e-prints (2024), arXiv:2408.02596.

[Hin24] P. Hintz, Asymptotically de Sitter metrics from scattering data in all dimensions, Phi-

los. Trans. Roy. Soc. A 382 (2024), no. 2267, Paper No. 20230037, 13.

[HV24] P. Hintz and A. Vasy, Stability of the expanding region of Kerr-de Sitter spacetimes

and smoothness at the conformal boundary, arXiv e-prints (2024), arXiv:2409.15460.

190

https://arxiv.org/abs/2408.02596
https://arxiv.org/abs/2409.15460


[Jon64] S. Jones, Fundamental inequalities for discrete and discontinuous functional equations,

J. Soc. Indust. Appl. Math. 12 (1964), 43–57.

[KR05] S. Klainerman and I. Rodnianski, Causal geometry of Einstein-vacuum spacetimes with

finite curvature flux, Invent. Math. 159 (2005), no. 3, 437–529. MR 2125732

[KR06] , A geometric approach to the Littlewood-Paley theory, Geom. Funct. Anal. 16

(2006), no. 1, 126–163.

[LS16] T. Liimatainen and M. Salo, Local gauge conditions for ellipticity in conformal geom-

etry, Int. Math. Res. Not. IMRN (2016), no. 13, 4058–4077.

[Luk12] J. Luk, On the local existence for the characteristic initial value problem in general

relativity, Int. Math. Res. Not. IMRN (2012), no. 20, 4625–4678.
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